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PREFACE. 


THE  treatment  of  the  subject  of  Differential  Equations 
here  presented  will,  it  is  hoped,  be  found  complete  in  all  those 
portions  which  bear  upon  their  practical  applications,  and  in 
the  discussion  of  their  theory  so  far  as  it  can  be  adequately 
treated  without  the  use  of  the  complex  variable.  The  topics 
included  and  the  order  pursued  are  sufficiently  indicated  by 
the  table  of  contents. 

An  amount  of  space  somewhat  greater  than  usual  has  been 
devoted  to  the  geometrical  illustrations  which  arise  when  the 
variables  are  regarded  as  the  rectangular  coordinates  of  a  point. 
This  has  been  done  in  the  belief  that  the  conceptions  peculiar 
to  the  subject  are  more  readily  grasped  when  embodied  in 
their  geometric  representations.  In  this  connection  the  sub- 
ject of  singular  solutions  of  ordinary  differential  equations  and 
the  conception  of  the  characteristic  in  partial  differential  equa- 
tions may  be  particularly  mentioned. 

Particular  attention  has  been  paid  to  the  development  of 
symbolic  methods,  especially  in  connection  with  the  operator 

x — ,  for  which,  in  accordance  with  recent  usage,  the  symbol  ft 

has  been  adopted.     Some  new  applications  of  this  symbol  have 
been  made. 


IV  PREFACE. 


The  expression  "  binomial  equations "  is  applied  in  this 
work  (in  a  sense  introduced  by  Boole)  to  those  linear  equations 
which  are  included  in  the  general  form  /,  (S)y  -f  x%  (tf)y  =  o, 
and  which  constitute  the  class  of  equations  best  adapted  to 
solution  by  development  in  series.  In  the  sections  treating 
of  this  method  a  uniform  process  has  been  adopted  for  the 
secondary  or  logarithmic  solutions  which  occur  in  certain  cases. 
The  development  of  the  particular  integral  when  the  second 
member  is  a  power  of  x  is  also  considered.  Chapter  VIII  is 
devoted  to  the  general  solution  of  the  binomial  equation  in 
the  notation  of  the  hypergeometric  series,  and  Chapter  IX  to 
Riccati's,  Bessel's  and  Legendre's  equations. 

The  examples  at  the  ends  of  the  sections  have  been  derived 
from  various  sources,  and  not  a  few  prepared  expressly  for  this 
work.  They  are  arranged  in  order  of  difficulty,  and  the  solu- 
tions are  given.  These  have  been  verified  in  the  proof-sheets, 
so  that  it  is  believed  that  they  will  be  found  free  from  errors. 

The  ordinary  references  in  the  text  are  to  Rice  and  John- 
son's Biff.  Calc,  and  Johnson's  Int.  Calc.,  published  by  John 
Wiley  and  Sons  uniformly  with  the  present  volume. 

W.  W.  J. 

U.  S.  NAVAL  ACADEMY, 
May,  1889. 
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DIFFERENTIAL   EQUATIONS. 


CHAPTER   I. 

NATURE  AND    MEANING   OF  A  DIFFERENTIAL    EQUATION    BETWEEN 
TWO    VARIABLES. 

I. 

Solutions  in  the  Form  y  =  F(x). 

i.  IN  the  Integral  Calculus,  we  suppose  the  differential  of  a 
variable  y  to  be  given  in  terms  of  another  variable  x  and  its 
differential  dx,  and  we  seek  to  express  y  as  a  function  of  x  ; 
in  other  words,  since  we  know  that  the  form  of   the  given 
equation  must  be 

dy  =  f(x}dx,  ........    (i) 

which  may  be  written 


the  derivative  of  y  is  given  in  terms  of  x,  and  an  equation 
of  the  form 

y  =  J%v)     ........     (3) 

is  said  to  satisfy  the  given  equation  (i)  or  (2)  when  F(x)  is  a 
function  whose  derivative  is  the  given  function  f(x). 

i 


2  DIFFERENTIAL   EQUATIONS.  [Art.  2. 

2.  A  differential  equation  between  two  variables  x  and  y 
is  an  equation  involving  in  any  manner  one  or  more  of  the 
derivatives  of  the  unknown  function  y  with  respect  to  x, 
toget'pjr  with  one  or  both  of  the  variables  x  and  y.  The 
order  of  the  equation  is  that  of  the  highest  derivative  contained 
in  it,  and  its  degree  is  that  of  the  highest  power  of  this  deriva- 
tive which  occurs,  ^.n  equation  of  the  form  y  =  F(x)  satisfies 
the  differential  equation  if  the  substitution  of  F(x)  and  its 
derivatives  for  y  and  its  derivatives  reduces  it  to  an  identity. 
For  example,  the  differential  equation 


will  be  found  on  trial  to  be  satisfied  by  y  =  CXS\KX;  for,  if  we 
substitute  this  value  for  y,  and  for  its  derivatives  the  resulting 

values  -^  =  ^(cos  x  4-  sin  x)  and    —  ^  =  2e*  cos  x*  the  first 
dx  ax2 

member  reduces  to  zero. 

3.  Equation  (i)  is,  in  fact,  the  simplest  form  of  differential 
equation.     Its  general  solution  is  expressed  by  the  formula 


y  =    /OX*; (4) 

and  it  is  the  province  of  the  Integral  Calculus  to  reduce  this 
expression,  when  possible,  to  a  form  free  from  the  integral  sign, 
and  involving  only  known  functional  symbols.  But,  when  this 
is  not  possible,  the  second  member  of  equation  (4)  represents  a 
new  functional  form,  which,  by  definition,  satisfies  equation  (i) ; 
so  that  the  formula  is  still  the  solution  of  the  differential  equa- 
tion. In  like  manner,  a  differential  equation  of  any  other  form 
is  said  to  be  solved  when  a  proper  expression  is  found,  even 
though  it  involve  integrals  which  we  are  unable  to  reduce. 


§  I.]  PARTICULAR   AND    COMPLETE   INTEGRALS. 


Solutions  not  in  the  Form   y  =  F(x). 

4.  A  relation  between  x  and  y  not  in  the  form  y  =  f(x) 
may  satisfy  a  differential  equation.  When  this  is  the  case,  the 
values  of  the  derivatives  employed  in  verifying  will  be  expressed 
in  terms  of  x  and  y  ;  and,  when  these  are  substituted  in  the 
differential  equation,  the  result  is  a  relation  between  x  and  y 
which  should  be  true  in  virtue  of  the  integral  equation.  For 
example,  in  order  to  show  that  the  equation 


is  satisfied  by 

........     (2) 


we  differentiate  equation  (2)  ;  thus, 


and,  substituting  the  value  of  -2  from  (3)  in  equation  (i),  we 

ax 

have 

x^-  —  2<i  +  a  =  o. 


This  equation  is  true  by  virtue  of  the  integral  relation  (2)  ; 
equation  (2)  is  therefore  a  solution  of  the  given  differential 
equation  (i). 

Particular  and  Complete  Integrals. 

5.   If  F(x)  is  a  particular  value  of  the  integral  in  equation 
(4),  Art.  3,  then 

y  =  /X*)  +  Ct 


4  DIFFERENTIAL    EQUATIONS.  [Art.   5. 

where  C  is  a  constant  to  which  any  value  may  be  assigned,  is 
the  general  or  complete  solution  of  equation  (i).  Thus,  the 
general  solution  involves  an  arbitrary  constant  which  is  called 
the  constant  of  integration.  In  like  manner,  a  solution  of  any 
differential  equation  is  called  a  particular  integral  of  the  equa- 
tion ;  but  the  most  general  solution,  which  is  called  the  complete 
integral,  contains  one  or  more  arbitrary  constants  of  integration, 
the  manner  in  which  these  constants  enter  the  equation  depend. 
ing  on  the  form  of  the  differential  equation. 

For  example,  it  was  noticed  in  Art.  2  that  the  differential 
equation 

JZ-2^+^-0-       ......       (I) 

ax2         ax 
is  satisfied  by 

y  =  e*sinx,    ........     (2) 

which  is,  therefore,  a  particular  integral.  It  is  not  difficult,  in 
this  case,  to  infer  from  this  solution  the  complete  integral  ; 
for,  in  the  first  place,  it  is  evident  that,  if  we  multiply  the 
value  of  y  given  in  equation  (2)  by  the  constant  C,  the  values 

of  ^  and  —  ^  will  also  be  multiplied  by  C,  so  that  the  result  of 
dx          dx2 

substitution  in  the  first  member  of  equation  (i)  will  be  C  times 
the  previous  result,  and  therefore  still  equal  to  zero.  Thus, 

•  y  =  Ce*sinx  ........     (3) 

is  a  more  general  solution  of  the  differential  equation.  Again, 
since  x  does  not  explicitly  enter  equation  (i),  and  x  -f-  a,  where 
a  is  a  constant,  has  the  same  differential  as  x, 


sin  (*  +  a)     ......     (4) 

satisfies  the  equation',  and  forms  a  still  more  general  solution. 


§  I.)  PRIMITIVE   OF  A    D/l-t  I-KENT1AL   EQUATION.  5 

Kxpimding  sin  (x  -f  a),  and  putting 

O'cosa  =  A,     CV^sina  =  B, 
we  may  write  the  solution  in  the  form 

y  =  Ae*sinx  4-  Be* cos  x, (5) 

in  which  A  and  B  are  two  independent  arbitrary  constants, 
because  C  and  a  are  independently  arbitrary.  We  shall  see- 
presently  that  this  equation  containing  two  arbitrary  constants 
is  the  complete  integral  of  equation  (i).  The  particular  integral 
(2)  is  the  result  of  putting  A  =  i  and  B  =  o  in  the  complete 
integral. 

Primitive  of  a  Differential  Equation. 

6.  The  general  solution  found  in  the  preceding  article  may, 
of  course,  be  verified  by  the  substitution  of  the  values  of  j', 

-^,  and  (-^-  in  the  differential  equation.     Thus,  from 
d.\-          dx2 

y  =  Aex  sin  x  -f-  Be*  cos  x, ( i ) 

we  get 


—  sin*),.     .     (2) 
ax 

and 

g -!*•«»* -•*•*!*; (3) 

and,  if  these  values  are  substituted  in  the  first  member  of 

d2y         t/Y 

-j±  -  2  ~  4-  2y  =  o, (4) 

ax2          a.\ 

the  coefficients  of  A  and  /?  separately  reduce  to  zero,  and  the 
equation  is  satisfied  independently  of  the  values  of  A  and  B. 


6  DIFFERENTIAL    EQUATIONS.  [Art.  6. 

It  thus  appears  that  the  differential  equation  (4)  is  the  same  as 
the  result  of  eliminating  A  and  B  from  equations  (i),  (2),  and 
(3).  Equation  (i)  is,  in  this  point  of  view,  said  to  be  the  primi- 
tive of  equation  (4). 

7.  So  also  any  equation  containing  arbitrary  constants  is 
the  primitive  of  a  certain  differential  equation  free  from  those 
constants. 

For  example,  if,  in  the  equation 

?x  -  cy  +  a  =  o, (i) 

c  is  regarded  as  an  arbitrary  constant,  we  have,  by  differentia- 
tion, 

c-  -  c&  =  o,     or     ^  =  c; (2) 

dx  dx 

whence,  eliminating  c,  we  obtain 


as  the  equation  of  which  equation  (i)  is  the  primitive. 

Again,  equation  (2),  from  which  a  has  disappeared  by  differ- 
entiation, is  itself  the  equation  derived  from  equation  (i)  as  a 
primitive,  when  a  is  regarded  as  an  arbitrary,  and  c  as  a  fixed, 
constant.  But,  if  both  a  and  c  are  arbitrary,  differentiating 
again,  we  have 

£'=- 

and,  c  having  disappeared,  this  is  the  equation  of  the  second 
order  of  which  equation  (i)  is  the  primitive. 

It  is  evident  that,  in  every  case,  the  number  of  differentia- 
tions necessary,  and  therefore  the  index  of  the  order  of  the 
differential  equation  produced,  will  be  the  same  as  the  number 
of  constants  to  be  eliminated. 
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8.  Considering  now  the  differential  equation  as  given,  tin: 
primitive  is  an  integral  equation  which  satisfies  it,  the  constants 
eliminated  hem-,  in  the  reverse  process  of  finding  the  int< 
the  constants  of  integration  ;  and  it  is  the  most  general  solution, 
or  complete  integral,  because  no  greater  number  of  constants 
could  be  eliminated  without  introducing  derivatives  higher  than 
the  highest  which  occurs  in  the  given  equation.  For  example. 
i he  process  given  in  the  preceding  article  shows  that 

c2x  —  cy  +  a  =  o 
is  the  complete  integral  of 


/i  -  y-f  + a  =  °- 

or/          tfjc 

It  was  shown  in  Art.  4  that  this  differential  equation  is 
satisfied  by  y2  =  ^axy  which,  it  will  be  noticed,  is  not  a  particu- 
lar case  of  the  complete  integral.  Thus,  while  the  complete 
integral  is  the  most  general  solution,  it  does  not,  in  all  cases, 
include  all  the  solutions. 

9.  We  thus  see  that  the  complete  integral  of  a  differential 
equation  of  the  first  order  should  contain  one  constant  of 
integration,  that  of  an  equation  of  the  second  order  should 
contain  two  constants,  and  so  on.  It  is,  of  course,  to  be  under- 
stood that  no  two  of  the  constants  admit  of  being  replaced  by 
a  single  one.  For  example,  the  constants  C  and  a  in  the  equa- 
tion 

y  ==  **c*^ 

are    equivalent    to   a    single   arbitrary   constant  ;    for,    putting 
A  =  Ce*,  the  equation  may  be  written 

y  =  Ac*, 

hence  it  is  the  complete  integral  of  an  equation  of  the  first, 
not  of  the  second,  order. 
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Geometrical  Illustration  of  the  Meaning  of  a  Differential  Equation. 

10.    Let  x  and  y  in  a  differential  equation  be  regarded  as 
the  rectangular  coordinates  of  a  point   in  a  plane  ;    then  the 

derivative  --  is  the  tangent  of  the  inclination  to  the  axis  of  r 
dx 

of  the  direction  in  which  the  point  (x,  y}  is  moving.     Putting 


a  differential  equation  of  the  first  order  is  a  relation  between  the 
variables  x,  y,  and  /,  of  which  x  and  y  determine  the  position 
of  the  point,  and  p  the  direction  of  its  motion.  We  may  assign 
to  x  and  y  any  values  we  choose,  and  then  determine  from  the 
equation  one  or  more  values  of  p.  We  cannot,  therefore,  regard 
the  differential  equation  as  satisfied  by  certain  points  (that  is, 
by  certain  associated  values  of  x  and  y)  ;  but  it  is  satisfied  by 
certain  associated  values  of  x,  y,  and  /,  that  is,  by  a  point  in 
any  position,  provided  it  is  moving  in  the  proper  direction. 

ii.  Let  us  now  suppose  the  point  (x,  y)  to  start  from  any 
assumed  initial  position,  and  to  move  in  the  proper  direction. 
We  have  thus  a  moving  point  satisfying  the  differential  equa- 
tion. As  the  point  moves,  the  values  of  x  and  y  vary,  so  that 
the  value  of  p  derived  from  the  equation  will  likewise,  in  gen- 
eral, vary  ;  and  we  may  suppose  the  direction  of  the  point's 
motion  to  vary  in  such  a  way  that  the  moving  point  conthr  cs 
to  satisfy  the  differential  equation.  The  line  which  the  point 
now  describes  is,  in  general,  a  curve  ;  and  the  point  may  evi- 
dently move  along  this  curve  in  either  direction,  and  yet  always 
satisfy  the  differential  equation.  The  moving  point  may  return 
to  its  initial  position,  thus  describing  a  closed  curve  ;  or  it  may 
pass  to  infinity  in  both  directions,  describing  an  infinite  branch 
of  a  curve. 
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If,  now,  we  can  determine  the  equation  of  this  curve  in  the 
form  of  an  ordinary  equation  between  x  and  yt  the  value  of  -2- 

found  by  differentiating  the  equation  of  the  curve  will,  by 
hypothesis,  be  identical,  for  any  values  of  x  and  yt  with  the 
value  of  p  corresponding  to  the  same  values  of  x  and  y  in 
the  differential  equation.  The  equation  of  the  curve  will,  there- 
fore, be  a  solution,  or  integral,  of  the  differential  equation. 

12.  But,  since  this  integral  equation  restricts  the  point  to 
certain    positions,    the    assemblage    of    which    constitutes    the 
curve,  it  is  not  the  complete  solution  of  the  differential  equa- 
tion ;  for  the  complete  solution  ought  to  represent  the  moving 
point  satisfying  the  equation  in  all  its  possible  positions.     If, 
now,  we  take  for  initial  point  any  point  not  on  the  curve  already 
determined,  and  proceed  in  like  manner,  we  shall  determine 
another  curve,  whose  equation  will  be  another  particular  solu- 
tion, or  integral,  of  the  differential  equation.     We  thus  have  an 
unlimited  number  of  curves  forming  a  system  of  CMVCS,  and  the 
complete  integral  is  the  general  equation  of  this  system. 

This  general  equation  must  contain,  besides  x  and  y,  a 
quantity  independent  of  x  and  y  called  the  parameter,  by  giving 
different  values  to  which  we  obtain  the  equations  of  all  the 
particular  curves  of  the  system.  The  arbitrary  parameter  of 
the  system  is,  of  course,  the  constant  of  integration. 

13.  We  may  illustrate  this  by  a  simple  example.     Let  the 
differential  equation  be 

£--*.  (o 

dx  y 


y  • 

Since  —  is  the  tangent  of  the  inclination  to  the  axis  of  x  of  the 

line  joining  the  point  (x,  y)  to  the  origin,  the  equation  expresses 
that  the  point  (x,  y)  is  always  moving  in  a  direction  perpendicu 
lar  to  the  line  joining  it  to  the  origin.  Starting  from  any  initia 
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position,  it  is  clear  that  the  point  describes  a  circle  about  the 
origin  as  centre.  The  system  of  curves  in  this  case,  therefore, 
consists  of  all  circles  whose  centres  are  at  the  origin ;  and  the 
general  equation  of  this  system, 

*»    +    f   =    C, (2) 

where  C  is  the  parameter,  is  the  complete  integral. 

Now  consider  the  moving  point  when  in  any  special  posi- 
tion, as,  for  instance,  in  the  position  (3,  2)  ;  we  find,  by  substi- 
tuting these  values  for  x  and  y  in  equation  (2), 

C  =  13. 
Hence 

x-  +  y2  =  13 

is  the  equation  of  the  particular  curve  in  which  the  point  is 
then  moving.  If  we  differentiate  this  equation,  we  find  a  value 

for  -=-  at  the  point  (3,  2)  identical  with  that  given  for  the  same 
ax 

point  by  equation  (i). 


Doubly  Infinite  Systems  of  Curves. 
14.  In  the  case  of  a  differential  equation  of  the  second  order, 


let 


-,     and 

dx 


then  the  equation  is  a  relation  between  x,  7,  /,  and  q.  It  is 
possible  to  assign  any  values  we  please  to  x,  y,  and  /,  and  to 
determine  from  the  equation  a  value  of  q,  which,  in  connection 
with  the  assumed  values  of  x,  y,  and  /,  will  satisfy  the  equation. 
This  value  of  q,  in  connection  with  the  assumed  value  of  /, 
determines  the  curvature  of  the  path  of  the  moving  point 


§  I.]  GEOMETRICAL    KSPKESEtK  II 

(.r,  r).  Hence  a  differential  equation  of  the  second  order  may 
be  regarded  as  satisfied  by  a  moving  point  having  any  assumed 
position,  and  moving  in  any  assumed  direction,  provided  only 
that  its  path  have  the  proper  curvature.  Starting  from  any 
asMimed  initial  point,  and  in  any  assumed  initial  direction,  the 
point  i.r,  j )  may  move  in  such  a  manner  as  to  satisfy  the  equa- 
tion. As  it  moves  the  values  of  x  and  y  will  vary;  and,  since 
the  path  has  a  definite  curvature  at  this  point,  the  value  of  p 
will  likewise  vary.  Hence  the  value  of  q  derived  from  the 
differential  equation  will,  in  general,  also  vary  ;  but  we  may 
suppose  the  curvature  of  the  path  to  vary  in  such  a  manner 
that  the  moving  point  continues  to  satisfy  the  equation.  A 
curve  is  thus  described  whose  ordinary  equation  is  a  solution 
of  the  differential  equation,  since  the  simultaneous  values  of  x, 

y,  ^,  and  l-^  at  every  point  of  it,  by  hypothesis,  satisfy  that 

( I ,  I  CIJC 

equation. 

15.  As  before,  the  complete  integral  is  the  general  equation 
of  the  system  of  curves  which  may  be  generated  in  the  manner 
explained  above  ;  but  this  system  has  a  greater  generality  than 
that  which  represents  a  differential  equation  of  the  first  order. 
For,  in  its  general  equation,  it  must  be  possible  to  assign  any 
assumed  simultaneous  values  to  x,  y,  and  />.  Substituting  th*j 
assumed  values  in  the  general  equation  and  in  the  result  of  its 
differentiation,  we  have  two  equations  ;  and,  in  order  to  satisfy 
them,  we  must  have  two  arbitrary  parameters  at  our  disposal. 

The  system  of  curves  representing  a  differential  equation  of 
the  second  order  is,  therefore,  a  system  containing  two  param- 
eters, to  each  of  which  independently  an  unlimited  number  of 
values  may  be  assigned.  Such  a  system  is  said  to  be  a  doubly 
infinite  system  of  curves. 

In  like  manner,  it  may  be  shown  that  a  differential  equation 
of  the  third  order  is  represented  by  a  triply  infinite  system  of 
t  urves,  and  so  on. 
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EXAMPLES  I. 

i  .  Form  the  differential  equation  of  which  y  =  c  cos  x  is  the  com- 
plete  integral. 

—  -\-  y  tan  x  =  o, 
dx 

2.  Form  the  equation  of  which  y  =  ax2  +  bx  is  the  complete  inte- 
gral,  a  and  b  being  arbitrary. 

,</2y  dy    , 

*2-     -  2*-     +  2    =  o. 


3.  Form  the  equation  of  which  y2  —  2cx  —  cz  —  o  is  the  complete 
integral. 

f  d\\2   ,         dy 

y(-f)  +  *x-f  -  y  =  o.  v 
\dk/  /& 


4.    Form  the  equation  of  which  e2*  +    2r^<?^  +  c2  =    o  is  the 
primitive. 


5.    Form  the  equation  of  which  y  =  (x  -{-  c)eax  is  the  complete 

=  e"  +  ay. 


integral. 


dx 


6.  Denoting  by  0  the  inclination  to  the  axis  of  x  of  the  line  joining 
(jf,  y)  to  the  origin,  and  by  0  the  inclination  of  the  point's  motion,  write 
the  differential  equation  which  expresses  that  <£  is  the  supplement  of  0, 
and  show  that  it  represents  a  system  of  hyperbolas. 

7.  With   the  same  notation,  write  the  differential  equation   which 
expresses  that  0  =  20,  and  show  that  it  represents  a  system  of  cirrk  .^ 
passing  through  the  origin. 
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8.    Form  the  differential  equation  of  the  system  of  straight  lines 
which   touch   the  circle  .v-  4-  y2  =    i,  and  show  that  this  circle 

satisfies  the  e< [nation. 


9.   Find  the  differential  equation  of  all  the  circles  having  their  radii 
equal  to  a. 


/ 


10.   Find   the  differential   equation   of  all    the  conies  whose  axes 
oincide  witn  the  coordinate  axes. 
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CHAPTER   II. 

EQUATIONS    OF    THE    FIRST    ORDER    AND    DEGREE. 

II. 

Separation  of  the  Variables. 

« 

16.  IN  an  equation  of  the  first  order,  it  is  immaterial  whether 
x  or  y  be  taken  as  the  independent  variable.  If  the  equation 
is  also  of  the  first  degree,  it  is  frequently  written  in  the  form 

Mdx  +  Ndy  =  o, 

in  which  M  and  N  denote  functions  of  x  and  y.  The  simplest 
case  is  that  in  which  the  equation  may  be  so  written  that  the 
coefficient  of  dx  is  a  function  of  x  only,  and  that  of  y  a  function 
of  y  only ;  in  other  words,  the  case  in  which  the  equation  can 
be  written  in  the  form 

f(x)<tx  +  4>(y)<fy  =  o (i) 

The  complete  integral  is  then  evidently 
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17.  The  process  of  reducing  an  equation,  when  possible,  t<> 
the   form    (i)    is   called   the   separation   of  the   variables.      For 
example,  in  the  equation 

(i  -    \}dx  +  (i  +  x)<ty  =  o,  .....      (  i  ) 

the  variables  are  separated  by  dividing  by  (i  —  y)(\  +  x}  ; 
thus, 

_^L_    +    _^_=0  .......        (2) 

i  +  x       i  —  y 
Hence,  integrating, 

log(i  +  A-)  -  log(i  -  X)  =  c  ......     (3) 

18.  The  integral  here  presents  itself   in  a  transcendental 
form  ;   but  it  is  readily  reduced  to  an  algebraic  form,  for  (3) 
may  be  written  in  the  form 

logJ-±-*  =  *;     ........     (4) 

whence 

&">•    .......     (5) 

or,  putting  C  for  **", 

i  +  x  =  C(i  -  7)  ......     (6) 

It  is  to  be  noticed  that  C  in  equation  (6)  admits  of  all  values 
positive  and  negative,  although  f  can  only  be  positive.  In  fact, 
equation  (4)  is  defective  in  notation  ;  for,  since  the  integrals 
are  the  logarithms  of  the  numerical  values  of  i  -f  x  and  i  —  y 
respectively  (see  Int.  Calc.,  Art.  10),  that  equation  ought  strictly 
to  have  been  written 


and  finally  C  is  put  for 
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19.  The  complete  integral  in  the  above  example  is  readily 
seen  to  be  the  equation  of  a  system  of  straight  lines  passing 
through  the  point  (— i,  i).  In  general,  any  assumed  simulta- 
neous values  of  x  and  y,  that  is,  any  assumed  position  of  the 
moving  point,  determines  a  value  of  C,  as  in  Art.  13.  But,  for 
the  particular  point  (— i,  i),  the  value  of  C  is  indeterminate  in 

equation  (6) ;  and  accordingly  we  find  that  /  or  -2  is  also  inde- 
terminate for  this  point  in  equation  (i). 

It  must  not,  however,  be  assumed  that,  whenever  /  in  the 
differential  equation  is  indeterminate  at  a  particular  point,  all 
the  lines  represented  by  the  complete  integral  pass  through  the 
point  in  question.  For,  if.  the  point  be  a  node  of  the  particular 
integral  which  passes  through  it,  /  will  have,  at  this  point,  more 
than  one  value ;  .and,  the  differential  equation  being  of  the  first 
degree,  this  can  only  happen  when  p  takes  the  indeterminate 
form.  For  example,  the  integral  of  xdy  -f  ydx  =  o  is  xy  —  C, 
representing  a  system  of  hyperbolas  ;  but  the  particular  inte- 
gral which  passes  through  the  origin  is  the  pair  of  straight  lines 
xy  =  o  of  which  the  origin  is  a  node.  Accordingly  /  takes  the 
indeterminate 'form  at  the  origin. 


Homogeneous  Equations. 

20.  The  differential  equation  of  the  first  order  and  degree, 
Mdx  +  Ndy  =.  o,  is  said  to  be  homogeneous  when  M  and  N  are 
homogeneous  functions  of  x  and  y  of  the  same  degree.  Since 
the  ratio  of  two  homogeneous  functions  of  the  same  degree  is  a 

function  of  ^,  a  homogeneous  equation  may  be  written  in  the 
form 


S  II.]  HOMOGENEOUS  EQ_UAT1O\.^. 

y 

If,  now,  we  put  v  for  -,  so  that 

—    •    &  —   _  4. 

dx          dx 
the  equation  becomes 


a  differential  equation  between  *  and  s;  in  which  the  variables 
can  be  separated  ;  thus, 

dx  dz> 


x       f(v}  -  v 
21.  For  example,  the  equation 

(x2  —  y2)^-    -  2xy  =  o (i) 

is  homogeneous.     Putting  y  =  vx,  we  obtain 


,*  +  „  =  _«L 


/?A:  i  —  zr 

whence 

/^/  _  v  -\-  zfl 
dx       i  —  ZJ2' 

or 

^  -      i  —  z^a     T  _  <&  _ 
.r        z;(i  -f-  z;2)  z/         i 

Integrating, 
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y 

and,  replacing  v  by  -, 


or 

*  +  ?  =  cy (2) 

22.  The  geometrical  meaning  of  the  homogeneous  equation 

(i)  of  Art.  20  is  that  -^  has  the  same  value  for  all  points  at 
dx 

which  ^  has  a  given  value  ;  that  is  to  say,  if  we  draw  a  straight 

Jv 

line  through  the  origin,  the  various  curves  of  the  system  repre- 
sented have  all  the  same  direction  at  their  points  of  intersection 
with  this  straight  line.  But  this  is  the  definition  of  similar  and 
similarly  situated  curves,  the  origin  being  the  centre  of  simili- 
tude. The  curves  of  such  a  system  are  simply  the  different 
curves  which  would  be  constructed  to  represent  the  same  equa- 
tion if  we  took  different  units  of  length.  Denoting  the  unit  of 
length  by  c,  the  general  equation  of  the  system  will  therefore 
be  of  the  form 


where,  since  c  is  arbitrary,  it  is  the  parameter  of  the  system  ; 
in  other  words,  the  constant  of  integration  c  may  be  so  taken 
that  the  complete  integral  of  the  homogeneous  differential 
equation  will  be  a  homogeneous  equation  between  x,  yt  and  c. 
In  the  example  given  in  the  preceding  article,  the  system  of 
curves  represented  consists  of  all  circles  touching  the  axis  of  x 
at  the  origin,  and  the  final  equation  is  so  written  that  all  of  iu 
terms  are  of  the  second  degree  with  respect  to  x,  y,  and  c. 
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Case  in  which  the  Functions  M  and  N  are  of  the  First  Degree. 

23.  The  equation  Mdx  -J-  Ndy  =  o  can  always  be  solved  if 
M  and  N  are  functions  of  the  first  degree  in  x  and  y\  that  is, 
when  the  equation  is  of  the  form 

dy  _    ax  +  by  +  c   .  , 

dx       a'x  +  b'y  +  / ' 

for,  substitute  in  this 

and  we  have 

din         a£  +  by  -h  ah  -f  bk  +  c 


,   . 


d£       a'£  -h  bfi)  -h  a^  -f  ^  +  / 
If,  now,  we  determine  h  and  k  by  the  equations 

ah  +bk  +c  =  o,)  .  , 

a'k  +  b'k  -f  /=  o,)' 

equation  (2)  takes  the  homogeneous  form 


ft       a't  -h  ^^ 

from  which  we  can  determine  the  integral  relation  between  £ 
and  r;  ;  and  thence,  by  substitution  from  (2),  the  relation 
between  .r  and  y. 

24.   Equations  (4)  give  impossible  values  of  h  and  k  when  a, 
b,  a'y  and  b'  are  proportional.     In  this  case,  putting 

a'  =  ma,     b'  =  mb, 
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equation  (i)  becomes 

dy  _       ax  -+-  by  -f-  c 
dx       m(ax  +  by}  -f-  cf' 

Now  put 

ax  -f-  by  =  z ; 

whence 

dy  _  i  dz        a 

dx        b  dx       b' 
\» 

Making  these  substitutions,  we  have 


j  j 

dx  mz  +  c 

an  equation  in  which  the  variables  can  be  separated. 

EXAMPLES  II. 

Solve  the  following  differential  equations  :  — 
i/    i.     (i  -f  x)ydx  -f  (i  ~  y)xdy  =  o,  \d^xy  =  c  -  x  -f   v. 

J    2.     -^  =  ay*x,  axzy  -f  0»  +  2  =  c. 

^ 

^7  1J       i        A^ 

J   3-     (}'2  +  *y*}<lx  +  (x2  -  yx^dy  =  o,          log-  --  —  =  ,. 
4.     ^y(i  +  x^dy  =  (i  -f 


5-    fqr^  = 

6.     ffc 


by  —  a 


dy  _  y2  +  i 
1-     fa-  x*+  i 
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si  n.x  cos  j  .  dx  =  cos  A  sin  y  .  </y,  cosy  — 

ax&  +  2y  =  xy&,  x*y*  =  egy. 

ax  ax 


2xy  +  x  +  y  — 


-  --^  =  r. 
x        a         b 

13.     A-//V  —    iv/.x   -  \  (.v2  -h    i'2)^:  =  0,  ^2  =  f2  +  2cy. 


14.     (By  -f  IOA~XV  +  (5  y  +  7*)^  =  o, 

O     +    A-)2(^   -f 


+  x  --  y  =  o,        tan-1     +  J  log(^  -f  y2}  =  c. 

(1  -\  X 


( y  —  x  4-  02O'  +  x  —  O5  =  <"• 

yb.        2AMV/A"    4-   (  V2   —    3A2)</V   =    O,  AT2  —     V2  =    <T\     • 

21.  v2  +  (AT  4-  .v2)-yv  -  o,  AT2  =  r(.v  4-  tjr). 

22.  (A-2  —  3;'2)Av/A-  4-  (3^  —   v2).)'- 
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III. 
Exact  Differential  Equations. 

25.  An  exact  differential  containing  two  variables  is  an 
expression  which  may  arise  from  the  differentiation  of  a  func- 
tion of  x  and  y.  Denoting  the  function  by  u,  we  have 


where  the  coefficients  of  dx  and  dy  are  the  partial  derivatives 
of  n.     Thus,  the  form  of  an  exact  differential  is  Mdx  +  Ndy. 
But,  if  M  and  N  are  any  given  functions  of  x  and  j/,  we  cannot 
generally  put 

du  =  Mdx  +  Ndy;  .......     (2) 

for,  if 

Jfi^-and    #»*,      .....     (3) 
ax  dy 

we  must  have 

dM  _  dN 
dy    "   dx1 

because  each  member  of  this  equation  is  an  expression  for  —  —  . 

dxdy 

Hence  equation  (4)  is  a  necessary  condition  of  the  possibility 
of  equation  (2)  or  equations  (3)  ;  that  is,  of  the  existence  of  a 
function  whose  partial  derivatives  with  respect  to  x  and  y  are 
M  and  N  respectively. 

26.  It  is  also  a  sufficient  condition  ;  for  the  most  general 
form  of  the  function  whose  derivative  with  respect  to  x  is  M,  is 


u  =  \Mdx 


(s) 


where  Mdx  is  integrated  as  if  y  were  constant,  and    F  is  a 
quantity  independent  of  ;r,  but  which  may  be  a  function  of  y. 
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Now  the  only  other  condition   to  be  satisfied   is  that  the 
derivative  of  u  with  respect  to  y  shall  equal  N '  \  that  is, 


tf  (  ,, ,      ,    dY 

N  =  -       Mdx  +  — , 

,/v  J  dy 


(6) 

y     _     IAU..  /MA.*      ^-tfOT  Cc 

Since  F  is  to  be  a  function  of  y  only,  but  is  otherwise 
unrestricted,  this  equation  merely  requires  that  the  second 
member  should  be  independent  of  x.  This  will  be  true  if  its 
derivative  with  respect  to  x  vanishes ;  that  is  to  say,  if 

dN       dM  _ 
dx          dy 

This  equation  is  identical  with  equation  (4),  which  is,  therefore, 
a  sufficient,  as  well  as  a  necessary,  condition. 

27.  An  equation  in  which  an  exact  differential  is. equated  to 
zero  is  called  an  exact  differential  equation.  Using  the  notation 
of  the  preceding  articles,  the  complete  integral  of  the  equation 
Mdx  4-  Ndy  =  o  when  exact  is  evidently 

//  =  C. 

The  function  u  is  determined  by  direct  integration  as  indicated 
in  equations  (5)  and  (6).  It  is  to  be  noticed  that  dY  consists 
of  those  terms  in  Ndy  which  do  not  involve  x ;  and  evidently 
the  integral  of  these  terms,  and  also  of  those  containing  .r 
only,  may  be  considered  separately,  and  it  is  only  necessary  to 
ascertain  whether  the  terms  containing  both  x  and  y  form  an 
exact  differential.  For  example,  in  the  equation 

.v(.v  4-  2i'X\-  +  (.Y2  —    \*)dy  —  o, 
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the  sum  of  these  terms  is  2xydx  -f-  x2dy,  which  is  the  differen- 
tial of  x*y\  hence  the  complete  integral  is 


or 


28.  An  expression  involving  only  some  function  of  x  and 
y,  and  the  differential  of  this  function,  is  obviously  an  exact 
differential.  Thus,  in  the  equation 

xdx  +  ydy        .    ydx  —  xdy  _ 


the  first  term  is  a  function  of  x2  +  y2  and  its  differential,  and  the 
second  is  a  function  of  -  and  its  differential.    The  equation  may, 

y 

in  fact,  be  written 


y2)        , 


hence  the  integral  is 


Integrating  Factors. 

29.  We  have  seen  in  the  preceding  articles  that  the  com- 
plete integral  of  an  exact  differential  equation  appears  in  the 

form 

«  =  C, (i) 

so  that  the  differential  equation  results  directly  from  the  differ 
entiation  of  the  integral,  C  disappearing  by  differentiation. 
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Now,  since  the  integral  of  any  equation  can  be  put  in  the 
form  (i)  by  solving  it  for  C,  it  follows  that,  whenever  we  can 
solve  an  equation  of  the  form 

Mdx  -f  Ndy  =  o,    .......     (2) 

we  can  produce  an  exact  differential  equation  which  is  equiva- 
lent to  the  given  equation,  that  is  to  say,  which  is  satisfied  by 
the  same  simultaneous  values  of  x,  y,  and  p.  This  new  differ- 
ential equation  being  of  the  first  order  and  degree,  must  then 
be  of  the  form 

+  Ndy)  =  o,      ......     (3) 


where  /A  is  a  factor  containing  x  or  y  or  both,  but  not  containing 

/• 

The  factor  /x,  which  converts  a  given  differential  equation 
into  an  exact  differential  equation,  is  called  an  integrating 
factor. 

For  example,  solving  equation  (2)  of  Art.  2  1  for  ct  we  have 


whence,  differentiating, 

2xydx  —  x2dy       ixydx  -f-  (y2  — 


o  =  dy  + 


y1 


and,  comparing  this  with  equation  (i)  of  Art.  21,  we  see  that 
-^  is  an  integrating  factor  of  that  equation. 

30.  A  differential  equation  has  a  variety  of  integrating 
factors  corresponding  to  different  forms  of  the  complete  inte- 
gral. For  example,  one  integrating  factor  of  equation  (i), 
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Art.  17,   is  the  factor  by  means  of  which  we  separated  the 
variables  ;  namely, 

i 


and  this  corresponds  to  the  form  (3)  of  the  integral  ;  but,  if  we 
differentiate  the  integral  in  the  form  (5),  Art.  1  8,  we  obtain 
equation  (i)  multiplied  by  the  integrating  factor 


(i  - 


The  forms  of  the  integral  differ  in  respect  to  the  constants 
which  they  contain.  In  general,  if  u  =  c  is  an  integral  giving 
the  integrating  factor  /*,  so  that 


du  =  ^(Mdx  -4-  Ndy)t 
then 

/(u)  =  C 

where  C  —  f(c)  is  another  form  of  the  integral  ;  and  this  gives 
the  exact  differential  equation 

f(u)du  =  o, 
or 

f(u)tL(Mdx  +  Ndy)  =  o. 

Hence  f(u)n  is  also  an  integrating  factor  ;  and,  since  /denotes 
an  arbitrary  function,  /'  is  also  arbitrary  ;  thus,  the  number  of 
integrating  factors  is  unlimited. 

31.   The  form  of  the  given  differential  equation  sometimes 
suggests  an  integrating  factor.     For  example,  in  the  equation 

(y  +  logA-Kv  —  xdy  =  o, 
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the  terms  containing  both  .r  and  y  are 

ydx'  —  xdy. 

This  expression  becomes  an  exact  differential  when  divided 
either  by  y2  or  by  x2.  The  remaining  term  contains  x  only ; 

hence  —  is  an  integrating  factor.     Thus,  we  write 
ydx  —  xdy       \ogxdx 

whence,  integrating, 

HL  _  log<y  _  1  - 

~~x~          x      ~  x  ~  C' 
or 

ex  -f-  y  -f  log*  4-  i  =  o. 

32.  The  expression  ydx  —  xdy,  which  occurs  in  the  preced- 
ing article,  is  a  special  case  of  a  more  general  one  which  should 
be  noticed.  For,  since 

d(xmyn)  —  xm-lyn-l(mydx  -4-  nxdy), 
an  expression  of  the  form 

x^y^(mydx  -f-  nxdy) (i) 

has  the  integrating  factor 

xtn  _  i  _  ayn  -  i  -  0  . 

and  since,  by  Art.  30,  the  product  of  this  by  any  function  of  //, 
where  u  =  xmyn>  is  also  an  integrating  factor,  we  have  the  more 
-c n oral  expression 

**'*  '-a (2) 

(in  which  /•  may  have  any  value)  for  an  integrating  factor. 
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As  an  illustration,  take  the  equation 

y(y*  -f-  2&)dx  -f  x(&*  —  iyz)dy  =  o. 
This  may  be  written  in  the  form 

y*(ydx  —  2xdy)  ~\-  x*(2ydx  +  xdy)  =  o, 
in  which  each  term  is  of  the  form  (i).     In  the  first  term, 

m  =  i,     n  —  —  2,     a  —  o,     ft  =  3; 
and  the  expression  (2)  gives,  for  the  integrating  factor, 


that  is  to  say,  any  multiplier  of  this  form  will  convert  the  first 
term  into  an  exact  differential.  In  like  manner,  any  expression 
of  the  form 


is  an  integrating  factor  of  the  second  term.  A  quantity  which 
is  at  once  of  each  of  these  forms  will  therefore  be  an  integrating 
factor  of  the  given  equation.  Equating  the  exponents  of  x, 
and  also  the  exponents  of  j/,  in  the  two  expressions,  we  have 

k  -  i  =  2k'  -  5, 
-2k  -  4  =    k'  -  i, 

frc^n  which  k  =  —  2,  and  the  integrating  factor  is  x~\ 
Multiplying  the  given  equation  by  *-3,  we  have 

dy  -h  2xydx  -f  &dy  =  o; 
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and,  integrating, 


or 

2x*y  —  y*  =  ex*. 


EXAMPLES  III. 

Solve  the  following  differential  equations  :  — 

=  o, 


.  t 

(L\        x     1-  —  x 


,    3.     (2x  -  y  +  i)^-  -I-  (27  -  x  —  i)dy  =  o, 

x2  —  xy  +  y2  -\-  x  —  y  =  c. 


4.     x(x=  +  3.v2)^  +  ;•(/  -f  3.^)^  =  o, 

x*  +  6;c2>'2  +  J4  = 


xdy  —  ydx  x2  4  y2 


(y  ~  x)ify  4-  Xv  =  o,  log  .v  +  :=<•. 

/A'                //v  rtr\'"+a           v* 

t7.     a&y*&=  2Xi   -  v,  -  =  -  4-  f. 

^v             Jx  n  H-  2         a- 


.  8. 


—  -  ;•  =  d(x*  -    y2),  sin-1--  =  logo:  4  <r. 
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dy    , 

x     10.     cosfljc-^  -f-  aysmax  =  x,  { 

dx 

a*y  =  ax  sin  ax  -j-  cos  ax  .  log  cos  ax  -\-  c  cos  ax. 


ii.  (y3  —  2y#2)<&:  -f  (^xy2  —  x*)dy  =  o,          ^v4  =   y2.^  -f  f. 

\     * 

.   112.  (2xzyz  -f  j^')^  —  (jc37  —  $x}dy  =  o,      4^'  =  5  -j-  capfyV. 

,13.  (j4  —  2^3j)^  +  (jt4  —  2Jt:j3)^/v  =  o,  x3  +  jv3  =  rary. 

14.  Solve  Exs.  II.,  19  and  20,  by  means  of  integrating  factors. 


IV. 

The  Linear  Equation  of  the  First  Order. 

33.  A  differential  equation  is  said  to  be  linear  when  it  is  of 
the  first  degree  with  respect  to  y  and  its  derivatives.  The 
linear  equation  of  the  first  order  may  therefore  be  written  in 
the  form 


where  P  and  Q  denote  functions  of  x. 

Consider  first  the  case  in  which  the  second  member  is  zero, 
that  is  to  say,  the  form 

^  +  ^=0  .........    '(1) 

dx 
The  variables  may  be  separated  ;  thus, 

^  =  -Pdx. 


§  IV.J         LINEAR   EQUATJOX  Oh    THE   //A'.V/    UKDK.K.  31 

I  Ic-nce 

logj  =  c  —  \P<tA, 

or 

y  =  Ce-\pdx  .........     (2) 

In  this  solution,    Pdx  may  be  taken  to  denote  a  particular 

integral  of  Pdx,  since  the  constant  is  directly  expressed  in  the 
equation. 

34.  If  we  put  equation  (2)  in  the  form 

e\fi*y  =  C, 
and  differentiate,  we  have 

e\pdx(dy  +  Pydx)  =  o, 

which  shows  that  e*f  *  is  an  integrating  factor  of  equation  (i). 
Since  Q  is  a  function  of  x  only,  it  follows  that  e>pdx  is  also  an 
integrating  factor  of  the  more  general  equation 


Hence,  to  solve  this  equation,  we  write 

e\pdx(dy  +  Pyitx)  =  e\ 
and,  integrating, 


In   a  given    example,   the    integrals    involved    in    the   general 
expression    (2)    should,   of    course,    be   evaluated    if    possible. 
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Thus,  let  the  given  equation  be 

or 

dy  x 


y  = 

dx        i  4-  A:2  i 


Here  P  = - —  ;  therefore 

i  +  x* 


and 


\POx=  - 


is  the  integrating  factor.     Hence 

mdx 


V/(i  +  *2)  (i  -f- 

and 


__          mx  £ 

"       i  -f  ^2 


-f 
or 

y  = 


Transformation  of  a  Dijferential  Equation. 

35.  It  is  frequently  useful  to  transform  a  given  differential 
equation  by  replacing  one  of  the  variables  by  a  new  variable 
which  is  an  assumed  function  of  the  variable  replaced,  or  of 
both  variables.  The  form  of  the  assumed  function  is  generally 
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suggested  by  that  of  the  given  equation.     Thus,  the  form  of 
the  equation 

(i  4-  xy)yttx  -f  (i  —  xy)xdy  =  o 

suggests  the  use  of  a  new  variable  v  =  xyt  whence 

xdy  =  dv  —  ydx. 
Eliminating  yy  we  have 

(i  -f-  v)-dx  -h  (i  -  v)dv  -  (i  -  v}-dx  =  o, 
oc  oc 

or 

21?  dx  4-  (i  —  v)xdv  =  o, 

in  which  the  variables  v  and  x  can  be  separated.     Integrating, 
we  obtain 


or 


2  log  X  —    -  —   log  V  =   Ct 

V 


-  =  Cei, 
v 


and,  substituting  xy  tor  vt 

x  =  Cye*y. 

Extension  of  the  Linear  Equation. 
36.  If  v  =  f(y),  the  linear  equation  for  vt 

4?  4-  Pv  =  C, 
becomes 

^ 

In  other  words,  an  equation  of  this  form  becomes  linear  if  we 
put  v  =  f(y). 
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For  example,  the  equation 

dy   .     tan  y  ^ 

/x  +  ^-(x- 

takes  the  form  (i)  when  multiplied  by  cos^,  and  hence  is  a 
linear  equation  for  sin  y.     The  integral  will  be  found  to  be 

X*  -  rr  +  c 
sin  y  —         — •*—  -L— . 

3(*  +  i) 
37.  In  particular,  the  equation 

&  +  Py  =  Qy (2) 

ax 

is  known  as  the  extension  of  the  linear  equation.     Dividing  by 
yn,  we  have 


or 


which  is  of  the  form  (i),  and  therefore  linear  for  yl~*. 

EXAMPLES  IV. 
Solve  the  following  linear  equations  :  — 

&  —  h    JL.      '  —    gi>x  _     ^ sm  x  ~^~  cos  x 

dx  i  -f  P 

.  3.  a.  -  -zt-  =  (,  +  ,),,      8j,  =  i^  +  ,)4  +  ^  +  ,)=. 
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./.i//v./:.y. 


35 


4.   <Jy.  _  ni  =  <**••, 


.  s- 


y  = 


'  6.     -cos  jc  -f    vsin  x  =  i, 


y  =  sin  jr  -f- 


=  sin  2.r,  y  =  2  sin  .r  —  2 


8.     x       —  ay  =  x  -f  i, 


y  = 


i  — 


>1^' 

-f 


Icy  j_y(i  -f  jc2)  -~  i]  —  log.v  -f- 
2\/(i  +  .r2!" 


10. 


y  =  ax 


./    %  ii.     cos  AT -^  -f  v  —  i  4-  sin  *  =  o,      v(sec  x  +  tan  x)  =  x  +  c 
ax 


"• 


4-  72)^  =  (tan-  '^  - 


x  = 
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Solve,  by  transformation,  the  following  equations  :  — 


» 


14.     -     =  mx  +  ny  -f  /, 


4- 


mnx  +  «2^  -f-  w  -\-pn-  cenx. 


y2 


/  •  15-    •*  . 

'* 


/  • I6- (* 


-17. 


19.  (i  —  A:2)^  —  ^y  =  dM^,  —  = 


20.       3  -  =  #  I,  ^ 


21.      X&  +   >'  =    J2log^,  - 


/ 

2(1  — 


.  23.      <     =  -  !  -  ,  1  =  2  -  f 

4  '  x 
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CHAPTER    III. 

EQUATIONS  OF  THE  FIRST  ORDER,  BUT  NOT  OF  THE  FIRST  DEGREE. 

V. 

Decomposable  Equations. 

38.  A  differential  equation  of  the  first  order  is  a  relation 
between  x,  y,  and  /.  If  the  equation  is  not  of  the  first  degree 
with  respect  to  /,  the  first  step  in  the  solution  is  usually  to 
solve  the  equation  for  /.  Suppose,  in  the  first  place,  that  the 
equation  is  a  quadratic  in  /  ;  then  two  values  of  p  in  terms  of 
v  and  y  are  found.  These  will  generally  be  irrational  functions 
of  x  and  y ;  in  the  exceptional  case  when  they  are  rational 
functions,  the  equation  will  be  decomposable  into  two  equations 
of  the  first  degree.  For  example,  the  equation 


(I)'- 


(X  +   y)2?.   +  ^  =   o (I) 

y/ay  <tf*; 

may  be  written 

(//v        A/^v        ^  — 
^/v  /  y/v        "  y 

and  is  satisfied  by  putting 

//I-  y         V 

—  X  =   O     .  (2> 


,/V 

or 
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The  integrals  of  these  equations  are 

2y  =  **  +  e (4) 

and 

y  =  Ce*    .     .     . (5) 

respectively.     Each  of  these  is  therefore  an  integral  of  equa- 
tion (i). 

Thus,  a  decomposable  equation  of  the  second  degree  has  two 
distinct  solutions. 

Equations  Properly  of  the  Second  Degree. 

39.  In' a  proper,  that  is,  an  indecomposable,  equation  of  the 
second  degree,  the  two  expressions  for  p  are  the  values  of  a 
two-valued  function  of  x  and  y  expressed  by  attaching  the 
ambiguous  sign  to  the  radical  involved.  There  is,  in  this  case, 
but  one  integral,  the  ambiguity  disappearing  in  the  process  of 
integrating  or  of  rationalizing  the  result ;  so  that  it  is,  in  fact, 
unnecessary  to  retain  the  ambiguous  sign  in  the  expression  for 
/.  For  example,  the  equation 


i (I) 


\lv 
gives  p  =   ±— ;  whence 


and,  integrating, 

x  ±      = 


But,  rationalizing  this,  we  have 

(x  -  yy  _  2C(X  +  y)  +  ^  =  o,    .    .    .    .     (3) 

a  single  equation  for  the  complete  integral. 
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The  system  of  curves  represented  by  equation  (3)  consists 
of  parabolas,  each  of  which  touches  the  two  axes  at  the  same 
distance  c  from  the  origin,  and  the  different  combinations  «.i 
signs  in  equation  (2)  simply  correspond  to  the  three  arcs  into 
which  the  parabola  is  separated  by  the  points  of  contact. 


Systems  of  Curves  corresponding  to  Equations  of  Different  Degrees. 

40.  A  differential  equation  of  the  first  degree  is,  properly 
speaking,  one  in  which  p  has  a  single  value  for  given  simulta- 
neous values  of  x  and  y.  An  equation  of  the  second  degree 
is  one  in  which  /  has  two  values  for  given  values  of  ,r  and  j', 
and  so  on.  Thus,  such  an  equation  as  p  =  sin  '.r  is  not  an 
equation  of  the  first  degree,  because,  for  any  value  of  x,  sin-'.r 
has  an  unlimited  number  of  values.  The  general  form  of  an 
equation  of  the  first  degree  is,  then, 

//  4-  M  =  o, 

in  which  L  and  M  denote  one-valued  functions  of  x  and  y. 

Two  curves  of  the  system  cannot,  in  general,  intersect,  for 
in  that  case  there  would  be  two  values  of  p  at  the  point  of 
intersection.  The  points,  if  there  be  any,  at  which  L  =  o  and 
M  =  o,  form  an  exception  ;  for,  at  these  points,  p  is  inde- 
terminate, as  exemplified  in  Art.  19.  Thus,  the  curves  of  the 
system  either  do  not  intersect  at  all,  or  intersect  only  at  certain 
points  where/  is  indeterminate.*  It  follows  that,  in  the  inu-r.;! 
equation,  given  simultaneous  values  of  x  and  y  must,  except  in 


*  The  same  reasoning  shows  that,  the  differential  equation  being  of  the  first 
degree,  points  in  which  two  arcs  corresponding  to  the  same  value  of  <  intersect,  in 
uthcr  words,  nodes,  can  only  occur  at  the  points  where  />  is  indeterminate.  Con- 
versely, these  points  must  either  be  points  through  which  all  the  curves  of  the 
-vstetn  pass,  or  else  nodes.  In  the  latter  ease,  they  may  !>e  eninodes  through  which 
two  real  arcs  of  a  particular  integral  pass,  or  acnodes  through  which  no  arc  j 
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the  case  of  the  points  above  mentioned,  determine  a  single  value 
of  c>  or,  at  least,  values  of  c  which  determine  a  single  curve. 
For  example,  the  integral  of  the  equation 

P  =  i  +  /    ........     (i) 

• 

is 

tan-'j>  —  x  =  a  ......     .     „     (2) 

If  we  give  particular  values  to  x  and  y,  we  find  .an  unlimited 
number  of  values  of  a  differing  by  multiples,  of  ?r  ;  but,  writing 
the  equation  in  the  form 

y  =  tan(*  -f  a), 

we  see  that  these  values  determine  but  a  single  curve.  We,  in 
fact,  obtain  all  the  curves  of  the  system  by  allowing  a  to  range 
in  value  from  o  to  ?r  ;  and,  as  a  varies  over  this  range,  the  curve 
sweeps  over  the  whole  plane  once. 

If  we  take  the  tangent  of  each  member  of  equation  (2),  and 
write  tan  a  =  c,  we  have 

-  tan  x   = 


i  -f-  ytonx 

in  which  any  simultaneous  values  of  x  and  y  determine  a  single 
value  of  c  ;  and  c  must  pass  over  the  range  of  all  real  values  in 
order  to  make  the  curve  sweep  once  over  the  entire  plane. 

41.  In  general,  if  the  constant  of  integration  is  such  that 
different  values  of  it  always  correspond  to  different  curves, 
there  can  be  but  one  value  of  c  for  each  point  ;  hence  the  form 
of  the  integral  is 


where  P  and  Q  are  one-valued  functions  of  x  and  y>  and  this 
we  may  regard  as  the  standard  form  of  the  integral.  It  will  be 
noticed  that  both  P  =  o  and  Q  =  o  are  particular  integrals  ; 
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the  former  corresponding  to  c  —  oo,  and  the  latter  to  c  =  o. 
Thus,  in  the  example  given  above,  y  =  tan  x  and  y  =  —cot  x 
are  particular  integrals. 

42.  In  like  manner,  the  form  of  the  differential  equation  of 
the  first  order  and  second  degree  is 

Lp*  +  Mp  +  N  =  o, 

where  L,  M,  and  N  are  one-valued  functions  of  x  and  y.  In 
general,  two  curves,  and  two  only,  representing  particular 
integrals,  intersect  in  a  given  point.  When  the  expression 
Lp2  +  Mp  -f-  N  can  be  separated  into  rational  factors  of  the 
first  degree,  these  curves  belong  to  distinct  systems  having  no 
connection  with  one  another,  as  in  Art.  38  ;  but,  in  the  general 
case,  they  are  curves  of  the  same  system.  Thus,  the  system  of 
curves  representing  a  proper  equation  of  the  second  degree  is 
a  system  of  intersecting  curves,  two  curves  of  the  system,  in 
general,  passing  through  a  given  point.  Hence,  in  the  integral 
equation,  given  simultaneous  values  of  x  and  y  must  generally 
determine  two  values  of  c,  or,  at  least,  values  of  c  which  deter- 
mine two  and  only  two  curves  of  the  system. 

43.  Take,  for  example,  the  equation 

P2  =  i  -  J2, (O 

or 

& _* 


The  integral  is 

sin- '7  —  x  =  a, (2) 

or 

}'  =  sin  (A-  +  a), (3) 

in  which  it  is  permissible  to  drop  the  ambiguous  sign,  because 
y  =  —  sin  (x  -f  a)  may  be  written  y  =  sin  (x  -f-  ?r  4-  a),  and  is 
therefore  included  in  the  integral  (3).  Here,  as  in  the  example 
of  Art.  40,  if  we  give  particular  values  to  x  and  y,  a  has  an 
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unlimited  number  of  values';  for,  if  0  be  the  primary  value  of 
sin-1^,  every  expression  included  in  either  of  the  forms 

2«?r  -j-  6     or     (2n  -f-   I)TT  —  0, 

where  n  is  an  integer,  is  a  value  of  sin  -  lx.  These  values  of  a, 
however,  determine  but  two  distinct  curves,  since  values  of 
a  differing  by  a  multiple  of  2-rr  determine,  in  (3),  the  same  curve, 
so  that  each  of  the  above  forms  determines  but  one  curve. 
Equation  (3),  in  fact,  represents  the  system  formed  by  moving 
the  curve  of  sines,  y  =  sin  x,  in  the  direction  of  the  axis  of  ,r, 
and  we  obtain  all  the  curves  of  the  system  while  a  varies  from 
o  to  2?r,  each  branch  or  wave  of  the  curve  falling,  when  a  =  2ir, 
upon  the  original  position  of  an  adjacent  branch.  In  this 
motion,  the  curve  sweeps  twice  over  that  portion  of  the  plane 
which  lies  between  the  straight  lines  y  =  I  and  y  =.  —it  for 
which  portion  only  the  value  of  p  is  possible  in  equation  (i). 

44.  If,  in  the  integral  of  an  equation  of  the  second  degree, 
we  so  take  the  constant  of  integration  ct  that  different  values 
of  it  always  correspond  to  different  curves  of  the  system,  there 
can  be  but  two  values  of  c  corresponding  to  a  given  point.  The 
equation  will  then  take  the  form 

PP  -h  Qc  +  R  =  o 

where  P,  Q,  and  R  are  one-valued  functions  of  x  and  y ;  and 
this  may  be  regarded  as  the  standard  form  of  the  integral. 

To  reduce  equation  (3)  of  the  preceding  article  to  the  stand- 
ard form,  we  have,  on  expanding, 

y  =  sin  x  cos  a  -f-  cos  x  sin  a, 

in  which  sin  a  and  cos  a  are  to  be  expressed  in  terms  of  a  single 
constant.  For  this  purpose,  we  do  not  put  sin  a  =  c  and 
cos  a  =  \/(i  —  c2),  because  this  would  require  us  to  introduce 
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an  irrelevant  factor  in  rationalizing  the  equation  in  c ;  but  we 
express  sin  a  and  cos  a  by  the  rational  expressions  the  sum  of 
whose  squares  is  unity ;  that  is,  we  put 

sin  a  =  !—• — ,  cos  a  =      2C 


i  +  c*  i  +  t* 

We  thus  obtain 

c*(y  -h  cos x)  —  2tsinx  -f  y  —  cos*  =  o, 

which   is  the  complete   integral   of  equation   (i),   Art.  43,   ex- 
pressed in  the  standard  form. 


Singular  Solutions. 

45.  Representing  a  set  of  simultaneous  values  of  x,  y,  and 
p  by  a  moving  point,  every  moving  point  which  satisfies  a 
given  differential  equation  is,  at  each  instant,  moving  in  some 
one  of  the  systems  of  curves  representing  the  complete  integral. 
In  this  sense,  the  latter  completely  corresponds  to  the  differen- 
tial equation  :  nevertheless,  there  are,  in  some  cases,  other 
curves  in  which,  if  a  point  be  moving,  it  will  satisfy  the  differ- 
ential equation.  For,  suppose  a  curve  to  exist  which,  at  each 
of  its  points,  touches  one  of  the  curves  representing  particular 
integrals  ;  then  a  point  moving  in  this  curve  is  moving  at  each 
instant  in  the  same  direction,  that  is,  with  the  same  value  of  /, 
as  if  it  were  moving  in  a  curve  representing  a  particular  inte- 
gral ;  hence  it  satisfies  the  differential  equation. 

Such  a  curve  is  an  envelope  of  the  system  of  curves  repre- 
senting the  complete  integral,  and  its  equation  is  called  a 
singular  solution  of  the  differential  equation.  An  example  has 
already  been  noticed  in  Art.  8  ;  the  equation 
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has  the  singular  solution 


in  addition  to  the  complete  integral 

y  =  ex  +  a-. 

Now,  the  latter  is  the  general  equation  of  the  tangents  to  the 
parabola  y'2-  =  4<?;r,  which  accordingly  form  a  system  of  straight 
lines  of  which  the  singular  solution  represents  the  envelope. 

46.  We  shall  now  show  how  a  singular  solution,  when  it 
exists,  may  be  tound,  either  directly  from  the  differential  equa- 
tion, or  from  the  complete  integral  if  the  latter  be  known. 
Two  curves  of  the  system  touching  the  envelope  at  neighboring 
points  intersect  in  a  point  which  ultimately  falls  upon  the 
envelope  when  the  two  curves  are  brought  into  coincidence  ; 
hence  the  envelope  is  sometimes  called  the  locus  of  the  inter- 
section of  consecutive  curves.  While  the  curves  are  distinct, 
two  values  of  /  in  the  differential  equation  correspond  to  the 
point  of  intersection.  These  become  equal  when  the  curves 
coincide,  that  is,  when  the  point  is  moved  up  to  the  envelope  ; 
and  they  become  imaginary  when  the  point  crosses  the  envel- 
ope. In  like  manner,  if  we  substitute  the  coordinates  of  the 
point  in  the  integral  equation,  it  determines  two  values  of  c 
while  the  curves  are  distinct ;  and  these  become  equal  when 
the  point  is  moved  up  to  the  envelope,  and  imaginary  when  the 
point  crosses  it.  Thus,  at  every  point  of  the  envelope,  both 
the  differential  equation  considered  as  an  equation  for  /,  and 
the  integral  equation  considered  as  an  equation  for  c,  have  a 
pair  of  equal  roots.  Hence,  if  we  form  the  condition  for  equal 
roots  in  either  of  these  equations,  which  we  shall,  for  shortness, 
call  the  /-equation  and  the  ^-equation,  we  shall  have  an  equation 
which  must  be  satisfied  by  every  point  on  the  envelope. 
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47.  The  expression  which  vanishes  whenever  two  roots  of 
an  equation  are  equal  is  called  the  discriminant  of  the  equation. 
The  discriminants  of   the  /-equation  and   the  r-equation  are 
expressions  involving  x  and  y.      Either  of  these  expressions 
may  break  up  into  factors,  the  vanishing  of  any  one  of  which 
causes  the  discriminant  to  vanish.     Hence  it  follows  from  the 
preceding  article  that,  if  there  be  a  singular  solution,  its  equa- 
tion is  the  result  of  putting  the  /-discriminant,  or  one  of  its 
factors,  equal  to  zero,  and  it  is  likewise  the  result  of  putting  the 
^-discriminant,  or  one  of  its  factors,  equal  to  zero. 

For  example,  in  equation  (i),  Art.  43,  the  condition  for  equal 
roots  is  evidently  y2  —  i  =  o  ;  hence 

^—1=0     and     y  -f  i  =  o 

are  the  only  equations  which  can  possibly  be  singular  solutions. 
Each  of  these  equations  gives,  by  differentiation,  /  =  o,  and 
is  found  to  satisfy  the  differential  equation.  Hence  they  are 
singular  solutions,  the  lines  they  represent  being  envelopes  of 
the  sinusoids  represented  by  the  complete  integral. 

48.  The  general  method  of  finding  the  discriminant  of  an 
equation  is  to  differentiate  it  with  respect  to  the  unknown 
quantity   and   then   to   eliminate   that   quantity   between   the 
result  and  the  original  equation.     But,  in  the  case  of  the  equa- 
tion of  the  second  degree,  it  is  found  more  simply  by  solving 
the  equation.     Thus  the  /-equation,  in  this  case,  is 

Z/*  +  Mp  +  N  =  o;     ......     (i) 

whence 


p 


2L 

so  that  the  condition  for  equal  roots  is 

o  ........     (3) 
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In  like  manner,  the  general  form  of  the  ^-equation  is 

Pc2  +  Qc  4-  R  =  o  ; 
and  the  condition  for  equal  roots  is 

<22  -  4/V?  =  o. 


For  example,  in  the  final  equation  of  Art.  44,  the  condition  for 
equal  roots  is 

4  sin2  x  —  4  (  y2  —  cos2  x)  —  o, 
or 

I    -  y2  =  o, 

which  is  identical  with  the  like  condition  for  the  /-equation 
given  in  Art.  47. 

Cusp-Loci. 

49.  There  are  other  loci,  for  points  upon  which  the  discrimi- 
nants vanish,  which  it  is  necessary  to  distinguish  from  the 
envelope  whose  equation  alone  is  a  singular  solution.  There 
is,  in  fact,  no  reason  why  the  values  of  p  derived  from  the 
differential  equation,  when  they  become  equal  as  the  point 
(x,  y)  crosses  a  certain  locus,  should  also  become  equal  to  the 
value  of  /  for  a  point  moving  along  that  locus.  Suppose,  then, 
that  the  two  arcs  of  particular  integral  curves  passing  through 
(.r,  y)  meet,  without  touching,  the  locus  for  which  the  values 
of  /  become  equal  ;  and  suppose,  as  will  usually  be  the  case, 
that  the  values  of  p  become  imaginary  as  we  cross  the  locus  ; 
then,  when  (,r,  y)  is  moved  up  to  the  locus,  the  two  arcs  will 
come  to  have  a  common  tangent  ;  and,  since  they  cannot  cross 
the  locus,  they  will  form  a  cusp,  becoming  branches  of  the 
same  particular  integral  curve.  Thus,  the  two  values  of  c  which 
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corresponded   to   the   two   intersecting  arcs   will    also   be 
identical,  and  the  locus,  which  is  called  a  cusp-locus,  is  one  for 
which  the  r-discriminant  also  vanishes. 
For  example,  the  roots  of  the  equation 

4/2  =  9* 

are  equal,  each  being  equal  to  zero,  when 

A-  =  o ; 

but,  since  p  —  oo  for  a  point  moving  along  this  line,  this  equa- 
tion does  not  satisfy  the  differential  equation.  The  complete 

integral  is 

(y  +  cY  =  jc*, 

in  which  the  condition  of  equal  roots  is  .r3  =  o.  The  system 
of  curves  is  that  resulting  from  moving  the  semi-cubical  par- 
abola y2  =  -r3,  which  has  a  cusp  at  the  origin,  in  the  direction 
of  the  axis  of  y.  This  axis  is,  therefore,  a  cusp-locus. 

Tac-Loci  and  Node- Loci. 

50.  In  the  preceding  article,  the  values  of  /  were  supposed 
to  become  imaginary  as  we  cross  the  locus  for  which  they 
become  equal.  From  equation  (2)  of  Art.  48,  it  appears  that 
this  will  be  the  case  if  the  discriminant  changes  sign,*  but 
otherwise  not ;  hence,  if  the  factor  which  vanishes  at  the  locus 
appears  in  the  /-discriminant  with  an  even  exponent,  /  will  not 
become  imaginary  in  crossing  the  locus.  In  this  case,  the  two 
intersecting  arcs  cross  the  locus  ;  and,  when  (x,  y)  is  moved  up 
to  the  locus,  we  shall  simply  have  two  particular  integrals  which 
touch  one  another.  Such  a  locus  is  called  a  tac-locns.  Since 

*  Since  the  discriminant  is  the  product  of  the  squares  of  the  differencer  of  the 
roots,  this  will  be  true  also  for  equations  of  the  third  and  higher  degree*. 
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the  values  of  c  for  the  two  curves  remain  distinct,  the  factor 
indicating  a  tac-locus  does  not  appear  at  all  in  the  r-discrimi- 
nant,  but  appears  in  the  /-discriminant  with  an  even  exponent.* 

51.  On  the  other  hand,  a  factor  may  appear  in  the  c-discrimi- 
nant  with  an  even  exponent,  and  not  at  all  in  the  /-discriminant. 
Through  every  point  of  the  locus  on  which  such  a  factor  van- 
ishes, the  proper  number  of  arcs  of  particular  integral  curves 
pass,  but  two  of  them  correspond  to  the  same  value  of  c  ;  thus, 
the  point  is  a  node  of  the  curve  determined  by  this  value  of  c, 
and  the  locus  is  called  a  node-locus. 

52.  The  equation 

xp2  —  (x  —  a)z  =  o      ......     (i) 

furnishes  an  example  of  each  of  the  cases  mentioned  in  the  two 
preceding  articles.  The  complete  integral  is 


y  4-  c  —  \x    — 
or 

l(y  +  c)*  =  x(x  -  3«)2.      .....     (2) 

The  /-discriminant  is 

x(x  -  a)2,    ........     (3) 

and  the  r-discriminant  is 

x(x  -  3<z)2  .....     ....     (4) 

The  system  of  curves  is  the  result  of  moving  the  curve 
f-j2  =  x(x  -  30)' 

*.If  a  squared  factor  in  the  /-discriminant  satisfies  the  differential  equation, 
the  two  arcs  of  particular  integral  curves  passing  through  (x,  y),  instead  of  crossing 
the  locus  when  (x,  y)  is  moved  up  to  it,  will  coincide  with  it  in  direction,  as  in  the 
case  of  the  envelope,  Art.  46.  But,  since  /  is  real  on  both  sides  of  the  locus, 
the  arcs  reappear  upon  the  other  side  of  {he  locus  when  (xt  y)  is  moved  across  it. 
This  implies  that  they  coincide  with  the  locus  when  (x,  y)  is  upon  it.  Hence,  in  this 
case,  the  squared  factor  appears  also  in  the  r-discriminant,  and  represents  a  particu- 
lar integral. 
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in  the  direction  of  the  axis  of  y.  This  curve  touches  the  axis 
of  y  at  the  origin,  has  a  node  at  the  point  (3^,  o),  and,  between 
these  points,  consists  of  a  loop  in  which  the  tangents  at  the 
two  points  where  x  =  a  are  parallel  to  one  another.  Accord- 
ingly the  factor  x,  which  is  common  to  both  discriminants  (3; 
and  (4),  indicates  the  envelope  x  =  o  ;  x  —  #  =  o  is  a  tac- 
locus,  and  x  —  ^a  =  o  is  a  node-locus. 

53.  Two  values  of  c  become  equal,  in  other  words,  the  r-dis- 
criminant  vanishes,  whenever  the  point  (x,  y)  is  at  the  ultimate 
intersection  of  consecutive  curves  of   the  system  represented 
by  the  ^-equation.     Suppose  this  equation  to  represent  a  curve 
having,  for  all   values   of  c*  one   or   more   nodes   or   cusps. 
Considering  the  intersections  of    two  neighboring   curves  of 
the  system,  it  is  evident  that  there  are  two  intersections  in  the 
neighborhood  of  each  node,  and  that  these  ultimately  coincide 
with  the  node.     Again,  there  are  three  (all  of  which  may  be  real) 
which  ultimately  coincide  with  each  cusp.     Now,  the  ^-discrimi- 
nant gives  the  complete  locus  of  the  ultimate  intersections  :  it 
therefore  includes  the  node-locus  repeated  twice,  and  the  cusp- 
locus  repeated  three  times  ;   that   is  to  say,  the  discriminant 
contains  the  factor  indicating  a  node-locus  as  a  squared  factor, 
and  it  contains  the  factor  indicating  a  cusp-locus  as  a  cubed 
factor,  as  illustrated  in  the  example  of  Art.  49,  where  the  factor 
.r3  occurs  in  the  r-discriminant,  while  the  first  power  only  of  x 
occurs  in  the  /-discriminant. 

54.  A   decomposable   differential   equation   of  the   second 
degree  has  no  singular  solution  :   for  the  discriminant  is  the 

*  If,  for  a  particular  value  of  cy  a  node  occurs  at  the  point  (x,  y),  there  are  no 
intersections  of  consecutive  curves  in  its  neighborhood,  the  point  does  not  cause 
the  r-discriminant  to  vanish,  and  there  are  for  it  the  proper  number  of  values  for  ct 
and  therefore  one  too  many  values  of  /.  Hence,  at  such  a  point,  the  /-equation 
vanishes  identically  irrespective  of  the  value  of  /;  that  is  to  say,  all  its  coefficients 
vanish.  (See  Cayley,  Messenger  of  Mathematics^  New  Series ;  vol.  ii.  p.  10.) 

If  a  point  cause  both  the  ^-equation  and  the  r-equation  to  vanish  identically,  it 
will  be  a  fixed  intersection  of  the  curves  of  the  system. 
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square  of  the  difference  between  the  roots  ;  hence,  if  the  roots 
are  rational,  it  is  the  square  of  a  rational  function.  The  systems 
representing  the  two  complete  integrals,  in  this  case,  are  non- 
intersecting  systems  ;  and  the  discriminant  vanishes  only  at  the 
tac-locus,  at  every  point  of  which  a  curve  of  one  system  touches 
a  curve  of  the  other  system.  Thus,  in  equation  (i),  Art.  38,  the 
discriminant  is 

(x  +  yY  -  w  =  O  -  y)*, 


the  square  of  a  rational  function  ;  and  the  line  x  —  y  is  a  tac- 
locus  at  every  point  of  which  one  of  the  parabolas  represented 
by  equation  (4)  touches  one  of  the  exponential  curves  repre- 
sented by  equation  (5).* 


EXAMPLES  V. 

Solve  the  following  equations,  finding  the  singular  solutions, 
when  they  exist,  as  well  as  the  complete  integrals  :  — 


i. 


(  -i  )    —  a2y2  =  o,  y  —  ceax,     and     y  —  Ce~a*. 

\dx) 


•   2.     /(/  -  y)  =  x(x  +  j;)» 

2j  +  x2  =  <r,     and     y  +  x  -f  i  =  Or.  « 

4  3.     (jt2  -f  i)/2  =  i,  <*&  - 


*  In  like  manner,  the  discriminant  of  a  decomposable  <>equation  gives  a  node- 
locus.  But  it  is  to  be  noticed  that  there  is  no  propriety  in  combining  the  two 
integrals  of  a  decomposable  /-equation.  Thus,  if  we  combine  equations  (4)  and  (5) 
of  Art.  38,  assuming  C  and  c  to  be  identical,  we  associate  each  curve  of  one  system 
with  a  particular  curve  of  the  other  system.  But  if,  before  doing  this,  we  change 
the  form  of  one  of  the  integrals  (by  introducing  a  new  constant  f(c),  as  explained 
in  Art.  30),  we  associate  the  curves  differently,  and  obtain  a  new  result,  equally 
entitled  to  be  considered  the  integral  of  the  given  decomposable  differential 
equation. 


§  V.]  \MPLES.  5' 

A/YV         ,r 
*   *     U)    -  x>  - 

tS- 


' 


6  =  o,  y  =  2x  +  c,     and     ^  =  3^  -h  6'. 


8.     ^r2/2  4-  3^J7>  +  2^2  =  o,  xy  =  f,     and     jc2/  =  C. 


9.       /*    +    2.T/2   -   J2/2    -    2Xfp   =    O, 

_y  =  r,     ^  -f-  jc2  =  c,     and     ^ry  -h  i  4-  ^>-  =  o. 


10.          /3     _        ^    _|_    Xy 

cy  =  e*\     cy  =  i  +  xy,     and 


•  n.  /*  +  2/»ycotJC  =  y2,  y(i  ±  cos.r)  =  «.  v- 

s  1  2.  rgV    -  <Wf3  =  o,  25  (^  -  <r)2  =  4^$.  / 

A  13.  x  4-  ^v/2  =  i,  j  =  y/(jc  —  x2)  +  sin-'v/*  4-  <•.  /• 

»  14.  /2(.v2  4-  O3  =  i,  (y  -  O2 


JC2    -h    I  1 

c2  4-  2^-(.r  4-  i  +  y)  4-  (*  4-  i  —  y)2  =  o.  v- 
—  ? 

«  16.     ^  4-  2A7>  -  ^  =  o,  y2  =  2tx  +  £•.  „ 

I-*~~I>.  / 
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19.     x2p2  —  2xyp  4-  y2  =  x2y2  4-  *4,  ^-  =  c2ex  —  e~x. 


20. 

*2  +  >/2  -  4C*  +  3<r2  =  o. 

21.     jP(i  +  /2)  =  «2(^  -f  ;^)2, 

(jc  4-  <r)2  =  (n2  -  i)y2  +  n2x2. 


VI. 

Solution  by  Differentiation. 

55.  The  differentiation  of  a  differential  equation  of  the  first 
order  gives  rise  to  an  equation  of  the  second  order  ;  but,  in  the 
cases  now  to  be  considered,  the  result  may  be  regarded  as  an 
equation  of  the  first  order,  and  its  integral  used  in  determining 
that  of  the  given  equation. 

Let  the  given  equation  be  solved  for  yy  that  is  to  say,  put 
in  the  form 

y  =  A*,P)i  ........    (0 

then  the  result  of  differentiation  will  be  of  the  form 

(2) 


which  is  of  the  second  order  as  regards  y,  but,  not  containing 
y  explicitly,  is  an  equation  of  the  first  order  between  x  and  /. 
If,  now,  we  can  integrate  this  equation,  we  shall  have  a  relation 
between  x,  p,  and  an  arbitrary  constant.  The  result  of  eliini 


§  VI.  I 


IOLUTION  BY  DIFFERENTIATION. 


53 


nating  /wet ween  this  equation  and  equation  (i)  will  therefore 
be  a  relation  between  x,  y,  and  an  arbitrary  constant ;  hence  h 
will  be  the  complete  integral  required. 
56.  For  example,  given  the  equation 


solving  for  yt  we  have 
and,  differentiating, 


2jr v  =  x*  +  y2 ; 


/-!+- 


dx 


Separating  the  variables  x  and  /,  we  have 

,/r  =  * 

ind,  integrating, 


or 


(2) 


(3) 


Finally,  eliminating  p  between  equations  (i)  and  (3),  we  have 
the  complete  integral 

;    =    X    -f.    C  +    *** 

C  —  e2* 

57.  In  attempting  this  mode  of  solution,  it  will  sometimes  be 
more  advantageous  to  treat  y  as  the  independent  variable,  and 

putting  p'  for  — ,  to  derive  a  differential  equation  involving   v 

dy 

and  p'.'    In  either  case,  the  success  of  the  method  depends 
upon  our  ability  to  integrate  the  derived  equation.     The  princi- 
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pal  cases  in  which  this  can  be  effected  are  those  in  Mfcich  one 
of  the  variables  is  absent  and  those  in  which  both  variables 
occur  only  in  the  first  degree. 

It  should  be  noticed  that  the  final  elimination  of  /  is 
frequently  inconvenient,  or  even  impracticable  ;  but,  when  this 
is  the  case,  we  may  express  x  and  y  in  terms  of  /  which  then 
serves  as  an  auxiliary  variable. 

Equations  from  which  One  of  the  Variables  is  Absent. 

58.  If  an  equation  of  the  first  order  in  which  x  does  jQpt 
occur  explicitly  can  be  solved  for  p,  it  takes  the  directly  inte- 
grable  form 


y  being  treated  as  the  independent  variable.     Otherwise  let  it 
be  solved  for  y  ;  thus, 

y  =  </>(/)  ;  ........    (2) 

differentiating, 


/  =  f  (/),  ........     (3) 

in  which  the  variables  x  and  /  can  be  separated. 

In  like  manner,  an  equation  not  containing  y>  if  not  directly 
integrable,  should  be  put  in  the  form 


*= 


Differentiating  with  respect  to  y,  we  have 


in  which  the  variables  y  and  /  can  be  separated. 
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59.  As  an  example,  let  us  take  the  equation 


We  have,  by  differentiation, 

/   =    (2/   +    2/>)^,  .......       (2) 

which  implies  either  that 

/  =  o,  .........     (3) 

or  else  that 

dx  =  (2  4-  2p)dp  ........     (4) 

Eliminating  /  from  equation  (i)  by  means  of  the  first  of  these, 
which  is  not  a  differential  equation  for/,  we  obtain  the  solution 

y  =  o,  .........    (5) 

which  does  not  contain  an  arbitrary  constant.     But,  integrating 
equation  (4),  we  have 

X   +   C   =    2P   +   /2, 

or 

/  =  -1  +  v/(*  +  0; 

and,  employing  this  result  to  eliminate  /  from  equation  (i),  we 
obtain 

y  =  J  -  x  -  c  +  \(x  +  r)l, 

or,  rationalizing, 

(A  +  y  +  c  -  \Y  =  |(*  4-  ^)J  .....      (6) 

This  equation  contains  an  arbitrary  constant,  and  is  the  com- 
plete integral. 

Equation  (5),  not  being  a  particular  case  of  equation  (6),  is 
a  singular  solution. 
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60.  With  respect  to  an  equation  of  the  form 

........    0) 


it  may  be  noticed  that 

........    (2) 


(which,  since  <£  is  not  necessarily  one-valued,  may  include 
several  equations)  is  always  a  solution,  for  it  gives,  by  differ- 
entiation, p  =  o,  and  thus  satisfies  equation  (i).  The  reason 
of  this  is  readily  seen,  for  the  complete  integral  is  capable  of 
expression  in  the  form 

c,     .......    (3) 


which  is  the  form  it  would  take  if  derived  by  direct  integration 
from  the  form  (i),  Art.  58  ;  it  therefore  represents  the  system 
of  curves  which  results  from  moving  the  curve 


x  = 


in  the  direction  of  the  axis  of  x.  If  this  curve  contains  points 
at  which  /  =  o,  it  is  evident  that  the  locus  of  these  points,  or 
y  •=.  $(o),  is  an  envelope  ;  that  is,  y  —  <£(o)  is  a  singular  solu- 
tion.* But,  if  the  point  for  which  /  =  o  is  at  an  infinite 
distance,  y  =  <#>(o)  will  be  the  particular  integral  corresponding 
to  c  =  oo  when  the  integral  is  written  in  the  form  (3).  For 


*  If  the  /-discriminant  were  formed,  in  this  case,  by  the  general  method  (see 
Art.  48),  we  should  apparently  have  </>'(/)  =  o  as  the  condition  satisfied  alike  by  a 
singular  solution,  a  cusp-locus,  and  a  tac-locus.  But  it  is  to  be  noticed,  that,  when 
?(/)  is  not  a  one-valued  function,  the  method  may  fail  to  detect  a  case  of  equal 
roots.  In  fact  it  is  evident,  from  equation  (3),  Art.  58,  that,  if  ^'(/)  =  o,  we  must 


have  -£  or  —^  infinite,  which  indicates  a  cusp,  except  when  /  =  o,  which,  as  we 
dx        dx* 

have  seen  above,  gives  a  singular  solution.  Thus,  a  tac-locus  does  not  satisfy 
$'(p)  =  o.  In  the  example  of  Art.  59,  the  roots  of  0'(/)  =  o  are  o  and  —  i. 
y  =  ^(o)  being  the  envelope,  while  y  =.  $(  —  i)  =  \  is  a  cusp-locus. 
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example,  the  equation  y  =  /  is  satisfied  by  y  =  o.  This  is,  of 
course,  not  a  singular  solution  ;  but  the  complete  integral  is 
log  y  —  x  +  c  or  y  =  Ce*,  and  y  =  o  is  the  particular  integral 
corresponding  to  c  =  —  oo  in  the  first  form,  or  to  C  =  o  in  the 
second. 

Homogeneous  Equations. 

61.  When  a  homogeneous  equation  which  is  not  of  the  first 
degree  can  be  solved  for  p,  it  takes  the  form 


4, 
considered  in  Art.  20.     Otherwise  it  should  be  put  in  the  form 

; 
or 


>  =  **(/)  .........    (0 

Differentiating, 

p  = 


in  which  the  variables  can  be  separated. 
62.  If  pv  is  a  root  of  the  equation  /  = 

y  =  pi* 

is  always  a  solution  of  equation  (i)  ;  for  it  gives,  by  differentia- 
tion, /  =  /„  and  substituting  these  values  in  equation  (i),  we 
have 

plX  = 


which  is  satisfied  by  the  hypothesis. 

It  was  shown  in  Art.  22  that  the  complete  integral,  in  this 
case,  represents  a  system  of  similar  curves  with  the  origin  as 
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the  centre  of  similitude.  It  is  hence  evident  that  the  tangents 
from  the  origin  to  any  curve  of  the  system  will,  if  the  points 
of  contact  be  at  a  finite  distance,  constitute  the  envelope  of  the 
system  ;  but,  if  the  points  of  contact  be  at  an  infinite  distance, 
they  will  be  asymptotes  to  the  system.  In  either  case,  they 

y 

will  be  the  loci  of  the  points  for  which  /  =  -  in  the  differen- 

tial equation  (i),  that  is  to  say,  for  which  /  —  </>(/)  ;  but,  in 
the  first  case,  their  equations  will  be  singular  solutions  ;  *  and, 
in  the  second  case,  they  will  constitute  the  particular  integral 
corresponding  to  c  =  o  when  the  complete  integral  is  written 
in  the  homogeneous  form,  as  in  Art.  22. 

Equation  of  the  First  Degree  in  x  and  y. 

63.   The  equation  of   the  first  degree  in  x  and  y  may  be 
written  in  the  form 

J  =  **(/)  +  /(/)  .......     (0 

Differentiating,  we  have 

p  = 


or 

*E  =       *'(»     x  +      /'(/) 
dp       p-$(p)          /-<*>(/)' 

which  is  a  linear  equation  for  x  regarded  as  a  function  of  /. 
The  integral  gives  x  as  a  function  of  p  ;  the  elimination  of 
/  is  often  impracticable,  but,  in  that  case,  substituting  the 
value  of  x  in  equation  (i),  we  have  x  and  y  expressed  in 
terms  of  p  as  an  auxiliary  variable. 

*  In  this  case  also,  </>'(/>)  =  o  determines  cusp-loci,  but  fails  to  detect  a  tac- 
locus.     See  the  preceding  foot-note. 
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Clairaut's  Equation. 
64.  The  equation 


(l) 


which  is  a  special  case  of  equation  (i)  of  the  preceding  article, 
is  known  as  Clairaut's  equation.     The  result  of  differentiation 


or 


O  +  /(/)]       »  o. 


,g 
}<k 

This  equation  is  satisfied  either  by  putting 


o,     .......     (3) 

or  by  putting 

#=0  ..........      (4) 

dx 

Equation  (3)  gives,  by  the  elimination  of  /  from  (i),  a  singular 
solution  ;  and  equation  (4)  gives,  by  integration, 


whence,  from  (i), 

y  =  ex  +  f(c)  ........     (5) 

This   is  the  complete  integral,   as  is  verified  at  sight,   since 
p  —  c  is  the  result  of  its  differentiation. 

65.  The  complete  integral,  in  this  case,  represents  a  system 
of  straight  lines,  and  the  singular  solution  a  curve  to  which 
these  lines  are  tangent.  An  example  has  already  been  noticed 
in  Art.  45.  Conversely,  every  system  of  straight  lines  repre- 
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sented  by  a  general  equation  containing  one  arbitrary  parameter 
gives  rise  to  a  differential  equation  in  Clairaut's  form,  having, 
for  its  singular  solution,  the  equation  of  the  curve  to  which  the 
system  is  tangent.  We  have  only  to  write  the  equation  in  the 
form  (5),  and  to  substitute  /  for  the  symbol  denoting  the  param- 
eter. For  example,  the  equation  of  the  tangents  to  the  circle 

x*  +  y2  =  a2 
is 

y  =  mx  +  a>J(i  +  m2); 

hence  the  differential  equation  is 

y  =  px  +  a\j(i  +  /2); 
or,  rationalizing, 

(x2  -  a2}?  -  zxyp  +  y2  -  a2  =  o. 


Accordingly  the  condition  of  equal  roots  is  found  to  be 
x*y2  —  (x2  --  a2)  (y2  —  a2)  =  o,  or  x2  -\-  y2  —  a2. 

66.  If  we  form  the  condition  for  equal  roots  in  equation  (i), 
Art.  64,  by  the  general  method  mentioned  in  Art.  48,  we  have 
to  eliminate  p  from  equation  (i)  by  means  of  its  derivative 
with  respect  to  /  ;  namely, 

o  =  x  +  /(/), 

which  is  identical  with  equation  (3).  In  fact,  it  is  obvious  that 
the  condition  should  be  the  same  ;  for,  since  the  complete 
integral  represents  straight  lines,  there  can  be  neither  cusp- 
locus  nor  tac-locus.  Precisely  the  same  condition  expresses 
the  equality  of  roots  in  the  ^-equation,  a  node-locus  being  also 
impossible. 


$   VI.]  REDUCTION   TO    CI.A/KAUTS   /-(JA'.l/.  r){ 

67.  A  differential  equation  may  be  reducible  to  Clairaut's 
form  by  a  more  or  less  obvious  transformation.  For  example, 
given  the  equation 

,_  „*  + 

ax 

since  d(y2)  =•  2ydy,  if  we  multiply  through  by  y,  y*  may  be 
made  the  dependent  variable  ;  thus, 


or,  putting  y2  =  v, 

,/,-         aldv\- 

v  =  x I  —  )  ; 

dx        4  \dx) 

hence  the  integral  is 

y2  =  ex  —  lac2. 

EXAMPLES  VI. 
Solve  the  following  differential  equations  :  — 


x 

singular  solution,  i  4-  $x2y  =  o. 

2.  xp*  —  2  \p  +  ax  =  o,  2y  =  ex*  +  - , 

c 

singular  solution,  y2  =  a.\~*. 

3.  x  +  /j(2/2  +  3)  =  o, 

r  r/(2/^  +  3) 

V    =    «-,        AT   = 


4.     » = 
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t  5-   *  +  yp  =  aP*> 


x  =  a  log  \_ay  +  \/(tf2  -\-  y*  —  i)] 

4*  l°g[jy  —  V/(^2  +  .y2  —  0]  -f-  ^. 
8.     2V  —  x1>  4-  -, 


Sty*  —  I2x2y2  +  i6dt^3  =  o. 


9.     j  =  ap  +  bp2, 

x  =  01og[v/(02  4-  tfy)  -  «    +    ^2  + 


10.     «2^/2  —  $xp  -f-  ^  =  o, 

a6      =  o. 


11.  ^  =  #/  +  \](t>2  - 

singular  solution,  —  4-  ^-  =  i.   / 

12.  (i  -f  j^2)/2  —  2xyp  +  jv2  —  i  =  o,       j>  =  rjc  +  V(x  ~  ^2)*    i/ 


—  <^)  H  —  ,  singular  solution,  y2  =  $a(x  —  b). 

P 


14.     «j^2  4-  (zx  —  b}p  —  y  =  o,        «<r2  4-  ^(2.*  —  ^)  —  j2  =  o. 

15-    (i  - 
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1  8.  (ap*  -  b)xy  4-  (!>x*  -  ay2  +  c}p  =  o, 


20.  /s  —  4jn/  4-  Sy2  =  o, 

21.  A-2/'  —  2(0?  —  2)/  4-  /  =  o, 


22.  = 


23-    (/•*-  ^)(/y  4-  x)  =  frp, 


(y  -  «f)J  4-  4^  =  <>•  ^ 


VII. 

Geometrical  Applications, 


. 


68.  The  properties  of  a  curve  are  frequently  expressed  by 
means  of  such  magnitudes  as  the  subtangent,  the  subnormal, 
the  perpendicular  from  the  origin  upon  the  tangent,  etc.,  the 
general  expressions  for  which  involve  the  coordinates  of  a 
point  upon  the  curve  together  with  the  value  of  the  derivative 
at  that  point.  Hence  the  analytical  expression  of  such  a 
property,  or,  indeed,  of  any  property  which  depends  upon  the 
tangents  to  the  curve,  gives  rise  to  a  differential  equation. 
Again,  a  property  relating  to  an  area  or  volume  connected  with 
a  curve,  or  to  the  length  of  an  arc  of  the  curve,  is  expressed  by 
a  differential  equation.  Hence  the  problem  to  determine  the 
curve  having  a  given  property  resolves  itself  into  the  solution 
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of  a  differential  equation.  For  example,  the  expression  for  the 
subnormal  is  yf  ;  hence,  to  determine  the  curve  whose  sub- 
normal is  constant  and  equal  to  a,  we  have  only  to  solve  the 
differential  equation 


The  integral  of  this  equation  is 

v2  =  2a(x  +  f), 

therefore  the  curve  having  the  given  property  is  the  parabola 
whose  parameter  is  2a,  and  whose  axis  is  the  axis  of  xt  the 
position  of  the  vertex  being  indeterminate. 

69.  The  given  property  is,  in  some  cases,  expressed  in  polar 
coordinates.  Thus,  let  it  be  required  to  determine  the  curve 
in  which  the  angle  between  the  ^arfms-vgctor  and  t|ie.  tangent 
is"  11  times  the  vectorial_  angle.  Using  the  expression  for  the 
trigonometriclangent  of  the  angle  first  mentioned,  the  prop- 
erty is  expressed  by  the  equation 


dr 

or 

dr  _  cos  nOdO 
r          sin  n@ 
Integrating, 

log  r  =  -  log  sin  nO  +  C, 
n 

which  may  be  written  in  the  form 

rn  =  cn  sin  nO. 

The  mode  in  which  the  constant  enters  shows,  as  might  have 
been  anticipated,  that  the  several  curves  which  have  the  prop- 
erty are  simply  similar  curves  similarly  situated  with  respect 
to  the  pole  ;  thus,  when  n  =  i,  they  are  the  circles  which 
touch  the  initial  line  at  the  pole. 
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70.  As  a  further  illustration,  let  us  consider  the  curve 
1  by  a  point  carried  by  a  curve  which  rolls  upon  a  fixed 
straight  line.  By  the  principle  of  the  instantaneous  centre, 
the  straight  line  joining  the  carried  point  with  the  point  of 
contact  of  the  curve  with  the  fixed  line  is  always  normal  to 
the  path  of  the  carried  point.  Considering  the  carried  point 
as  a  pole,  this  line  is  a  radius-vector  of  the  given  curve,  and 
the  perpendicular  from  the  carried  point  to  the  fixed  line  is  the 
perpendicular  from  the  pole  upon  a  tangent.  Denoting  these 
lines  by  r^  and  />,  respectively,  the  nature  of  the  given  curve 
determines  a  relation  between  rt  and  /,.  But,  taking  the  fixed 
line  as  the  axis  of  x,  /,  is  an  ordinate  of  the  required  curve, 
and  /-,  is  the  part  of  the  normal  intercepted  between  the  point 
of  contact  and  the  axis  of  ,r,  the  expression  for  which  is 
jVU  +  /2)-  The  relation  between  />,  and  ;-,  then  at  once  gives 
the  differential  equation. 

For  example,  let  the  parabola  y2  =  ^ax  roll  upon  i:  caaight 
line,  and  let  it  be  required  to  determine  the  curve  traced  by 
the  focus.  The  relation  between  /,  and  rlt  in  this  case,  is 

A2  =  "rlt 

therefore  the  differential  equation  is 

= 


or,  solving  for  pt 

dv  =  y/Q'2  -  a2) 
ifa  a 

Let  us  take  as  the  origin  the  point  of  the  fixed  line  on  which 
the  vertex  of  the  parabola  falls  in  the  rolling  motion.  This  deter 
mines  the  constant  of  integration  by  the  condition  that  x  =  o 
when  p  —  o,  that  is  to  say,  when  y  =  a.  Integrating,  we  have 


( '£ 

Jo* 
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or 

y  +  v'O12  -  <*2)     * 


log 


which  may  be  reduced  to  the  form 

;-i[^.-c-. 

The  curve  is  the  catenary. 

71.  In  another  class  of  examples,  the  curve  required  is  the 
singular  solution  of  a  differential  equation.  It  is,  in  this  case, 
frequently  possible  to  write  the  complete  integral  at  once,  and 
to  derive  the  singular  solution  from  it  instead  of  forming  the 
differentia]  equation.  For  example,  required  the  curve  such 
that  the  sum  of  the  intercepts  of  its  tangents  upon  the  axes 
is  constant  and  equal  to  a.  The  equation  of  the  curve  is 
the  singular  solution  of  the  equation  whose  complete  integral 
represents  the  system  of  lines  having  the  property  mentioned. 
The  general  equation  of  this  system  is 


in  which  c  is  the  arbitrary  parameter.     Writing  it  in  the  form 

c*  4-  c(y  —  x  —  a)  4-  ax  =  o, 
the  condition  of  equal  roots  is 

(y  —  x  —  a}2  —  *ax  =  o, 
or 

(y  -  x)2  -  2a(x  -f   v)  +  a2  =  o, 

which  is  the  equation  of  the  required  curve,  and  represents  a 
parabola  touching  the  axes  at  the  points  (a,  o)  and  (o,  a). 


§  V 1 1 .  I  TRAJEC  TORIES. 

. — ____ . . 

Trajectories. 

72.  A  curve  which  cuts  a  system  of  curves  at  a  constant 
angle  is  called  a  trajectory  of  the  system.  The  case  usually 
considered  is  that  of  the  orthogonal  trajectory,  which  cuts  the 
system  of  curves  at  right  angles.  The  differential  equation  of 
the  trajectory  is  readily  derived  from  that  of  the  given  system 
of  curves  ;  for,  at  every  point  of  the  trajectory,  the  value  of  p 
has  a  fixed  relation  to  the  value  of  p  corresponding  to  the  same 
values  of  x  and  y  in  the  equation  of  the  given  system  of  curves. 
Denoting  the  new  value  of  /  by  /',  this  relation  is,  in  the  case 
of  the  orthogonal  trajectories, 


If,  then,  we  put  — --  in  place  of  -£  in   the  differential  equa- 
dy  dx 

tion  of  the  given  system,  the  result  will  be  the  differential 
equation  of  the  trajectory.  The  complete  integral  of  this  equa- 
tion will  represent  a  system  of  curves,  each  of  which  is  an 
orthogonal  trajectory  of  the  given  system.  Reciprocally,  the 
curves  of  the  given  system  are  the  orthogonal  trajectories  of 
the  new  system. 

73-  For  example,  let  it  be  required  to  determine  the  orthog- 
onal trajectories  of  the  circles  which  pass  through  two  given 
points. 

Taking  the  straight  line  which  passes  through  the  two  given 
points  as  the  axis  of  y  and  the  middle  point  as  the  origin,  and 
denoting  the  distance  between  the  points  by  2b,  the  equation 
of  the  given  system  of  circles  is 


+  y2  +  ex  -  fr  =  o, 


in  which  c  is  the  arbitrary  parameter.     The  differential  equation 
derived  from  this  primitive  is 

(jr1  -  f  +  /*lV/r  -|-  2xydy  =  o (2) 
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Substituting for  -£ ,  we  have 

dy        dx 

(y2  -  x2  -  b*)dy  +  zxydx  =  o      ....     (3) 

for  the  differential  equation  of  the  trajectories.  This  equation 
is  the  same  as  the  result  of  interchanging  x  and  y  in  equa- 
tion (2),  except  that  the  sign  of  b2  is  changed  ;  its  integral  is 
therefore 

x2  +  y2  +  Cy  +  fr  =  o ; '  (4) 

and  the  trajectories  form  a  system  of  circles  having  the  axis 
of  x  as  the  common  radical  axis,  but  intersecting  it  and  each 
other  in  imaginary  points. 

74.  It  is  evident  that  the  differential  equations  of  the  given 
system  and  of  the  orthogonal  trajectories  will  always  be  of  the 
same  degree,  and  that,  wherever  two  values  of  p  become  equal 
in  the  former,  the  corresponding  values  of  /  will  be  equal  in 
the  latter.  Hence  the  loci  of  equal  roots  will  be  the  same 
in  each  case.  Now,  the  trajectories  will  meet  an  envelope  of 
the  given  system  at  right  angles  ;  and,  since  the  values  of  p 
become  imaginary  in  both  equations  as  we  cross  the  envelope, 
the  envelope  is  a  cusp-locus  of  the  system  of  trajectories. 
Conversely,  a  cusp-locus  which  is,  at  each  point,  perpendicular 
to  a  curve  of  the  given  system,  becomes  an  envelope  of  the 
system  of  trajectories  ;  but  every  other  cusp-locus  is  also  a 
cusp-locus  of  the  trajectories. 

In  like  manner,  a  tac-locus  of  the  given  system  becomes  a 
tac-locus  of  the  trajectories.*  A  node-locus  gives  rise  to  no 
peculiarity  in  the  system  of  trajectories. 


*  The  case  in  which  the  tangent  curves  of  the  system  cross  the  tac-locus  at 
right  angles  forms  an  exception.  In  this  case,  the  locus  is  itself  one  of  the 
trajectories  ;  and  being  represented,  in  the  common  /-discriminant  of  the  two 
systems,  by  a  squared  factor,  we  have  the  case  considered  in  the  foot-note  on 
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EXA.MI'I.KS    VII. 

•  i.    Determine  the  curve  '.vhose  subtangent  is  n  times  the  abscissa 
of  the  point  of  contact.  y*  =  ex. 

•  2.    Determine  the  curve  whose  subtangent  is  constant,  and  equal 
to  a.  ce*  =  y". 

«  3.    Determine  the  curve  in  which  the  angle  between  the  radius- 
vector  and  the  tangent  is  one-half  the  vectorial  angle,     r  —  c(\  —  cos0). 

•  4.    Determine  the  curve  in  which  the  subnormal  is  proportional  to 
the  nth  power  of  the  abscissa.  y*  =  kx*+  '  +  c. 

5.  Determine  the  curve  in  which  the  perpendicular  upon  the 
tangent  from  the  foot  of  the  ordinate  of  the  point  of  contact  is  constant 
and  equal  to  a,  determining  the  constant  of  integration  in  such  a 
manner  that  the  curve  shall  cut  the  axis  of  y  at  right  angles. 

The  catenary  y  =  a  cosh  -. 
a 

page  48.     For  example,  the  tac-locus  x  =  a  in  Art.  52  is  perpendicular  to  the  system 
of  curves  representing  the  complete  integral  ;  the  equation  of  the  trajectories  is 

(x  -  a)2/2  -  x  =  o,  ..........     (i) 

of  which  the  integral  is 


Va  +  V 
The  system  is  that  which  results  from  moving  the  curve 


(2) 


in  the  direction  of  the  axis  of  y.  This  curve  is  symmetrical  to  the  axis  of  x  since 
^x  admits  of  a  change  of  sign,  and  it  has  a  cusp  at  the  origin,  so  that  the  axis  of  y 
is  a  cusp-locus.  The  line  x  =  a  is  an  asymptote  which  is  approached  by  branches 
on  both  sides  of  it  ;  and  the  result  of  putting  C  =  oo  in  equation  (2)  is,  in  fact,  this 
line,  or  rather  the  line  doubled,  for,  if  C  is  infinite,  we  must,  in  order  to  have  / 
finite,  put  x  =  a. 
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•  6.    Determine    the    curve    in  which    the    perpendicular  from    the 
origin  upon  the  tangent  is  equal  to  the  abscissa  of  the  point  of  contact. 

x2  +  y2  =  2cx. 

*  7.    Determine  the  curve  such  that  the  area  included  between  the 
curve,  the  axis  of  x,  and  an  ordinate,  is  proportional  to  the  ordinate. 

y»  =  cex. 

8.    Determine  the  curve  in  which  the  portion  of  the  axis  of  x 
intercepted    between    the    tangent   and    the   normal    is   constant,   and 
interpret  the  condition  of  equal  roots  for  /. 
2(x  -  c)  =  a  log[>  ±  v/(tf2 


9.    Determine  the  curve  such  that  the  area  between  the  curve,  the 
axis  of  x  and  two  ordinates  is  proportional  to  the  corresponding  arc. 

y  ,  x  —  a 

-  =  cosh—   —  . 
c  c 

10.  Determine  the  curve  in  which  the  part  of  the  tangent  inter- 
cepted by  the  axes  is  constant.  %1  _j_  y\  _  a$m 

11.  Determine  the  curve  in  which  a  and  ft  being  the  intercepts 
upon  the  axes  made  by  the  tangent  ma  -}-  nft  is  constant. 

The  parabola  (ny  —  mx}2  —  2a(ny  +  mx)  +  a2  =  o. 

12.  Determine  the  curve  in  which  the  area  enclosed  between  the 
tangent  and  the  coordinate  axes  is  equal  to  a2. 

The  hyperbola  2xy  =  a2. 

13.  Determine  the  curve  in   which   the   projection   upon   the  axis 
of  y  of  the  perpendicular  from  the  origin  upon  a  tangent  is  constant, 
and  equal  to  a.  The  parabola  x2  =  ^a(a  —  y). 

14.  Determine  the  curve  in  which  the  abscissa  is  proportional  to 
the  square  of  the  arc  measured  from  the  origin. 

The  cycloid  v  =  a  sin    '^  +  d(ax  -  x2). 

\a 

15.  Determine  the  orthogonal  trajectories  of  the  hyperbolas  xy  =  (i. 

The  hyperbolas  x2  -  y*  =  c. 
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•     1  6.    Determine  the  orthogonal  trajectories  of  the  parabolas^  =  .; 

The  ellipses  2x*  +  y*  =  c*. 

*  17.    Determine  the  orthogonal  trajectories  of  the  parabolas  of  the 
//th  degree  a"  '  ly  =  x".  rn*  +  x2  =  c2. 

.    1  8.    Find  the  orthogonal  trajectories  of  the  confocal  and  coaxial 
parabolas  y2  =  $a(x  -}-  a).  The  system  is  self-orthogonal. 

19.    Show    generally    that    a    system    of   confocal    conies    is    self- 
orthogonal. 

y»2  i)2 

«    20.    Find  the  orthogonal  trajectories  of  the  ellipses        +  *—  =  i 

a2       b2 

when  a  is  constant  and  b  arbitrary.  x2  +  y2  =  2a2  logx  -4-  c. 

.   21.   Find  the  orthogonal  trajectories  of  the  cardioids  r  —  a  (  i  —  cos  6)  . 

r  =  c(\  -h  cos0). 

•  22.    Determine  the  orthogonal   trajectories  of  the  similar  ellipses 

---  h  ^-  =  n2,  n  being  the  arbitrary  parameter.  y^  =  ex"*  . 

a-        b~ 


x2 


23.    Find  the  orthogonal  trajectories  of  the  ellipses  --  4- 


when  -1+1  =  1.  (xy)**  =  ^2^^2. 
a2       ^2       k2 

.  24.    Find    the    orthogonal  trajectories    of   the    system    of   curves 

=  an.  r"cosn0  =  c". 


25.    Find  the  orthogonal  trajectories  of  the  curves  r  =  log  tan  0  +  a. 

-  =  sin2  0  -h  ^. 
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CHAPTER    IV. 

EQUATIONS    OF   THE   SECOND    ORDER. 

VIII. 

Successive  Integration. 

75.  WE  have  seen,  in  Chapter  I.,  that  the  complete  integral 
of  a  differential  equation  of  the  second  order  must  contain  two 
arbitrary  constants,  and  that  it  is  the  primitive  from  which 
the  given  differential  equation  might  have  been  derived  by 
differentiating  twice  and  using  the  results  to  eliminate  the 
constants.  The  order  in  which  the  differentiations  and  elimi- 
nations take  place  is  evidently  immaterial ;  for,  denoting  the 
constants  by  ct  and  c2,  and  the  first  and  second  derivatives  of 
y  by/  and  q,  all  the  equations  which  can  arise  in  the  process 
form  a  consistent  system  of  relations  between  x,  y,  ct)  c2,  p, 
and  q>  and  these  are  equivalent  to  three  independent  algebraic 
relations  between  these  six  quantities.  If,  after  differentiating 
the  primitive,  we  eliminate  the  constant  c2,  the  result  will  be  a 
relation  between  x,  y,  c»  and  /,  that  is  to  say,  a  differential 
equation  of  the  first  order  ;  and,  if  we  further  differentiate 
this  equation,  and  eliminate  c1}  the  result  will  be  the  differ- 
ential equation  of  the  second  order.  Now,  regarding  the  latter 
as  given,  the  relation  between  x,  y,  clf  and  p  is  called  a  first 
integral  \  and  the  complete  integral,  or  relation  between  x,  y, 
clt  and  c2,  is  also  the  complete  integral  of  this  first  integral,  c2 
being  the  constant  introduced  by  the  second  integration. 
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76.  As  an  illustration,  let  the  given  equation  be 


If  this  be  multiplied  by  2/,  it  becomes 


and,  since  this  equation  is  the  result  of  differentiating 

/2  +  }'2  =  c* (3) 

(the  constant,  which  is,  for  convenience,  denoted  by  c2,  dis- 
appearing in  the  differentiation),  equation  (3)  is  a  first  integral 
of  equation  (i).  It  may  be  written 


and  its  integral,  which  is 

sin-'^  =  x  +  a, 

or 

y  =  cs'm(x  -fa),    .......     (4) 


where  a  is  a  second  constant  of  integration,  is  the  complete 
integral  of  equation  (i).     Expanding  sin  (r  -f  a),  and  putting 


A  =  ^cosa,     B  = 
the  complete  integral  may  also  be  written  in  the  form 

y  =  Asmx  -h  -Z?cos.*:,     ......      (5) 

in  which  A  and  B  are  the  two  arbitrary  constants, 
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The  First  Integrals. 

77.  It    is    shown,   in   Arts.  14  and    15,   that    a   differential 
equation    of    the    second    order   represents   a   doubly   infinite 
system  of  curves.      In  fact,  if,  in  the  complete  integral,  we 
attribute  a  fixed  value  to  one  of  the  constants,  we  have  a  singly 
infinite   system  ;    and,    therefore,    corresponding    to    different 
values  of  this  constant,  we  have  an  unlimited  number  of  such 
systems.     For  example,  if,  in  the  complete  integral  (4)  of  the 
preceding  article,  we  regard  c  as  a  fixed  constant,  the  equation 
represents  a  system  of   equal  sinusoids  each  having  the  axis 
of  x  for  its  axis  and  c  for  the  value  of  its  maximum  ordinate, 
but  having  points  of  intersection  with  the  axis  depending  upon 
the  arbitrary  constant  a.     The  first  integral  (3)  is  the  differ- 
ential equation  of  this  system  ;   and  equation  (i),  which  does 
not  contain  c,  represents  all  such  systems  obtained  by  varying 
the  value  of  c. 

On  the  other  hand,  if,  in  equation  (4),  we  regard  a  as  fixed, 
we  have  a  system  of  sinusoids  cutting  the  axis  in  fixed  points, 
but  having  maximum  ordinates  depending  upon  the  constant  r, 
which  is  now  regarded  as  arbitrary.  If  now  we  differentiate 
equation  (4)  and  eliminate  c,  we  have  the  differential  equation 
of  this  system,  namely, 

y  =  /tan(*  +  a), .  •  .     (6) 

which,  being  a  relation  between  x,  y,  p  and  a  constant,  is 
another  first  integral  of  equation  (i).  The  result  of  eliminating 
/  between  the  first  integrals  (3)  and  (6)  would,  of  course,  be 
the  complete  integral  (4). 

78.  Consider  now  the  form  (5)  of  the  complete  integral.     If 
we  regard  A  as  fixed,  the  singly  infinite  system  represented  is 
one  selected  in  still  another  manner  from  the  doubly  infinite 
system  ;    it  consists,  in  fact,  of  those  members  of  the  doubly 
infinite  system  which  pass  through   the   point  (Jir,  A).      The 
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differential  equation  of  this  system,  which  is  found  by  differen- 
tiating, and  eliminating  /?,  is 

vsin,r  4-  /cos.v  =  A,     ......      (7) 

which   is,  accordingly,  another  first   integral  of  equation   (i) 
Again,  regarding  B  as  fixed,  and  eliminating  A  from  equation 
($;,  we  obtain  the  first  integral 

jcosjf  —  /sin*  =  B  .......     (8) 

In  like  manner,  to  every  constant  which  may  be  employed 
as  a  parameter  in  expressing  the  general  equation  of  the  doubly 
infinite  system  of  curves  there  corresponds  a  first  integral  of 
the  differential  equation  of  the  second  order.  Thus,  the 
number  of  first  integrals  is  unlimited. 

79.  If  cl  and  c2  are  two  independent  parameters,  that  is  to 
say,  such  that  one  cannot  be  expressed  in  terms  of  the  other, 
all  the  other  parameters  may  be  expressed  in  terms  of  these 
two.  Accordingly,  the  two  first  integrals  which  correspond  to 
cl  and  cit  which  may  be  put  in  the  form 


may  be  regarded  as  two  independent  first  integrals  from  which 
all  the  first  integrals  may  be  derived.  For  example,  if  the  first 
integrals  (7)  and  (8)  of  the  preceding  article  be  regarded  as 
the  two  independent  first  integrals,  equation  (3)  of  Art.  76 
may  be  derived  from  them  by  squaring  and  adding,  because 
?  —  A2  +  B\ 

It  must  be  remembered  that  no  two  first  integrals  are 
independent  when  regarded  as  differential  equations  of  the 
first  order  ;  for  they  must  both  give  rise,  by  differentiation,  to 
the  same  equation  of  the  second  order.  They  are  only  inde- 
pendent in  the  sense  that  the  constants  involved  are  independ 
ent,  so  that  they  may  be  regarded  as  independent  algebraic 
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relations  between  the  five  quantities  x,  y>  p,  clt  and  c2,  from 
which,  by  the  elimination  of  /,  the  relation  between  x>  y,  clt 
and  <:2  can  be  found  independently  of  the  differential  relation 
between  x,  y,  and  p. 

Integrating  Factors. 

80.  If  a  first  integral  of  a  given  differential  equation  of  the 
second  order  be  put  in  the  form  f(x,  y,  p)  =  c  and  differen- 
tiated, the  result,  not  containing  c,  will  be  a  relation  between 
•*">  y>  />  and  q,  which  is  satisfied  by  every  set  of  simultaneous 
values  of  these  quantities  which  satisfies  the  given  differential 
equation.  This  result  will  therefore  either  be  the  given  equa- 
tion, or  else  the  product  of  that  equation  by  a  factor  which  does 
not  contain  q.  In  the  first  case,  the  given  equation  is  said  to 
be  an  exact  differential  equation  ;  in  the  latter,  the  factor  which 
makes  it  exact  is  called  an  integrating  factor.  In  general,  to 
every  first  integral  there  corresponds  an  integrating  factor. 
For  example,  differentiating  equations  (7)  and  (8)  of  Art.  78, 
we  find  the  corresponding  integrating  factors  of  the  equation 


to  be  cos  x  and  sin  x  respectively.  Again,  the  integrating 
factor  /  was  employed,  in  Art.  76,  in  finding  the  first  integral 
(3)  by  means  of  which  we  solved  the  equation. 

8z.  It  is  to  be  noticed  that  an  exact  equation  formed,  as  in 
the  case  last  mentioned,  by  means  of  an  integrating  factor 
containing  /,  is  really  a  decomposable  equation  consisting  of 
the  given  differential  equation  of  the  second  order  and  the 
differential  equation  of  the  first  order  which  results  from 
putting  the  integrating  factor  equal  to  zero.  The  exact  differ- 
ential equation  therefore  represents,  in  this  case,  not  only  the 
doubly  infinite  system,  but  also  a  singly  infinite  system  which 
does  not  satisfy  the  given  differential  equation.  This  system 
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consists  of  the  singular,  solutions  of  the  several  singly  infinite 
systems  represented  by  the  first  integral  when  different  values 
are  given  to  the  constant  contained  in  it.  For  example,  equa- 
tion (2),  Art.  76,  is  satisfied  by  y  =  C,  which  does  not  satisfy 
equation  (i),  but  is  the  solution  of  /  =  o ;  accordingly,  the  first 
integral  (3)  has  the  singular  solutions  y  =  ±c,  which,  when  c 
is  arbitrary,  form  the  singly  infinite  system  of  straight  lines 
parallel  to  the  axis  of  x.  In  fact,  a  singular  solution  of  a  first 
integral  represents  a  line,  which,  at  each  of  its  points,  touches 
a  particular  curve  of  the  doubly  infinite  system.  The  values 
of  A',  y%  and  /,  for  a  point  moving  in  such  a  line,  are  therefore 
the  same  as  for  a  point  moving  in  a  particular  integral  curve  ; 
but  the  values  of  q  are,  in  general,  different ;  *  hence  such  a 
point  does  not  satisfy  the  given  differential  equation. 


*  The  values  of  q  will,  however,  be  the  same  if  the  line  in  question  has  at 
every  point  the  same  curvature  as  the  particular  integral  curve  which  it  touches 
at  that  point ;  and  its  equation  will  then  be  a  singular  solution.  The  case  is 
analogous  to  that  of  the  singular  solution  of  an  equation  of  the  first  order;  the 
given  equation  being  supposed  of  a  degree  higher  than  the  first  in  qt  and  a 
necessary  (but  not  a  sufficient)  condition  being  that  two  values  of  q  shall  become 
equal  for  the  values  of  x,  y,  and  /  in  question.  Suppose,  for  example,  the  doubly 
infinite  system  of  curves  represented  by  the  differential  equation  to  consist  of  all 
the  circles  whose  centres  lie  upon  a  fixed  curve.  In  order  to  determine  the 
particular  integrals  which  pass  through  an  assumed  point  (x,  y)  in  the  direction 
determined  by  an  assumed  value  of  /,  we  must  draw  a  straight  line  through  (x,  y) 
perpendicular  to  the  assumed  direction,  the  required  particular  integrals  being 
circles  whose  centres  are  the  points  where  this  line  cuts  the  fixed  curve.  These 
circles  correspond  to  the  several  values  of  q  which  are  consistent  with  the  assumed 
values  of  x,  y,  and  p.  When  the  line  touches  the  fixed  curve,  two  of  the  values  of 
$  are  equal,  and  the  values  of  x,  y,  and  /  satisfy  the  condition  of  equal  roots  iu 
the  differential  equation  considered  as  an  equation  for  q.  Consider  now  an  involute 
of  the  fixed  curve ;  its  normals  touch  the  given  curve  ;  hence  the  values  of  x,  y, 
and  /»,  at  any  of  its  points,  satisfy  the  condition  of  equal  roots.  Now,  the  circle 
corresponding  to  the  twofold  value  of  q  is  the  circle  of  curvature  of  the  involute, 
so  that  the  value  of  q  for  a  point  moving  in  the  involute  is  the  same  as  its  value  for 
a  point  moving  in  a  particular  integral  curve,  and  the  equation  of  the  involute  is  a 
singular  solution.  Thus  the  involutes  of  the  fixed  curve  constitute  a  singly  infinite 
•system  of  singular  solutions,  and  the  relation  between  x,y,  and  /,  which  is  satisfied 
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Derivation  of  the  Complete  Integral  from  Two  First  Integrals. 

82.  It  sometimes  happens  that  it  is  easier  to  obtain  two 
independent  first  integrals  than  to  effect  the  integration  of  one 
of  the  first  integrals.  The  elimination  of  /  between  the  two 
first  integrals  then  gives  the  complete  integral.  For  exampler 
as  an  obvious  extension  of  the  results  obtained  in  Art.  80,  we 
see  that  both  cos  ax  and  sin  ax  are  integrating  factors  of  the 
equation 

42  +  a*y  =  o; 
ax2 

and,   since   these   expressions    contain  x  only,  they   are   also 
integrating  factors  of  the  more  general  equation. 


if  X  is  a  function  of  x  only.     Thus,  we  have  the  exact  differ- 
ential equation, 

4-  (i2ycosax  =  X  cos  ax, 


dx< 
and  its  integral,  which  is 

cos  ax -*-  4-  ay  sin  ax  =  \Xcosaxdx  4-  <"i  •     •     •     (2) 
dx  J 

is  a  first  integral  of  equation  (i).     In  like  manner,  the  integrat- 
ing factor  sin  ax  leads  to  the  first  integral 


sin  ax  ^ 


—  ay  cos  ax  =    A' sin  tf;u/jir  —  r2.    .     .     .     (3) 


by  all  the  involutes  (in  other  words,  their  differential  equation)  satisfies  the  con- 
dition of  equal  roots ;  that  is  to  say,  it  is  the  result  of  equating  to  zero  the 
discriminant  of  the  ^-equation  or  one  of  its  factors. 
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Kliminuting  /  between  equations  (2)  and  (3),  we  have 
ay  =  sin  ajc  \X  cos  axdx  —  cos  #A-  L\"  sin  tixt/x  +  <",  si 


sn  0.r 

tin*  complete  integral  of  equation  (i). 

83.  The  principle  of  this  method  has  already  been  applied 
to  the  solution  of  equations  of  the  first  order  in  Art.  55.  The 
method  there  explained,  in  fact,  consists  in  forming  the  equa- 
tion of  the  second  order  of  which  the  given  equation  is  a  first 
integral,  then  finding  an  independent  first  integral,  and  deriving 
the  complete  integral  by  the  elimination  of  /.  But  it  is  to  be 
noticed  that  the  given  equation,  containing,  as  it  does,  no  arbi- 
trary constant,  is  only  a  particular  case  of  the  first  integral  of 
the  equation  of  the  second  order  corresponding  to  a  particular 
value  of  the  constant  which  should  be  contained  in  it.  Accord- 
ingly, the  final  equation  is  the  result  of  giving  the  same  par- 
ticular value  to  this  constant  in  the  complete  integral  of  the 
equation  of  the  second  order.  For  example,  in  the  solution  of 
("lairaut's  equation,  Art.  64,  the  equation  of  the  second  order 


s  —     —  o  ;  the  first  integral,  of  which  the  given  equation  is  a 

special  case,  is  y  +  C  —  xp  4-  /(/)  ;  and  the  complete  inte- 
gral is  y  -f  C  =  ex  +  f(c),  which  represents  all  straight  lines  ; 
whereas  the  required  result  is  the  singly  infinite  system  of 
straight  lines  corresponding  to  C  =  o.* 

*  In  accordance  with  Art.  81,  it  would  seem  that  a  singular  solution  of  the 
given  equation,  when  it  exists,  could  not  satisfy  the  equation  of  the  second  order, 
and  therefore  must  correspond  to  a  factor  which  divides  out,  just  as  .r  +  /'(/>) 
does  in  the  solution  of  Clairaut's  equation.  This  is  indeed  true  when  the 
singular  solution  belongs  to  the  generalized  first  integral,  as  in  this  case  it  does 
to^  +  C  =  ex  +  /».  But  generally  the  singular  solution  belongs  only  to  the  given 
equation  ;  and  there  is  no  reason  why  a  singular  solution  of  a  particular  first 
integral  should  not  satisfy  the  differential  equation  of  the  second  order.  Thus  a 
singular  solution  does  not  generally  present  itself  in  the  process  of  "solution  by 
differentiation,"  as  it  does  in  the  case  of  Clahaut's  equation. 
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Exact  Differential  Equations  of  the  Second  Order. 

84.  An  exact  differential  equation  of   the  second  order  is 
the  result  of  differentiating  a  first  integral  in  the  form 

Hence  it  will  be  of  the  form 


dx       dy          dp 


in  which  the  partial  derivatives  -•£,    -i  and  -^-,  are  functions 

dx     dy          dp 

of  xt  y  and  /  ;  so  that  the  latter  forms  the  entire  coefficient 
of  q  in  the  equation.  Hence,  if  a  given  equation  of  the  second 
order  is  exact,  we  can,  from  this  coefficient,  find,  by  integration 
with  respect  to  /,  the  form  of  the  function  /  so  far  as  it 
depends  upon  p  ;  that  is  to  say,  we  can  find  all  the  terms 
of  the  integral  which  contain  /.  These  terms  being  found, 
their  complete  derivative  must  be  subtracted  from  the  first 
member  of  the  given  differential  equation,  and  the  remainder, 
which  will  be  a  differential  expression  of  the  first  order,  must 
be  examined.  If  this  remainder  is  exact,  the  whole  expression 
is  evidently  exact  ;  and  its  integral  is  the  sum  of  the  terms 
already  found  and  the  integral  of  the  remainder. 
85.  As  an  illustration,  let  the  given  equation  be 


The  terms  containing  q  are  (i  —  x2)  -£  ;  and,  integrating  this 
with  respect  to  /,  we  have  (i  —  x*)p  for  the  part  of  the  integral 
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which  contains  /.     The  complete  derivative  of  this  expression 


and,  subtracting  this  from  the  first  member  of  equation  (i),  we 
have  the  remainder 


which  is  the  derivative  of  xy.      Hence  equation  (i)  is  exact, 
and  its  integral  is 

(i  -  *-)/  +  xy  =  ft  .......     (2) 


Again,  if  we  multiply  equation  (i)  by  /,  it  becomes 
(I  "  X^pd~     ""  ^  +  yp  =  ° 


In  this  form,  the  integral  of  the  terms  containing  q  is  \(i 
of  which  the  complete  derivative  is 


The  remainder,  in  this  case,  is  yp,  which  is  the  exact  derivative 
of  \y2  ;  hence  equation  (3)  is  also  exact,  and  its  integral  is 

(i  -  a-2)/2  +  f  =  c2  .......     (4) 

Equations  (2)  and  (4)  are  two  first  integrals  of  equation  (i)  ; 
hence,  eliminating  /,  we  have  the  complete  integral 

r,'  -  2fgxy  +  y2  -  ^(i  -  x3)  =  o,  .     .     .     .     (5) 

which  represents  a  system  of  conies  having  their  centres  at  the 
,  and  touching  the  straight  lines  x  =  ±i. 
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Equations  in  which  y  does  not  occur. 

86.  A  differential  equation  of  the  «th  order  which  does  not 
contain  y  is  equivalent  to  an  equation  of  the  (n  —  i)th  order 
for/.  The  value  of  /  as  a  function  of  x  obtained  by  integrating; 
this  will  contain  n  —  \  constants ;  and  the  remaining  constant 
will  appear  in  the  final  integration,  which  will  take  the  form 


y  =  \pdx  +  C. 


If  the  given  equation  is  of  the  first  degree  with  respect  to  the 
derivatives,  it  will  be  a  linear  equation  because  the  coefficients 
do  not  contain  y.  Thus,  if  the  equation  is  of  the  second  order, 
it  may  be  put  in  the  form 


or 

* 


a  linear  equation  of  the  first  order  for  p.      For  example,  the 
equation 


+  »,,        +  *       +  «  =  o 

ax2          ax 


is  equivalent  to 

4P.  + 


dx       i  +  x2 
The  integral  of  this  is 


and,  integrating  again, 

y  =  c2  -  ax  +  <r,log(>  +  v/(i  +  **)]• 
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87.  In  general,  an  equation  of  the  ;/th  order  which  does  not 
contain  /,  and  in  which  the  lowest  derivative  is  of  the  rth 
order,  is  equivalent  to  an  equation  of  the  (;/  —  r)th  order  for 
the  determination  of  this  derivative.  For  example, 


dx* 
is  equivalent  to 

£ 
<& 

Integrating,  we  have 


and,  integrating  twice  more, 

y  =  Ae«x  +  Be-«*  +  Cx  -f-  D. 

Equations  in  which  x  does  not  occur. 

88.  An  equation  of  the  second  order  in  which  x  does  not 
occur  may  be  reduced  to  an  equation  of  the  first  order  between 
y  and  /  by  putting 


dx*       dx       dy  dx          dy 
For  example,  the  equation 


Ad*y  _  /  dy\* 

J  7      -      "" 


thus  becomes 


or 
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whence 


or 


-L    /- 

-  4-  ^o 

/     y 


and,  integrating  again, 

x  =  logj  4-  c,y  -f  fz (3) 

In  equation  (2),  we  rejected  the  solution  /  =  o,  which 
gives  y  —  C ;  but  it  is  to  be  noticed  that  the  equation  is  still 
satisfied  by  /  =  o  after  the  rejection  of  the  factor  p ;  accord- 
ingly, y  =.  C  is  a  particular  system  of  integrals  included  in  the 
complete  integral  (3),  as  will  be  seen  by  writing  the  latter  in 
the  form 

v  =  A  +  B(x  -  log;-), 
and  making  B  —  o. 

89.  If  the  equation  contains  higher  derivatives,  they  may, 
in  like  manner,  be  expressed  in  terms  of  derivatives  of  /  with 
respect  to  y.     Thus, 

dx3        dx  dx2          </y\    dy)  dy2  \dy 

In  like  manner,  the  expression  for  the  fourth  derivative  may  be 
found  by  applying  the  operation  / —  to  this  last  result,  and  so 
on. 

The  Method  of  Variation  of  Parameters. 

90.  When  the  solution  of  an  equation  in  which  the  second 
member  is  zero   is  known   in  the  form  y  =  f(x),   the  more 
general   equation   in  which   the  second  member  is  a  function 
of  x  may  sometimes  be  solved  by  assuming  the  value  of  y  in 
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the  same  form  as  that  which  satisfies  the  simpler  equation, 
except  that  the  constants  or  parameters  in  that  solution  are 
now  assumed  to  be  variables.  By  substituting  for  y  in  the 
given  equation  its  assumed  value,  we  obtain  an  equation  which 
must  be  satisfied  by  these  new  variables.  When  the  given 
equation  is  of  the  first  order,  there  is  but  one  new  variable, 
and  the  method  amounts  merely  to  a  transformation  of  the 
dependent  variable  ;  but  when  the  equation  is  of  the  ;/th  order, 
the  assumption  involves  //  new  variables,  and  we  are  at  liberty 
to  impose  //  --  I  other  conditions  upon  them  beside  the  con- 
dition that  the  given  equation  shall  be  satisfied.  The  condi- 
tions which  produce  the  simplest  result  are  that  the  derivatives 
of  y,  of  all  orders  lower  than  the  ;/th,  shall  have  the  same  values 
when  the  parameters  are  variable  as  when  they  are  constant. 
91.  For  example,  given  the  equation 


we  assume 

y  =  d  cos  ax  -f  C2  sin  ax, (2) 

which,  if  Ct  and  C2  are  constant,  satisfies  the  equation  when 
X  =  o.  Now,  if  Ct  and  C2  are  variable,  we  may  assume  this 
value  of  y  to  satisfy  equation  (i),  and,  at  the  same  time,  impose 
a  second  condition  upon  the  two  new  variables.  Differentiating, 
we  have 

^  =  —  a  Cl  sin  ax  +  a  C*  cos  ax  +  - — -'  cos  ax  H sin  ax9 

dx  </.v  */.* 

in  which  the  first  two  terms  form  the  value  of  -*•  when  Ct  and 

<£r 

£  are  constant.  We  now  assume,  as  the  second  condition 
mentioned  above, 

_JS~9  J  /~* 

aC»  .     //C2    •  /     \ 

-— i  cos  tf.v  -f  -H  sm  ax  =  °» (3) 
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which  makes 


-*.  =  —  ad  sin  ax  -f-  aC2  cos  ax. 
dx 


Differentiating  again,  we  have 

— ^  =  —  a2  Ct  cos  ax  —  a2C2sinax  —  a — l  sin  ax  -f  a — -cos  ax. 
dx2  dx  dx 

Substituting  in  equation  (i),  we  obtain 

dC ,   •  dC-,  \r  ~  /  x 

—  a  — -  sin  ax  +  a  — -  cos  ax  =  X (4) 

dx  dx 

as  the  condition  that  y,  in  equation  (2),  shall  satisfy  the  given 
equation.     Equations  (3)  and  (4)  give,  by  elimination, 


-a*^  =  Xsinax,       «  — 2  =  Xcosax-, 
dx  dx 


whence 


Cl  =  — -\Xsinaxdx  -f  clt      C2  —  -\Xcosaxa'x  -f  ra; 
and,  substituting  in  equation  (2), 

y  =  —  -  cos  ax  X  sin  axdx  -f-  -  sin  ax  X  cos  axdx 

-\-  ct  cos  ax  +  c2  sin  ax, 
as  otherwise  found  in  Art.  82. 

The  method  of  variation  of  parameters  is  of  historic  interest 
as  one  of  the  earliest  general  methods  employed.  It  may 
occasionally  be  applied  also  when  the  term  neglected  in  finding 
the  form  to  be  assumed  for  the  value  of  y  is  not  a  mere 
function  of  x  ;  but,  for  the  most  part,  examples  which  can 
be  solved  by  it  can  be  more  readily  solved  by  the  methods 
given  in  the  succeeding  chapters. 


VIII.]  EXAMPLES.  S/ 

KXAMPLES    VIII. 

Solve  the  following  differential  equations  :  — 

dx*  ~  y  ' 

«  2.        %  =  sin3*,      ^  =  J  cos  A:  —  ^cos5^  -f-  r^1  +  f*r  -f-  ^3. 


fl  4.     Find  a  first  integral  of  ^  =  /(jc),  ^V  =  2  [/(*)<& 

tfjf  X"*/ 

Va.. 

=  «jc  +  AV  [^  >  o],  fljc  -f-  by  - 


dx2 

ax  —  by  =  A  sin  jc^  -h  ^  cos  ^r^. 
7'     dx*  =  ^' 

W      ^  •  /• 

^i^  =  — ^ — ,    or 
C- Jt: 

2^  =  ^sec'(^.r  +  C), 
according  as  the  first  constant  of  integration  is  c*,  o,  or  —  c 
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x  dx 


dx2          dx 
=  * 


a  —  y 


13- 


+1=0, 


—    —      -~ 


-  a)  +  p. 


14.     Show  that  ^  —    —  x  -~  is  an  exact  differential. 


t  16.     (i  —  x2)-^  —  x-2-  =  2, 


-J-  ^sin-'jc  4- 


=  ax  -f- 


<ra. 


20. 
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22.      y(i  - 

logy  =  i 


c,x 


23.     y£l  -  A&Y 


,4. 


26. 


27.  Determine  the  curve  in  which  the  normal  is  equal  to  the 
radius  of  curvature,  but  in  the  opposite  direction. 

The  catenary  y  =  <rcosh— . 

28.  Determine   the   curve   in  which   the   radius   of  curvature   is 
double  the  normal,  and  in  the  same  direction. 

The  cycloid  —A-  =  cs'm-1'  ~  ^  -f  *](2cy  —  y). 

c 
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29.  Determine   the   curve    in   which   the   radius   of  curvature   is 
double  the  normal,  and* in  the  opposite  direction. 

The  parabola  x2  =  $c(y  —  c). 

30.  Show  that  the  equation 


dx 

can  be  solved  in  the  following  cases  :  (a)  when  P  and  Q  are  functions 
of  x  •  (ft)  when  P  and  Q  are  functions  of  y ;  (y)  when  P  is  a  func- 
tion of  x  and  Q  a  function  of  y. 

In  the  case  (a),  the  equation  is  of  the  "extended  linear  form," 

Art.  37,  for  -2  •  in  the  case  (j8),  x  does  not  occur,  as  in  Art.  88  :  and  in 
dx 

the  case  (y),  the  equation  is  exact  when  divided  by  -2.. 

ax 

In  the  last  case,  the  equation  may  also  be  solved  by  the  method  of 

variation   of  parameters,  the  assumed   form  of  -^  being  derived  by 

dx 

neglecting  the  last  term ;   the  result  is 

'\f**dx  4-  B. 
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CHAPTER   V. 

LINEAR    EQUATIONS    WITH    CONSTANT    COEFFICIENTS. 

IX. 

Properties  of  the  Linear  Equation. 

92.  A  linear  differential  equation  is  an  equation  of  the  first 
degree  with  respect  to  y  and  its  derivatives.  The  linear 
equation  of  the  wth  order  may  therefore  be  written  in  the  form 

=  X,      ...     (i) 

(t\  n  (tXn  ~  * 

in  which  the  coefficients  Pot  Pl  .  .  .  PH  may  either  be  constants 
or  functions  of  x,  and  the  second  member  'X  is  generally  a 
function  of  x. 

We  have  occasion  to  consider  solutions  of  linear  equations 
only  in  the  form  y  =  f(x],  and  it  is  convenient  to  call  a  value 
of  y  m  terms  of  x  which  satisfies  the  equation  an  integral  of 
the  equation.  Thus,  if  y,  is  a  function  of  x,  such  that  y  =•  y, 
satisfies  equation  (i),  we  shall  speak  of  the  function  ylt  rather 
than  of  the  equation  y  =  j/,,  as  an  integral  of  equation  (i). 

93-  The  solution  of  equation  (i),  whether  the  coefficients  be 
variable  or  constant,  is  intimately  connected  with  that  of 

P43  +  pd^z  p    -=        ,..(,) 

dxn  </.v  -  » 

which  differs  from  it  only  in  having  zero  for  its  second  member. 
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Let  yl  be  an  integral  of  equation  (2)  ;  then  £j/,,  where  Cl 
is  an  arbitrary  constant,  is  also  an  integral.  For,  if  we  put 
y  —  C,y,  in  the  first  member,  the  result  is  the  product  by  Cl  of 
the  result,  of  substituting  y  =  yl  ;  and,  since  the  latter  result 
vanishes,  the  former  will  also  vanish. 

Again,  let  y2  be  another  integral  of  equation  (2),  which  is 
not  of  the  form  Clyl  ;  then  will  C2y2  be  an  integral,  and 
C^yl  +  C2y2  will  also  be  an  integral.  For  the  result  of  putting 
y  =  Clyl  4-  C2y2  in  the  first  member  will  be  the  sum  of  the 
results  of  putting  y  —  Clyl  and  y  =  C2y2  respectively,  and 
will  therefore  vanish.  In  like  manner,  if  ylt  y2,  y3  .  .  .  J«'are 
n  distinct  integrals  of  equation  (2), 


y  =  Ctyt  4-  C2y2  +  .  .  .  +  Cnyn      ....     (3) 

will  satisfy  the  equation  ;  and,  since  this  expression  contains 
;/  arbitrary  constants,  it  will  be  the  complete  integral  of 
equation  (2).  Thus  the  complete  integral  is  known  when  n 
particular  integrals  are  known,  provided  they  are  distinct  ;  that 
is  to  say,  such  that  no  one  can  be  expressed  as  a  sum  of 
multiples  of  the  others. 

94.  Now  let  Y  denote  a  particular  integral  of  the  more 
general  equation  (i),  and  let  u  denote  the  second  member  of 
equation  (3),  that  is  to  say,  the  complete  integral  of  equation  (2). 
If  we  substitute 

y  =  Y  +  «    ........    (4) 

in  the  first  member  of  equation  (i),  the  result  will  be  the  sum 
of  the  results  of  putting  y  =  Y,  and  y  =  #  respectively.  The 
first  of  these  results  will  be  X  because  Y  satisfies  equation  (i), 
the  second  result  will  be  zero  because  u  satisfies  equation  (2)  ; 
hence  the  entire  result  will  be  X,  and  equation  (4)  is  an  integral 
of  equation  (i).  Moreover,  it  is  the  complete  integral  because 
u  contains  n  arbitrary  constants.  Thus  the  complete  integral 


§  IX.]         PROPERTIES   (.>/•    THl-:    U\EAK   EQUATI(>.\  93 


of  equation  (i)  is  known  when  any  one  particular  integral  is 
known,  together  with  the  complete  integral  of  equation  (2). 

In  equation  (4),  Y  is  called  the  particular  integral,  and  u 
is  called  the  complementary  function.  The  particular  integral 
contains  no  arbitrary  constants,  and  any  two  particular  integrals 
may  differ  by  any  multiples  of  one  or  more  terms  belonging  to 
the  complementary  function. 


Linear  Equations  with  Constant  Coefficients  and  Second  Member  Zero. 
95.  In  the  equation 

//«v  //"  —  *!/  ffv 

A»^  +  A^t—2  +  .  .  .  +  A*..^  +  Any  =  v,     .     (i) 
dxn  dxn  - T  dx 

in  which  the  coefficients  A0,  Al  .  .  .  AH  are  constants,  let  us 
substitute  y  =  emx  where  m  is  a  constant  to  be  determined. 

Since  — emx  =  memx,  — emx  =  m2emjf,  etc.  ;   the  result,  after 
dx  di'2 

rejecting  the  factor  em*t  is 

A0m«  4-  A^n"-*  +  .  .  .  +  AH_jn  +  An  =  o,     .     .     (2) 

an  equation  of  the  «th  degree  to  determine  m.  Hence,  if  m 
satisfies  equation  (2),  em*  is  an  integral  of  equation  (i) ;  and,  if 
;//,,  ?;/,  .  .  .  mn  are  n  distinct  roots  of  equation  (2), 

y  =  O«i*  -f-  CtC"***  -f  .  .  .  4-  CHe*«»*      ...     (3) 

is,  by  Art.  93,  the  complete  integral  of  equation  (i). 
For  example,  let  the  given  equation  be 
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the  equation  to  determine  m  is 

m2  —  m  —  2  =  o, 
whose  roots  are  —  i  and  2  ;  therefore  the  complete  integral  is 

y  =  de-*  +  C2e™. 


96.   Denoting  the  symbol  —  by  D,  equation  (i)  of  Art.  95 

dx 

may  be  written 

(A0D»  +  ^Z?*-'  +  .  .  .  +  An_,D  +  An)y  =  o, 

or,  symbolically, 

f(D}y  =  o,    ........     (i) 

in  which  f  denotes  a  rational   integral   function.      With  this 
notation,  equation  (2)  of   the  preceding  article  becomes 


and,  denoting  its  roots,  as  before,  by  m,,  m2  .  .  .  mn,  equation 
(i)  may,  in  accordance  with  the  principles  of  commutative  and 
distributive  operations  (Diff.  Calc.,  Art.  406  et  seq.},  be  written 
in  the  form 

(D  -  m.)  (D  -  m2)  ...(/>-  mn)y  =  o.  .     .     .     (2) 

This  form  of  the  equation  shows  that  it  is  satisfied  by  each 
of  the  values  of  y  which  separately  satisfy  the  equations 

(D  -  mg)y  =  o,     (D  -  m2)y  =  o,     .  .  .    (D  -  mn)y  =  o  ; 
that  is  to  say,  by  each  of  the  terms  of  the  complete  integral 
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Thus   the   example   given    in    the   preceding   article   may   be 

written 

(D  +  i)(D  -  2)y  =  o, 

and    the   separate    terms    of   the   complete   integral    are    the 
integrals  of 

(D  +  \)y  =  o     and    (D  —  2)y  =  o, 

which  are  de~*  and  C2e*x  respectively. 


Case  of  Equal  Roots. 

97.  When  two  or  more  roots  of  the  equation  f(m)  =  o 
are  equal,  the  general  solution,  equation  (3),  Art.  95,  fails  to 
represent  the  complete  integral  ;  for,  if  mt  =  mtt  the  corre- 
sponding terms  reduce  to 

(C,  +  C2)e»'i*, 

in  which  £",  +  C2  is  equivalent  to  a  single  arbitrary  constant. 
It  is  necessary  then  to  obtain  another  particular  integral  ; 
namely,  a  particular  integral  of 

(D  -  m,Yy  =  o,    .......     (i) 

in  addition  to  that'  which  also  satisfies  (D  —  m^y  =  o. 
This  integral  is  obviously  the  solution  of 


(D  —  mt)y  =  Aemi*  ;      ......     (2) 

for,  if  we  apply  the  operation  D  —  ;«,  to  both  members  of  this 
equation,  we  obtain  equation  (i).  Equation  (2)  is  a  linear 
equation  of  the  first  order,  and  its  complete  integral  is 


=  \Adx  = 


e-**i*y  =    Adx  =  Ax  +  B, 
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or 

y  =  c~i*(Ax  +  B)  .......     (3) 

Hence  the  terms  of  the  integral  of  f(D)y  =  o  corresponding 
to  a  double  root  of  f(m)  =  o  are  found  by  replacing  the 
constant  of  integration  by  Ax  -f-  B.  For  example,  given 
the  equation 

£?_  2^  +  ^  =  0, 
dx*          dx*       dx 

or 

D(D  -  i)2y  =  o, 

the  roots  of  f(m)  =  o  are  o,  i,  i,  and  the  complete  integral  is 
y  =  C  +  ex  (Ax  +  B}. 

98.    If  there  be  three  roots  equal  to  ;#„  we  have,  in  like 

manner,  to  solve 

(D  —  mt)*y  =  o  ........     (i) 

But  the  integral  of  this  is  the  same  as  that  of 

(D  -  mt)y  =  w(Ax  -f  B)\  .....      (2) 

for,  by  the  preceding  article,  if  the  operation  (D  •—  ;«,)2  be 
applied  to  each  member  of  this  equation,  the  result  will  be 
(D  —  mfy  =  o.  The  integral  of  equation  (2)  is 


x  +  B)dx  =  $Ax2  +  Bx  +C; 

t>r,  writing  A  in  place  of  \A> 

y  =  c»i*(Ax*  -f  Bx  -f-  C)  ......     (3) 

Hence  the  terms  corresponding  to  a  triple  root  of  f(m)  =  o 
are   found   by  replacing   the   constant  of   integration   by  the 


§  IX.]  CAS/:    (V    IMAGINARY   A'OOYS. 

expression  Ax2  -f  Bx  4-  C.     In  like  manner,  we  may  show  that 
the  terms  corresponding  to  an  r-fold  root  ;;/,  are 


tcmi*(Axr-1  +  Bxr~*  +  .  .  .  +  Z). 
i  particular,  if  the  r-fold  root  is  zero,  we  have  for  the  integral 


y  =  Axr~*  +  Bxr~*  +  .  .  .  4-  Z, 
as  immediately  verified  by  successive  integration. 


Cast  of  Imaginary  Roots. 


99.  When  the  equation  f(m)  =  o  has  a  pair  of  imaginary 
roots,  the  corresponding  terms  in  the  complete  integral,  as 
given  by  the  general  expression,  take  an  imaginary  form  ;  but, 
assuming  the  corresponding  constants  of  integration  to  be  also 
imaginary,  the  pair  of  terms  is  readily  reduced  to  a  real  form. 
Thus,  if  m,  =  a  -f-  i  ft  and  ni2  =  a  —  z/J,  the  terms  in  question 
are 

.     (i) 


Separating  the  real  and  imaginary  parts  of  t**x  and  e-®*,  the 
expression  becomes 


C2)cospx  -f-  i(Ct  -  Ca)si 
or,  putting  (7,  -f-  <72  =  ^4  and  i(Cl  —  C3)  =  B, 

t**(Acospx  -h  ^sin^),  ......     (2) 


where,  in  order  that  A  and  /?  may  be  real,  d  and  £7a  in  (i) 
must  be  assumed  imaginary. 
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As  an  example,  let  the  given  equation  be 
(D2  +  D  +  i)y  =  o; 

the  roots  are  —  |  ±  ^V3  ;   here  a  =  —  2>  0  —  iVs  5   hence  the 
complete  integral  is 


100.  If  the  equation  f(m)  =  o  has  a  pair  of  imaginary 
r-fold  roots,  we  must,  by  Art.  98,  replace  each  of  the  arbitrary 
constants  in  expression  (i)  by  a  polynomial  of  the  (r  —  i)th 
degree  ;  whence  it  readily  follows  that  we  must,  in  like  manner, 
replace  the  constants  in  expression  (2)  by  similar  polynomials. 
Thus  the  equation 

d*y  ,      d*y  , 

^  4-  2  -^  +  y  =  o, 

dx*          dx* 

or 

(D*  -h  i)2J  =  o, 

in  which  ±/are  double  roots,  has  for  its  integral 
y  =  (A,  +  Bix)cosx  +  (A2  -h  B2 


The  Linear  Equation  with  Constant  Coefficients  and  Second  Member 
a  Function  of  x. 

101.  In  accordance  with  the  symbolic  notation,  the  value  of 
y  which  satisfies  the  equation 


X  ........    (D 

is  denoted  by 
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Substituting  this  expression  in  equation  (i),  we  have 

*  =  *• 


which  may  be  regarded  as  defining  the  inverse  symbol  (2),  so 
that  it  denotes  any  function  of  .V  which,  when  operated  upon 
by  the  direct  symbol  f(D),  produces  the  given  function  ,V. 
Then,  by  Art.  94,  the  complete  integral  of  equation  (i)  is 
the  sum  of  any  legitimate  value  of  the  inverse  symbol  and  the 
complementary  function  or  complete  integral  of 

f(D)y  =  o. 

This  last  function,  which  is  found  by  the  methods  explained  in 
the  preceding  articles,  we  may  call  the  complementary  function 
for  f(D)  ;  and  we  see  that  two  legitimate  values  of  the  symbol 

X  may  differ  by  an  arbitrary  multiple  of  any  term  in  the 


f 
complementary  function  for  f(D)\   just  as  two  values  of  L\"</r 

or  -—X  may  differ  by  an  arbitrary  constant,  which  is  the  com- 

plementary function  for  /). 

102.  With  this  understanding  of  the  indefinite  character  of 
the  inverse  symbols,  it  is  evident  that  an  equation  involving 
such  symbols  is  admissible,  provided  only  it  is  reducible  to  an 
identity  by  performing  the  necessary  direct  operations  upon 
each  member.  It  follows  that  the  inverse  symbols  may  be 
transformed  exactly  as  if  they  represented  algebraic  quantities  ; 
for,  owing  to  the  commutative  and  distributive  character  of  the 
direct  operations,  the  process  of  verifying  the  equation  is 
precisely  the  same  whether  it  be  regarded  as  symbolic  or 
algebraic.  For  example,  to  verify  the  symbolic  identity 


L/_! 

'  2a\D  - 


Z*  -  a'  2a\D  -a  D  + 


<j)(D-  a)—l—X-  (D  -  a)  (D  +  <z)_±_ 
D  —  a  D  4-  a 
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we  perform  the  operation  D2  —  a2  on  both  members  ;  thus 

X  =  ±[(2 

=  —  f(Z>  4-  a)X  -  (D  -  a)X~]  =  — 
L  J        2# 

the  process  being  equivalent  to  that  of  verifying  the  equation 

_L__  =  _1/ !_          _i \ 

D2  -  a2       2c\D  -a       D  -f  a) 

considered  as  an  algebraic  identity. 

103.  The  symbol  — — — X  denotes  the  value  of  y  in  the 
JJ  —  a 

equation  of  the  first  order 


hence,  solving,  we  have 


(i) 


By  repeated  application  of  this  formula,  we  have 


and,  in  general, 


the  last  expression  involving  an  integral  of  the  ?-th  order. 
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General  Expression  for  the  Integral. 

104.  We  may,  by  means  of  equation  (i)  of  the  preceding 
article,  write  an  expression  for  the  complete  integral  of 
f(D]y  =  X  involving  a  multiple  integral  of  the  nth  order. 
For,  using  the  notation  of  preceding  articles,  we  may  put 

/(/>)  =  (D  -  ml)(D  -  ///2)  ...(D-  O; 
whence 

1  X  l  I  I 


/(£>)  D  -  nil  D  -  m,         D  -  mn 

=  ^L",-^)*  {  .  .  .  \e-™«*Xdx«  ;     .     .     (i) 

but  the  expression  given  below  is  preferable,  involving,  as  it 
does,  multiple  integrals  only  when  the  equation  f(D)  =  o  has 
multiple  roots. 

105.  Let be  resolved  into  partial  fractions  ;  supposing 

mlt  m2  .  .  .  mn  to  be  all  different,  the  result  will  be  of  the  form 

+  ^  N*       +  •  •  •  +  ^  Nn     ,     .     (i) 


f(D)       D  -  mt       D  -  m,  D  -  mn 

in  which  Nlt  N2  .  .  .  Nn  are  determinate  constants  ;   hence,  by 
equation  (i),  Art.  103, 


—  ^—  X  =  N,em^e-m^xXdx  +  .  .  .  +  NHem**e->»nxXdxt    (2) 
which   is  the  general    expression  *  for  the  complete    integral 

*  First  published  by  Lobatto,  "Th^orie  des  Caracteristiques,"  Amsterdam, 
1837;  independently  discovered  by  Boole,  Cambridge  Math.  Journal,  ist  series, 
vol.  ii.  p.  1  14. 
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when  the  roots  of  f(D)  —  o  are  all  different  ;  each  term,  it  will 
be  noticed,  containing  one  term  of  the  complementary  function. 
When  two  of  the  roots  of  f(D)  =  o  are  equal,  say  ;;/,  =  ;//2, 
the  corresponding  partial  fractions  in  equation  (i)  must  be 
assumed  in  the  form 


D  -  m,        (D  -  m,}2> 

and  then  by  equations  (i)  and  (2),  Art.  103,  the  corresponding 
terms  in  equation  (2)  will  be 


f  ff 

N^"1^  e  -  tn\xXdx  -f  N2emix 


In  like  manner,  a  multiple  root  of  the  rth  order  gives  rise  to 
multiple  integrals  of  the  rth  and  lower  orders.  \J 

106.  When  f(D)  =  o  has  a  pair  of  imaginary  roots,  a  ±  if$, 
we  may  first  determine,  for  the  corresponding  quadratic  factor, 
a  partial  fraction  of  the  form 


(D  -  ay  +  ft2 

The  corresponding  part  of  the  integral  will  be  found  by  applying 
the  operation  NtD  4-  N2  to  the  value  of 


(D  -  a)2   +  (32 


X. 


Decomposing  the  symbolic   operator  further,   this  expression 
becomes 

I    / W. 

2ip\D  -  a  -  ifi      D  -  a  +  ifi) 
that  is, 


•-(*-*'f*)xXdx. 


§  IX.]  EXAMPLES.  103 

This  last  expression  is  the  sum  of  two  terms  of  which  the 
second  is  the  same  as  the  first  with  the  sign  of  i  changed  ; 
and,  the  first  term  being  a  complex  quantity  of  the  form 
P  +  iQ  where  P  and  Q  are  real,  the  sum  is  2Pt  or  twice  the 
real  part  of  the  first  term.  Hence 


X 


{D  - 

he  real  nart  of 

fft 


=  the  real  part  of  ~( cos  fix  +  ism  fix)  Lf-^cos/fcc  —  ismflx)X<fa, 


or 


(D  -  a)'  4- 


When  a  =  o,  this  result  reduces  to  that  otherwise  found  in 
Arts.  91  and  82. 


EXAMPLES  IX. 
Solve  the  following  differential  equations  : 


'-  5  :r 

ax 


.2. 

ax 


atfc&  4-  y\  =  (<*> 
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4.     — *.  —  2  ^-  +  5jy  =  o, 


o, 
y  =  dex  4-  ^2^~x  +  Asm\(x  4-  «)• 


=  o, 


7-     ^  ~   7  ~  +  6^  =  o,  y  = 


,  8.     4         -  3       +  y  =  o,  j^  =  ^(^  H-  ^)  4- 


,9.     g  +  4^  =  o, 

_y  =  (c^e*  +  c,e-*)cosx  +  (c,t*  +  C{-*)  sin  jr. 


d?4y  ^/3j;  ^; 

</jt;4          //jc3  dx 

dx*          dx1  dx2          dx 

•  X3-    r;  +  ^  = 


,   Arsina^    ,    cos  ax  log  cos  dur 

V  =»  ^,  cos  0#  4-  ^2  sin  ax  -\ H — . 

a  a2 
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+  a)  +  sinolog1  +  sin*  -  i. 

COS  X 


/    15.     &  4-  JK  =  tan*,     j  =  ,4  cos  (x  -f  a)  -  f 

2 


COS  Jf 


16.     Show  that  -    -  X 
(D  -  a)2  +  ft2 


-f-  ^c 

-  (a  cos/?*  -  ^sin^)f<?-"sin^Jr^  L 


1  7.     Show  that  —  —  —  -  -  X 
(D*  -f-  «2)2 


—  cos  ax  smaxXrfx 
J 


iff  f 

=  —   yuiax\CQ&axXax  —  cosoorh 

2*3|_      j  j 

—\  cos  ax     cos  axXdx2  -f  sin  tf*     sin  axXdx2  i 


10 


-f-  —    (jsinj;  —  cos^r)  Lf- 
ioL  J 

f  -i 

—  (3  cos*  -f  sin*)  \e-*smxXdx  \. 
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X. 

Symbolic  Methods  of  Integration. 

107.  The  foregoing  general  solution  of  linear  equations  with 
constant  coefficients,  Art.  105,  is  theoretically  complete;  for  the 
solution  of  a  differential  equation  consists  in  finding  a  relation 
between  x  and  y  involving  only  the  integral  sign.  But,  in  the 
case  of  certain  forms  of  the  function  X  of  frequent  occurrence, 
while  the  evaluation  of  the  integrals  arising  in  the  general 
solution  would  be  tedious,  the  final  result  may  be  very  expe- 
ditiously  obtained  by  the  methods  now  to  be  explained. 

In  the  first  place,  suppose  the  second  member  X  to  be  of  the 
form  eax  ;  in  other  words,  let  it  be  required  to  solve  the 
equation 

<"  .........     (i) 


Since,  as  in  Art.  95,  Drcax  =  are*x,  and  f(D)  is  a  sum  of  terms 
of  the  form  ADr, 

(2) 
whence 


Here  f(a)  is  a  constant  ;  and  therefore,  except  when  f(a)  =  o, 
we  may  divide  by  it  and  write 


which  is  the  value  of  y  in  equation  (i).  Thus  we  may,  when 
the  operand  is  of  the  form  Ae"*,  put  D  =  a  in  the  operating 
symbol  except  when  the  result  would  introduce  an  infinite 
coefficient 


§  X.J  SYMBOLIC  METHOD*   c>/-    INTEGRATION,  IO/ 

108.  In  the  exceptional  case,  equation  (2),  of  course,  still 
holds  ;  but  it  reduces  to  f(D)eax  =  o,  and  thus  only  expresses 
that  c*-r  is  a  term  of  the  complementary  function.  In  this  case, 
we  may  still  put  a  for  D  in  all  the  factors  of  f(D)  except 
D  —  a.  Thus,  putting 

/(/>)  =  (D  -  a)^(D), 
we  have 

I  *  '  l 


_     _ 

/(D)  D  -  a  </>(£>)  <f>(a)  D  -  a 

and  hence,  by  equation  (i),  Art.  103, 

—  —  e**  =  -^— 
f(D)  <t>(a) 

Again,  if  f(D)  =  (D  —  a)2<f>(D),  so  that  a  is  a  double  root 
of  f(D)  =  o,  we  shall  have 


109.    As  an  illustration,   let    it   be   required   to   solve  the 
equation 

g  -  y  =  (,-  +  i).  .......     (I) 

The  complementary  function  is 

Cer  4.  ,-W  ^COS^JA:  -f  ^sin^A 
The  particular  integral  is 


In    the   first   and   third   terms,   we   may  put   D   =   2   and   o 
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respectively,  thus  obtaining  ^e**  —  i  ;   but  D  =  i  makes  the 
second  term  infinite  ;  hence  we  write 


The  complete  integral  of  equation  (i)  is  therefore 
y  =  e-**/Jcostex  +  £sm^x\  +  e*(C  +  f*) 


no.  The  value  of  the  particular  integral  in  the  case  of 
failure  of  equation  (3),  Art.  107,  may  also  be  derived  directly 
from  that  equation  by  the  principle  of  continuity.  It  must  be 
remembered  that  properly  the  equation  should  be  understood 
to  contain  the  complementary  function  in  the  second  member. 
Hence,  a  being  a  root  of  f(D)  =  o,  and  at  first  assuming  the 
operand  to  be  e(a  +  *)jr,  we  may  write 


f(a  +  A) 
Developing  e**,  the  second  member  becomes 


-h  . 


f(a  + 

in  which  the  first  term  is  part  of  the  complementary  function. 
We  may  therefore  write,  for  the  particular  integral, 


* 


**•••) 


because,  a  being  a  root  of  f(z)  =  o,  f(z)  =  (z  —  <*)<t>(z)>  and 
f(a  4-  h)  =  h$(a  +  h). 
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Now,  making  //  =  o  in  this  result,  we  obtain 


f(D)  <f>( 

as  before. 

This  is  an  instance  of  a  general  principle  of  which  we  shall 
hereafter  meet  other  applications  ;  namely,  that,  when  the  par- 
ticular integral,  as  given  by  a  general  formula,  becomes  infinite, 
it  can  be  developed  into  an  infinite  term  which  merges  into  the 
complementary  function,  and  a  finite  part  which  furnishes  a  new 
particular  integral. 

Again,  when  a  is  a  double  root,  and  X  =  c"*,  the  infinite 
expression  can  be  developed  into  two  infinite  terms  which 
merge  into  the  complementary  function,  together  with  a  finite 
term  which  gives  the  new  particular  integral.  For  example, 
since  h  is  ultimately  to  be  put  equal  to  zero,  we  may  write 


(D  -  ay$(D)  <f)(a 


k)x 


+ 


The  first  two  terms  have  infinite  coefficients  when  h  =  o,  but 
they  belong  to  the  complementary  function  ;  the  third  term  is 
finite,  and  gives  the  particular  integral 


(D  -  a 

Case  in  which  X  contains  a  Term  of  the  Form  sin  ax  or  cos  ax. 

in.  We  have,  by  differentiation, 

D  sin  ax  =  a  cos  ax,      D2  sin  ax  =  —a2  sin  ax, 

L?r  sin  ax  =  (—a*)r sin  ax  ; 
whence 

sin  ax  =  /(  —  a1)  sin  or. 
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and,  in  like  manner,  we  obtain 

f(D2)  cos  ax  =  /(  —  a2)  cos  ax. 
It  follows,  as  in  the  similar  case  of  Art.  107,  that 


sin  ax  = 


and 

i 


cos  ax  = 


except  when/(  —  a2)  =  o.      It  is  obvious  that  we  may  include 
both  these  results  in  the  slightly  more  general  formula 

— - —  sin  (ax  4-  a)  =  sin  (ax  +  a). 

AJ>)  /(-«') 

For  example,  to  solve 

-^  -   y  =   sin  (x  +  a), 

we  have,  for  the  particular  integral, 

— sin  (x  +  a)  =  —  J  sin  (x  -f  a) . 

Adding  the   complementary  function,   we   have    the   complete 
integral 

y  =  c,ex  +  c2e~*  —  -Jsin(.x  +  a). 

112.  In  order  to  employ  equations  (i)  and  (2)  when  the 
inverse  symbol  is  not  a  function  of  D2,  we  reduce  it  to  a 
fractional  form  in  which  the  denominator  is  a  function  of 
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I)2.  This  is  readily  done  ;  for  we  may  put  /(/>)  in  the  form 
/,(/>')  -f  Df2(D2),  and  the  product  of  this  by  ft(D*)  -  Df^D2) 
will  be  a  function  of  D2.  Moreover,  since  we  have  ultimately 
to  put  D2  =  —a2,  we  may  at  once  put  —  <r?  in  place  of  D2  in  the 
expression  for  f(D),  which  thus  becomes 


For  example,  given  the  equation 

(D2  +  D  -  2\y  =  sin2.r; 
the  particular  integral  is 


i  D  -f  6 

sin  2*  =  -  sin  2.v  =  -  —  —  sin  2.r 


-f  D  -  2  D  -  6  Z?2  -  36 


40  20 

Adding  the  complementary  function 


y  = 


2O 


113.  The  case  of  failure  of  the  formulae  (i)  and  (2)  of 
Art.  1 1 1  takes  place  when  the  operand  is  a  term  of  the 
complementary  function.  Thus,  if  the  given  equation  is 

^  +  a*y  =  cos  ax, 

the  complementary  function  is  A  cos  ax  -\-  Bs\r\ax.  Acon.i 
ingly,  in  the  particular  integral  — —  -cos  air,  the  substitution 
D2  —  —  a2  gives  an  infinite  coefficient.  The  most  convenient 
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method  of  evaluating  in  this  case  is  that  illustrated  in  Art.  1 10. 
Thus,  putting  a  -\-  h  for  a  in  the  operand,  and  developing 
cos  (ax  -f-  hx)  by  Taylor's  theorem, 


- cos  (a  +  h)x 

D2  +  a2 


cos  ax  —  sin  ax  .  hx  —  cos  ax  . 


«?+•-.•) 


Omitting  the  first  term  which  belongs  to  the  complementary 
function,  we  may  write,  for  the  particular  integral, 

cos  (a  +  h)x  =  —        — [xsmax  +    — cos  ax  —  .  .  .  ]; 

D2  -f  a2  2a  -f-  h\  2  f 

and,  making  h  =  o,  we  obtain 

i  x  sin  ax 

cos  ax  =  , 

Z>2  -f  #2  20 

and  the  complete  integral  of  equation  (i)  is 

„  A:  sin  ax 

y  =  A  cos  «jc  +  B  cos  «A:  H . 

2  a 


Case  in  which  X  contains  Terms  of  the  Form  xw. 

114.  If  an  inverse  symbol  be  developed  into  a  series  pro- 
ceeding by  ascending  powers  of  D,  the  result  of  operating  upon 
a  function  of  x  with  the  transformed  symbol  is,  in  general,  an 
infinite  series  of  functions  ;  but,  when  the  operand  is  of  the 
form  xmt  where  m  is  a  positive  integer,  the  derivatives  above 
the  mth  vanish,  and  the  result  is  finite.  For  example,  to  solve 
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the  particular  integral  is 


and  the  complete  integral  is 


This  result  is  readily  verified  by  performing  upon  it  the  opera- 
tion D  -f-  2. 

115.  When  the  denominator  of  the  inverse  symbol  is  divis- 
ible by  a  power  of  D,  the  development  will  commence  with  a 
negative  power  of  D,  but  no  greater  number  of  terms  will  be 
required  than  would  be  were  the  factor  D  not  present.  For 
example,  if  the  given  equation  is 

(/*  +  D*  +  D*)y  =  *3  +  3^, 
the  particular  integral  is 


D2\_ 

Since  the  operand  contains  no  power  of  x  higher  than  x*t  it  is 
unnecessary  to  retain  powers  of  D  higher  than  D*  in  the 
development  of  the  expression  in  brackets.  Hence  we  write 

i  /  i         i  \ 

-  -p2(l  H-  3^)  =  \jp  -  -jj  +      )(*3  + 


20 
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in  which  the  last  term  should  be  rejected  as  included  in  the 
complementary  function.     Thus  the  complete  integral  is 


y  =  -  --  x*  -f- 

2O 


*( 

\ 


It  will  be  noticed  that,  had  we  retained  any  higher  powers  of 
D  in  the  final  development,  they  would  have  produced  only 
terms  included  in  the  complementary  function." 


Symbolic  Formula  of  Reduction. 

116.  The  formulae  of  reduction  explained  in  this  and  the 
following  articles  apply  to  cases  in  which  X  contains  a  factor 
of  a  special  form. 

In  the  first  place,  let  X  be  of  tlie  form  eax  V,  V  being  any 
function  of  x.  By  differentiation, 

d-ea*V  =  e«*—  +  ae**V9 
dx  dx 

or 

DeaXy   _    ^r(£)   +   d)V. (l) 

By  repeated  application  of  this  formula,  we  have 

D*ea*V  =  Dea*(D  +  a)V  =  eax(D  +  a)2V; 

and,  in  general, 

Drea*V  =  eax(D  +  ayV. 

Hence,  when  $(D)  is  a  direct  symbol  involving  integral  powers 
of  D,  we  have 

a]V. (2) 


§  X.J  SYMBOLIC   FORMULA   OF  REDUCTION.  115 

To  show  that   this   formula  is  applicable   also  to  inverse 

symbols,  put 

$(D  +  a)  V  =  V, ; 

whence 


and  equation  (2)  becomes 


in  which  F,  denotes  any  function  of  .r,  since  V  was  unrestricted. 
Now,  applying  the  operation to  both  members,  we  have 


which  is  of  the  same  form  as  equation  (2). 

As  an  example  of  the  application  of  this  formula,  let  the 
given  equation  be 


The  particular  integral  is 

y  =  -7^- 


(D  +  2)2  -  i 
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117.  The  formula  of  reduction  of  the  preceding  article  may 
often  be  used  with  advantage  in  the  evaluation  of  an  ordinary 

integral.     For  example,  to  find    emx  sin  nxdx,  we  have,  by  the 
formula, 


—  emx  sin  nx  =  emx sin  nx ; 

D  D  +  m 


hence 


I  emx  sin  nxdx  =  emx —  sin  nx 

D2  -  mz 


=  (m   —  Z>)sin«jt-=  (msinnx  —  ncosnx). 

m2  +  n2  ?n*  +  n2  ^ 

It  may  be  noticed  that  equation  (i),  Art.  103,  is  a  case  of 
the  present  formula  of  reduction,  for 

— - — X  =  — - — e**e-**X\ 
D  -  a  D  -  a 

hence,  applying  the  formula,  we  obtain 

i  j_  f 

D-  a  D€  '    y 

in  which  we  pass  from  the  solution  of  a  differential  equation  to 
a  simple  integration.  In  the  above  example,  on  the  other  hand, 
we  employed  the  same  formula  to  reverse  the  process,  the  direct 
solution  of  the  differential  equation  being,  in  that  case,  the 
simpler  process.  Compare  Int.  Calc.,  Art.  63. 

118.    Secondly,  let  X  be  of  the  form  xV.      By  successive 
differentiation,  we  have 

DxV    =  xDV    +  V, 
D*xV  =  xD2V  -f  2DV, 


and,  generally, 

=  xI>V  -f-  /•/>- «K (i) 
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Now  let  <f>(D)  denote  a  rational  integral  function  of  D,  that  is, 
the  sum  of  terms  of  the  form  arDr  ;  and  let  us  transform  each 
term  of  ^(D}xV  by  means  of  equation  (i).  We  thus  have 
two  sets  of  terms  whose  sums  are  x^rDrV  and  ^arrDr~llr 
respectively.  The  first  sum  is  obviously  .r<^(D}  V\  and,  since 
arrDr~l  is  the  derivative  of  arDr  considered  as  a  function  of  D, 
the  second  sum  constitutes  the  function  <j>(D)  V.  Hence 


(2) 


where  </>'  is  the  derivative  of  the  function  <j>. 

To  show  that  this  formula  is  true  also  for  inverse  symbols, 

put 

$(£>)  V  =  Vt  ; 

whence 

V  —       l     V  - 

- 

and  equation  (2)  becomes 


or 


in  which  F,  denotes  any  function  of  jr.     Hence,  applying  the 
operation  —  —  -  to  both  members,  we  have  the  general  formula 


I  / 

which  is  of  the  same  form  as  equation  (2),  because  —  —  is  the 

</>' 

derivative  of  the  function  — . 


Il8  LINEAR  EQUATIONS    CONSTANT  COEFFICIENTS.^^.  I  19. 

1  19.  As  an  example,  take  the  linear  equation 


dv 

-f-.—.ysa  xsmx. 

dx 


By  the  formula,  the  particular  integral  is 

x  sin  x  —  x  —  —  -  —  sin  x  —    .  _     —  —  sin  x 


D  -  i  D  -  i  (D  -  i)2 


sn*  - 


D2  -  i  (Z?2  -  i)2 

hence 

y  =  —  %x(cosx  +  sin*)  —  ^cos*  -f-  Ce*. 


This  example  is  a  good  illustration  of  the  advantage  of 
the  symbolic  method,  for  the  general  solution  would  give  the 
integral  in  the  very  inconvenient  form 


y  =  ex\e-  xx  sin  xdx  +  Cex ; 


and,  in  fact,  the  best  way  to  evaluate  the  indefinite  integral  in 
this  expression  is  by  the  symbolic  method,  as  in  Art.  117. 

120.  Finally,  let  X  be  of  the  form  xr  V.     Putting  x  V  in  place 
of  V  in  formula  (2),  Art.  118, 


and,  reducing  by  the  same  formula  the  expressions  <f>(D)x  V  and 
$(D)x  V,  this  becomes 

<t>(D)x*  V  =  x2<f>(£>)  V  +  2x#(D)  V  -f  $'(D)  V.     .     (4) 

Again,   putting  xV  for  V  in    this    formula,   and   reducing  as 
before,  we  have 


and  by  the  same  process  we  obtain  similar  formulae  for 
r4V,  x*V>  etc.,  the  numerical  coefficients  introduced  being 
obviously  those  of  the  binomial  theorem. 
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As  an  illustration,  let  the  given  equation  be 
d*\ 

j^  +  y  —  x*  sin  2x- 

(tor 
By  formula  (4),  the  particular  integral  is 


-  -  —  x2  sin  2X 
D*  +  i 


=  --  sin  2x  --  cos  2x  H  --  sin  2x, 
3  9  27 


and  the  complete  integral  is 

y  =  fl  cos  x  -f  c2  sin  x  —  9X    ~~  2    s'm  2x  --  -  cos  2.v. 

2 


Employment  of  the  Exponential  Forms  of  sin  ax  and  cos  ax. 

121.  It  is  often  useful  to  substitute  for  a  factor  of  the  form 
sin  ax  or  cos  ax  its  exponential  value,  and  then  to  reduce  the 
result  by  means  of  formula  (2)  of  Art.  116.  For  example,  in 
solving  the  equation 

Q  4-  y  =  x*sinx, 
ax2 

we  have,  for  the  particular  integral, 

y  =  -— x*sinx  = -(<?"  -  e -•'*); 

I>  +  i  D*  -f-  i  2/ 

but  it  is  rather  more  convenient  to  write,  what  is  easily  seen  to 
be  the  same  thing,  since  4**  =  cos*  +  /sin*, 

y  =  the  coefficient  of/  in 

*  D*  4-  i 
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Now 

T  T  T 

—  eix- 


D(D  +  21) 


2* 


=  (cos  x  +  *  sin  *)-%'  +  -  + 

6          4         4 


whence,  taking  the  coefficient  of  z,  and  adding  the  complement- 
ary function, 

y  =  cos  x  (A  -  \x*  -f  \x)  +  si 


EXAMPLES  X. 
Solve  the  following  differential  equations  :  — 

/f*v 

—    v  —    •*"/>2-tr   -4-   fx 

y  —  xe     -re, 


dx* 


c*x  xc* 

y  =   CiftX  4.   ^-,r  +    —(3X  _  4)  +    _. 


*  This  method  has  an  obvious  advantage  over  that  of  Art.  120  when  a  high 
power  of  x  occurs.  Moreover,  when,  as  in  the  present  example,  the  trigonometrical 
factor  is  a  term  of  the  complementary  function,  it  should  always  be  employed.  For 
it  is  to  be  noticed  that,  in  formula  (3),  Art.  118,  while  two  legitimate  values  of  the 
symbol  in  the  first  member  can  differ  only  by  multiples  of  terms  in  the  comple- 
mentary function  of  0(Z>),  two  values  of  the  second  member  may  differ  by  the 
product  of  one  of  these  terms  by  x.  Hence  a  result  obtained  by  the  formula  might 
be  erroneous  with  respect  to  the  coefficient  of  such  a  term.  In  the  example  of 
Art.  119,  the  uncertainty  would  exist  only  with  respect  to  a  term  of  the  form  xe*y 
but  it  is  easy  to  see  that  no  such  term  can  occur  in  the  solution.  In  the  example 
of  Art.  1 20,  a  similar  uncertainty  exists  with  respect  to  terms  of  the  form  .#2sin  x, 
x2cosx,  ;rsin.r,  and  x  cosx,  none  of  which  occur  in  the  solution.  In  the  present 
example,  if  solved  by  the  same  method,  the  uncertainty  would  exist  with  respect  to 
terms  of  the  same  form ;  and,  as  such  terms  do  occur  in  the  solution,  an  error 
might  arise.  See  Messenger  of  Mathematics^  vol.  xvi.  p.  86. 
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2)'   =   #3    4-   ^   4-   COS  2*, 

—  <?r  —  J(4*3  4-  6x*  -f  6  A:  4-  3) 

+  J(sin2*  —  cos  2*). 


=  (^  +  Bx)e*  +  —(2^  -  4*  +  3) 

0 


^ 


v 

v 


=  (r^-  -f-  c2)  sin  jc  -f-  (CjX  +  ^)  cos  j:  —  j^r3  sin  a. 


=  sin  3*  -f  <*  + 


y  •=.  ^cos2.v  -f- 


//v 

2-^-  +  2V 
//v 

cos  x  - 


—  sin  3^:)  -f-  J(2J^  —  i). 


in.r  4-  cosj:, 


t  g. 


=  ^  sin  20:, 

j-  =  ^4  cos  AT  4-  /?  sin  x  —  -jp  sin  2jc  —     cos  2X. 


v  =  ^  cos  A-  4-  ^?  sin  jc  --  cos  jr  H-  -  sin  A. 

4  4 


10.     —  •*  4-  4?  =  2.v3  sin2  A-, 
//^r2 

v  =  .4  sin  2.r  -f  ,#  cos  2.v  -f 
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i.     — ^  —    y  = 
dx* 


y  —  Complementary  Function  —  \e*  cos  x.    / 

-C.F. 


13-  +  32      -F  487  =  **-«,     y  =         (*3  -f  **)  +  C.  F. 


,  , 

14.      —  *-  4-  2—^  -(-  j  =  JC2cos^r, 

fl&e4          ^r2  f 


> 


=  ^LCOS;,  +  c.F. 

12  48 


^£  (3  sin*  -  cos*)  -|-  C.  F.     (Compare  Ex.  IX.,  18.)    \, 
20 


^  =  e-*(ft  +  c2x 
17.     (D  4-  ^)"j 


>'   =   ^-^(f,    +   ^a^   +   •  •  •    + 


1  8.     Expand  the  integral  \xnexdx  by  the  symbolic  method. 


^  =  ^[*«  —  nxn~l  +  n(n  —  i)xn~2  —  .  .  .]  -f-  c. 

19.    Prove  the  following  extension  of  Leibnitz'  theorem  :  — 
&(D)uv  =  u  .  $(D}v  +  Du  .  (t>'(D)v  -f  —  .  <j>"(D)v  -f-  .  .  .  , 

2  ! 

and   show  that   it  includes  the  result  of  successive  applications  of 
integration  by  parts. 
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20.     In  the  equation  connecting  the  perpendicular  upon  a  tangent 
with  the  radius  of  curvature, 


(Diff.  Calc.,  Art.  349),  /  and  <f>  may  be  regarded  as  polar  coordinates 
of  the  foot  of  the  perpendicular.  Hence  show  that,  if  the  radius  of 
curvature  be  given  in  the  form  p  =  /($),  the  equation  of  the  pedal  is 


r  = 


and  interpret  the  complementary  function  (W.  M.  Hicks,  Messenger  of 
Mathematics,  vol.  vi.  p.  95). 

21.     The  radius  of  curvature  of  the  cycloid  being  p  =  4</cosc/>, 
find  the  equation  of  the  pedal  at  the  vertex.  r  =  2aQ  sin  0. 
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CHAPTER  VI. 

LINEAR   EQUATIONS    WITH    VARIABLE    COEFFICIENTS. 

XL 

The  Homogeneous  Linear  Equation. 
122.  THE  linear  equation 


in  which  the  coefficient  of  each  derivative  is  the  product  of  a 
constant  and  a  power  of  x  whose  exponent  is  the  index  of  the 
derivative,  is  called  the  homogeneous  linear  equation.  The 
operation  expressed  by  each  term  of  the  first  member  is  such 
that,  when  performed  upon  xm,  the  result  is  a  multiple  of  xtn  ; 
hence,  if  we  put  y  =  xm  in  the  first  member,  the  whole  result 
will  be  the  product  of  xm  and  a  constant  factor  involving  ;;/. 
Supposing  then,  in  the  first  place,  that  the  second  member  is 
zero,  the  equation  will  be  satisfied  if  the  value  of  m  be  so  taken 
as  to  make  the  last-mentioned  factor  vanish.  For  example,  if, 
in  the  equation 


we  put  y  =  xm,  the  result  is 

\m(m  —  i)  +  2m  —  2\xm  =  o; 
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hence,  if ;//  satisfies  the  equation 

///-'    +    ///    —    2    =   O, 

.r'"  is  an  integral  of  the  given  equation.  The  roots  of  equation 
(2)  are  i  and  —2,  giving  two  distinct  integrals  ;  hence,  by 
Art.  93, 

is  the  complete  integral  of  equation  (i). 

The  Operative  Symbol  &. 

123.  The  homogeneous  linear  equation  can  be  reduced  to 
the  form  having  constant  coefficients  by  the  transformation 
.r  =  ee.  For,  if  x  —  e0,  we  have  (Diff.  Calc.,  Art.  417) 

d         d  2  d2 

dx       dQ*  dx2       t 

and,  in  general, 


so  that  in  the  transformation  each  term  of  the  first  member  of 
the  given  equation  gives  rise  to  terms  involving  derivatives  with 

respect  to  0  with  constant  coefficients  only.      Denoting  —  by  A 

(iv 

the  equation  is  thus  reduced  to  the  form 

f(D)y  =  o (i) 

in  which/ is  an  algebraic  function  having  constant  coefficients. 
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Now,  if  we  put  &  for  the  operative  symbol  x-r>  the  trans- 
forming equations  become 


and,  in  general, 
v*. 


and  the  result  of  transformation  is 

o,*  ........     (2) 


in  which  f  denotes  the  same  function  as  in  equation  (i),  but  x 
is  still  regarded  as  the  independent  variable.  As  an  example 
of  the  transformation  of  an  equation  to  the  form  (2),  equation 
(i)  of  Art.  122  becomes 


or 

(#2      _J_     #      _      2^y     _      Q 

124.  The  operator  &  has  the  same  relation  to  the  function 
xm  that  D  has  to  <?'"* ;  for  we  have 

&xm  =  mx™,     &2xm  =  m2xm,    .  .  .    &rxm  =  mrxm ; 
whence 

=  f(m)x>» (i) 


*  The  factors  x  and  —  of  the  symbol  x —  are  non-commutative  with  one 
dx  dx 

another,  and  the  entire  symbol,  or  #,  is  non-commutative  both  with  x  and  with  D ; 
but  it  is  commutative  with  constant  factors,  and  therefore  is  combined  with  them  in 
accordance  with  the  ordinary  algebraic  laws. 


S   XI.  I  ///A    Ol'EKATIVE  SYMBOL    &.  \2J 

Thus  the  result  of  putting  y  =  xm  in  the  homogeneous  linear 
equation 

fWy  =  o    ........    (2) 

is  f(ni)xm  ^=  o  ;  whence 

/(»<)  =  o  .........     (3) 

Accordingly,  it  will  be  noticed  that  the  process  of  finding  the 
function  of  ;;/,  as  illustrated  in  Art.  122,  is  precisely  the  same 
as  that  of  finding  the  function  of  x9-,  as  illustrated  in  Art.  123. 

If,  now,  the  equation  /(;;/)  =  o  has  n  distinct  roots,  ;;/,,  ;;/., 
.  .  .  ;//„,  the  complete  integral  of  f(&}y  =  o  is 


y  =  O»t  +  Cjr*  +  .  .  .  +  Cnx>»*  ;  ....     (4) 

the  result  being  the  same  as  that  of  substituting  x  for  e*  in 
equation  (3),  Art.  95. 


Cases  of  Equal  and  Imaginary  Roots. 

125.  The  modifications  of  the  form  of  the  integral,  when 
=  o  has  equal  roots,  or  a  pair  of  imaginary  roots,  may  be 
derived  from  the  corresponding  changes  in  the  case  of  the 
equation  with  constant  coefficients.  Thus,  when  /(#)  =  o  has 
a  double  root  equal  to  ;«,  we  find,  by  putting  x  in  place  of  e*t 
and  consequently  log^r  in  place  of  x,  in  the  results  given  in 
Art.  97,  that  the  corresponding  terms  of  the  integral  are 

x*«(A  +  ^logjc). 

In  like  manner,  when  a  triple  root  equal  to  ;;/  occurs,  the  cor- 
responding terms  are 


+  C(log*)2], 

and  so  on. 
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Again,  when  /(#)  =  o  has  a  pair  of  imaginary  roots,  a  ±  /?/. 
we  infer,  from  Art.  99,  that  the  corresponding  terms  of  the 
integral  may  be  written 

x"[Acos(p\ogx)  -f  B  sin  (ft  log  AT)]. 


The  Particular  Integral. 

126.  The  homogeneous  linear  equation,  in  which  the  second 
member  is  not  zero,  may  be  reduced  to  the  form 

f(d)y  =  X. 

The  complementary  function,  which  is  the  integral  of  f(&)y  =  o, 
is  found  by  the  method  explained  in  the  preceding  articles. 
The  determination  of  the  particular  integral,  which  is  sym- 

bolically expressed  by  -:  —  X,  may,  by  the  resolution  of  -     -  into 


partial  fractions,  be  reduced  to  the  evaluation  of  expression  of 
the  form 

—  l—X,     -  -  -  Xt    etc. 
&  -  a          (&  -  a)2 

Compare  Art.  105..    The  first  of  these  expressions  is  the  value 
of  y  in  the  equation 

(0  -  a)y  =  X, 
or 

x&-ay  =  X, 
dx 

a  linear  equation  of  the  first  order,  whose  integral  is 

x-ay   —    \X~*-lXdX', 
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hence 


X  = 


&  -  a 


Again,  applying  the  operation  -        -  to  both  members  of  this 


—  a 


equation,  and  reducing  by  means  of  the  same  equation, 


--  1  -  X  =  -±—x*x-*-*Xdx  =  0»*-**-*-*JIQ&s     (2) 

(ft  -ay  ft  -a 

and,  in  general, 


127.  Methods  of  operating  with  inverse  symbols  involving  ft 
applicable  to  certain  forms  of  the  operand  X,  and  analogous  to 
those  given  in  the  preceding  section  for  symbols  involving  D, 
might  be  deduced.  The  case  of  most  frequent  occurrence  is 
that  in  which  X  is  of  the  form  x*.  From  equation  (i), 
Art.  124,  it  follows  that,  except  when  f(a)  =  o, 

—  a«  -     —  v" 
/(#)  /(*)" 

In  the  exceptional  case,  a  is  a  root  of  f(ft)  =  o,  and  /(ft)  is  of 
the  form  (ft  —  a)r(f>(ft)  where  <f>(a)  does  not  vanish  ;  hence 


(ft  -  a)>-~<t>(ft)          ~  <f>(a)  (ft  -  a)' 
But,  by  formula  (3)  of  the  preceding  article, 


(ft  -  ay  r\ 

\ 
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As  an  example,  let  the  given  equation  be 


the  complementary  function  was  found  in  Art.  122  ;   for  the 
particular  integral,  we  have 

y  = 

—  £!  4.  i  ._J x  —  2:  4.  x^d* 

10       3  #  —  i  10       3]  x  ' 

Hence 

y  =  dx  -+-  c*x  ~ 2  +  iV^3  +  ¥a"  ^°S  x' 


Symbolic  Solutions. 

128.    The    first    member   of    any   linear   equation    may   be 
written  symbolically 

,  x)y. 


In  the  case  of  the  linear  equation  with  constant  coefficients, 
the  operator  is  a  function  of  D  only.  In  the  case  of  the 
homogeneous  equation  considered  in  the  preceding  articles, 
the  operator  is  capable  of  expression  as  a  function  of  the 
product  xD  which  we  denoted  by  i*>.  Examples  occasionally 
occur  in  which  f(D,  x}  admits  of  expression  as  a  function  of 
some  other  single  symbol  which,  like  &,  involves  D  only  in  the 
first  degree.  In  these  cases,  the  equation  is  readily  solved  in 
the  manner  illustrated  below. 
Given  the  equation 


o. 

dx*  dx 
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Since  (D  —  bx}(Dy  -  AIT)  =  l^y  -  bxDy  —  by—  bxDy  4-  b*x*y% 
the  equation  may  be  written  in  the  form 

(A  -  Av)2v  4-  t>y  =  o; 
or,  putting  £  for  D  —  Ar, 

(£2  4-  ^).v  =  o, 

in  which  the  operator  is  expressed  as  a  function  of  £.     Resolving 
it  into  symbolic  factors,  we  have 


and   the   two   terms   of   the    integral   satisfy  respectively  the 
equations 

--=  o     and      £ 


The  first  of  these  equations  gives 

(D  —  l>x  —  /V^)v,  =  o, 
or 

'&  =  (Av  -h 

y\ 

and,  integrating, 

log  vi  =  JAv2  4-  /v/Av  4-  r,, 
or 

v,  =  C.^^^cos.rv//^  -f  /sm 

In  like  manner,  the  second  equation  gives 
v,  =  C2^'2(cos.vv/;  -  /sin 

Adding,  and  changing  the  constants,  as  in  Art.  99,  we  have, 
for  the  complete  integral, 
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When  the  second  member  of  the  given  equation  is  a 
function  of  x>  the  particular  integral  is  found  by  resolving 
the  inverse  symbol  into  partial  fractions,  as  in  Art.  126,  the 
evaluation  of  each  term  depending  on  the  solution  of  a  linear 
equation  of  the  first  order. 

129.  The  symbolic  operator  can  sometimes  be  resolved  into 
factors  which  are  of  the  first  degree  with  respect  to  D,  but  are 
not  expressible  in  terms  of  any  single  operating  symbol.  In 
these  cases,  the  factors  are  non-commutative  ;  the  equation 
can  still  be  solved,  but  this  circumstance  materially  alters  the 
mode  of  solution.  For  example,  the  equation 


(**  -  2x)y  =  x    .   .   .    (i) 

x  dx 

may  be  written  in  the  form 

(D-X)(D-X*)y  =  X;      .....     (2) 
for,  by  differentiation, 


dx2  dx  dx 

The  complementary  function  satisfies  the  equation 

(D  -  x)(D  -  x*)y  =  o;      .....     (3) 
and  it  is  evident  that  the  solution  of 

,      (D  -  x*)y  =  o, 

which  is  y  =  Ce***,  satisfies  equation  (3).  But,  since  we  cannot 
reverse  the  order  of  the  symbolic  factors,  equation  (3)  is  not 
satisfied  by  the  solution  of  (D  —  x)y  =  o. 
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130.  To  solve  equation  (2),  put 

(D-*)y  =  v, (4) 

then  the  equation  becomes 

(D-x)v  =  X, (5) 

a  linear  equation  of  the  first  order  for  v.     Solving  equation  (5), 
we  have 


and,  substituting  in  equation  (4),  we  have,  by  integration, 

-f  c^Ae-^^dx  +  c^..     (6) 


131.  The  solution  of  the  general  linear  equation  of  the  first 

order 

(D  +  P)y  =  X 

may  (see  Art.  34)  be  written  in  the  symbolic  form 


which  includes  the  complementary  function  since  the  integral 
sign  implies  an  arbitrary  constant.  In  accordance  with  the 
same  notation,  the  value  of  y,  in  equation  (2),  would  be  written 


which  is  at  once  reduced  to  the  expression  (6)  by  the  above 
formula.  It  will  be  noticed  that  the  factors  must,  in  the  in- 
verse symbol,  be  written  in  the  order  inverse  to  that  in  which 
they  occur  in  the  direct  symbol. 
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In  obtaining  this  solution,  the  non-commutative  character 
of  the  factors  precluded  us  from  a  process  analogous  to  the 
method  of  partial  fractions,  Art.  105  ;  we  have,  in  fact,  only  a 
solution  analogous  to  equation  (i)  of  Art.  104. 

EXAMPLES  XL 
Solve  the  following  differential  equations  :  — 

67  l'  x3     +  4*2     "  2y  =  °'     =  fX~l  +  c2  +  c2- 


-  4       =  o,  y  =  clX*  ++cy 

dx2          dx  x 


y  =  dx  4-  c^x~^  4- 


-  J*[—  - 


~  = 


5.     A:2         +  4*       H-  2^  =  c*,      y  = 

(IOC  (IOC 


6.     #+  yc        +  *       =  *, 

dx*  dx2-          dx 


y  =  A  cos  log  x  -\-  B  sin  log  x  -}-  C  -\-  yV"2-    ' 


=  x(A  +  £\ogx)  4-  Ca-1  4 


^  —  (f,  4  r2  log  x)  cos  log  A-  4  (/3  4-  ^  log  jf)  sin  log  x  +  .r. 
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x 

y  =  *(/*  cos  log*  +  #  sin  log  a-  -f  5)  +  x~l(C  +  2  log  AT). 


=  o,          =  ^--»  -f 


ii. 

12.     Prove  that 

+  nr*-lxr. 


13.     Prove  that 

f(&)x*V  =  *«/(/>  + 


both  when  /(#)  is  a  direct,  and  when  it  is  an  inverse,  symbol. 


XII. 

Exact  Linear  Equations. 

132.    Using  accents  to  indicate  tbe  derivatives  of  y.  with 
respect  to  x,  the  linear  equation  of  the  ;/th  order  is 

P*y™  4-  />,/"-"  4-  .  .  .  -f  /V-,/'  +  ^«-i/  + 


To  ascertain  the  condition  under  which  this  represents  a,n  exact 
differential  equation,  and  to  find  its  integral  when  such  is  the 
case,  we  shall  employ  an  extension  of  the  method  of  Art.  84, 
which  consists  in  successive  subtractions  of  exact  derivatives 
so  chosen  as  to  reduce  the  order  of  the  remainder  at  each  step 
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until  we  arrive  at  a  remainder  which  is,  or  is  not,  obviously 
exact.  Since  the  second  member  of  equation  (i)  is  a  function 
of  x  only,  the  equation  is  exact  if,  the  subtractions  being  made 
from  the  first  member,  the  coefficient  of  y  vanishes  in  the 
remainder  of  the  order  zero,  which  contains  no  derivatives  of  y. 
When  this  condition  is  fulfilled,  the  sum  of  the  expressions  whose 

derivatives  have  been  subtracted  will  be  equal  to  \Xdx  +  C. 

The  first  term  of  equation  (i)  shows  that  the  first  of  these 
expressions  is  P0y(n-l\  of  which  the  derivative  is 


poy(n) 

Subtracting  this  from  the  first  member,  the  remainder  is 

-»>  -f  .  .  . 


or,  putting 

n  —  P  --  pr 

\£\    —    •*!  *•  I 


»>   +    .  .  .   +  Pny. 

In  like  manner,  the  next  expression  whose  derivative  is  to  be 
subtracted  is  <2,j(w~2),  the  next  remainder  being 


and  so  on,  the  values  of  Q2,  Qy  etc.,  being 

Q*  =  P2-  Q:,    <23  =  ^3  -  C/,     etc.     ...     (2) 

The  final  remainder  is  Qny  ;  and  the  condition  of  exactness  is 
that  this  shall  vanish,  that  is  to  say,  Qn  =  o.  If  this  condition 
be  fulfilled,  the  integral  will  be 


<20/»-')  4-  <2,.y(«-'>  +  .  .  .  +  (?«-*/  -f  Qn-*y  =  \Xdx  4-  C 
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where  &  =  Pm  Qt  =  Pt  -  /Y,  Q,  =  P2  -  /Y  +  P.",  and  in 
general, 

e.    P  P1         4_    P"  -4-    P(r)  . 

r   —    />    —   *V  -  i    "T    •*>    -  2    —    ...    X    -TV    '  , 

and  the  condition  of  direct  integrability  written  at  length  is 

QH   =    Pn   ~   Pn-i    +   /V'_,    -    •  .  •    ±    /?,<-)   =    O.    .       .        (4) 

133.  For  example,  to  determine  whether  the  equation 


is  exact,  we  have,  by  the  criterion,  equation  (4), 
(?3  =  4—  14+  1  6  —  6  =  0; 

hence  the  equation  is  exact  ;  and,  forming  the  successive  values 
of  the  coefficients  Q  by  the  equations  (2),  we  find 


which  is  a  first  integral  of  the  given  equation. 

Again,  on  applying  the  criterion  to  this  result,  we  obtain 
4*  --  IQX  -f  6x  —  o  ;  hence  it  is  also  exact,  and  its  integral  is 
found,  by  the  same  process,  to  be 


-f 


in  which  a  second  constant  of  integration  is  introduced. 

This  last  result  is  not  exact,  for  2x*  —  i  —  ($x2  —  i)  is  not 
equal  to  zero  ;   but  it  is  a  linear  equation  of   the  first  order, 
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and  its  solution  gives  for  the  complete  integral  of  the  given 
equation, 


—  i     =  sec-1*  +  cxz  —  i 

+  c2log[x  +  \l(x*  -  i)]  +  c, 

134.  The    condition    of   direct    integrability,    equation    (4), 
Art.  132,  contains  the  rth  derivative  only  of  the  coefficient  of 
the  rth  derivative  of  y  in  equation  (i)  ;    whence  it  is  evident 
that  the  product 

fry 
Xs  —J- 

dx' 

is  an  exact  derivative  when  s  is  a  positive  integer  less  than  r. 
For  example,  x*D*y  is  exact,  because  the  fourth  derivative  of  ;r3 
is  zero  ;  its  integral  is 

3x*D*y  +  6xDy  -  6x. 

When  s  is  negative,  fractional,  or  an  integer  equal  to  or 
greater  than  r,  a  term  of  the  form  x*Dry,  in  equation  (i),  gives 
rise,  in  equation  (4),  to  a  term  containing  x*-r.  From  this  it 
is  evident  that,  if,  in  the  given  equation,  we  group  together  the 
terms  of  the  specified  form  in  such  a  manner  that  s  —  r  has 
the  same  value  for  all  the  terms  in  a  group,  it  is  necessary,  in 
order  that  the  equation  may  be  exact,  that  each  group  should 
separately  constitute  an  exact  derivative.  If  a  single  group  be 
multiplied  by  xm,  and  equation  (4)  be  then  formed,  we  shall 
have  an  equation  by  which  m  may  be  so  determined  that  the 
group  becomes  exact  ;  but,  when  the  given  equation  consists  of 
only  one  group,  it  becomes  a  homogeneous  linear  equation  when 
multiplied  by  xr-*>  and  it  is  more  readily  solved  by  the  methods 
already  given  for  such  equations. 

135.  When  an    equation   containing   more   than   one  such 
group  of  terms  is  not  exact,  it  may  happen  that  each  group 
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becomrs  exart  when  multiplied  by  the  same  power  of  x.      F<>r 
example,  the  equation 


-         -  JT.     .     . 


contains  two  groups  of  terms,  in  one  of  which  jr  —  r  =  i,  and 
in  the  other  s  —  r  =  o.  Multiplying  by  xm,  and  then  substi- 
tuting in  equation  (4)  of  Art.  132,  we  have 


(>"  -f-  2)xm  +  l  —  3(w  4- 

4-  2(m  +  3>(w  -f  2).^'  +  '  4-  2(///  4-  2>(w  -f-  i)jr^  =  o, 


which  reduces  to 

(;//  -f  2}  (2m  —  i)x»'  +  *  4-  (///  -h  2}  (2m  —  i)xm  =  o,  .      (2) 

the  two  terms  in  this  equation  respectively  arising  from  the 
two  groups  in  equation  (i).  If,  now,  the  value  of  ;//  can  be 
so  taken  as  to  make  each  coefficient  in  equation  (2)  vanish, 
equation  (i)  becomes  exact  when  multiplied  by  .r"'.  In  this 
instance  there  are  two  such  values  of  ;;/  ;  namely,  —2  and  \. 
Using  the  first  value  of  m,  we  have  the  exact  equation 


whose  integral  is 

•(,  +  1)£ 

dx       \         x/          jx2 
and,  using  the  second  value,  we  have  the  exact  equation 

,(.rl  +  J)^  +  <7.ri  +  j»l)£  -  3^,  =  AV, 

ax2  i/.\' 

whose  integral  is 

2jei(.v  -f  i)iv>  -  2*1  y  =  \x±XJx  -  *,.     .     .     .     (4) 
^x- 
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Having  thus  two  first  integrals  of  equation  (i),  its  complete 
integral  is  found,  by  elimination  of  y'  from  equations  (3)  and 
(4),  to  be 

.     (5) 


Symbolical  Treatment  of  Exact  Linear  Equations. 

136.  The  result  of  a  direct  integration  is,  when  regarded 
symbolically,  equivalent  to  the  resolution  of  the  symbolic 
operator  into  factors,  of  which  that  most  remote  from  the 
operand  y  is  the  simple  factor  D.  For  example,  the  two 
successive  direct  integrations  effected  in  Art.  133  show  that 

4 
-  x)D  +  2X2  —  i]; 

and,  from  Art.  135,  we  infer  the  two  results, 


2x*(x  +  i)D*  +  x(ix  +  3)/>  -  3 

=  x2D\_2(x  +  i)Z>  +  5  +  3*-'] 
%(x  -f-  i)D  -  2*1]. 


137.  If,  in  a  group  of  terms  of  the  kind  considered  in 
Art.  134,  m  be  the  least  value  of  r,  and  q  —  m  be  the  constant 
value  of  s  —  r,  the  group  may  be  written 

x?(A0  +  A,xD  +  A2x2D2  +  .  .  .)/>%     .     .     .     (i) 

where  A0)  Aiy  .  .  .  ,  are  constant  coefficients,  and  q  may  be 
negative  or  fractional.  Using  #,  as  in  Art.  123,  to  denote  the 
operator  xD,  the  expression  in  parenthesis  may  be  reduced  to 
the  form  /(#),  and  the  group  to  the  form 

(2) 
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It  is  shown  in  Art.  134  that,  if  ;;/  is  not  zero,  and  q  is  zero  or 
a  positive  integer  less  than  m,  every  term  in  the  expression  (i), 
and  hence  the  whole  expression  (2),  is  an  exact  derivative.  The 
symbolic  transformation  expressing  the  result,  in  this  case,  may 
be  effected  by  means  of  the  formula  deduced  below. 
138.  We  have,  by  differentiation, 

*-x&=  xd-2  +  # 
dx    dx          dx*  ^  dx 

or 

£>Qy  =  &Dy  +  Dy; 
whence  symbolically 

=  D(0  -  i)  .....    .    .    .     (i) 


Operating  successively  with  #  upon  both  members,  we  derive 

&D  =  &D(&  -  i)    =  D(0  -  i)2, 
&D  =  i^D(&  -  i)2  =  D(&  -  i)3; 

and,  in  general, 


Now,  since  f(&)  consists  of  terms  of  the  form  A&r,  it  follows 

that 

f(0)D  =  Df(S>  -  i)  *    ......     (2) 

*  The  formula  by  which  the  homogeneous  linear  expression  is  reduced  to  the 
form  fi$}y  is  readily  deduced  from  this  formula.     For  equation  (i)  may  be  written 


and,  multiplying  by  xt 

x*D>y  =  $(d  -  i)y. 

Changing  the  operand  y  to  Z)y,  and  using  equation  (2), 

x*D*y  =  V(d  -  \}Dy  =  D(&  -  i)(&  -  2\y. 
Multiplying  again  by  x, 


and  in  like  manner,  we  prove,  in  general, 

=  &(&  —  i)(&  —  2)  .  .  .  (tf  —  r 
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.,.  Again,  operating  with  each  member  of  this  equation   upon 
D  (which  is  equivalent  to  changing  the  operand  from  y  to  Dy)9 


=  Df(&  -  i)Z>  =  £*/(&  -  2). 
In  like  manner, 

/(&)£»  =  D2f(V  -  2}D  =  £»/(&  -  3); 

and  in  general, 

f(V}D>»  =  D>»f($  -  m)  .......     (3) 

139.    If  q  is  a  positive  integer  less  than  ;;/,  we  can,  by  this 
formula,  write 


whence 

i)  .  .  .  (&  -  q  4- 


in  which  the  expression  for  the  group  is  reduced  to  the  same 
form  as  when  q  —  o.  We  may  now  remove  one  or  more  of  the 
factors  of  Dm-t  to  the  extreme  left  of  the  symbol,  thus  effecting 
one  or  more,  up  to  m  —  q,  direct  integrations,  under  the 
condition  that  m  is  not  zero,  and  that  q  has  one  of  the  values 
o,  I,  2  ...;;/--  I. 

The  equation  giving  the  result  of  m  —  q  integrations  is 

9  -  m  -f  <7)  .  .  .  (&  -  m  +  i)/(#  -  ;//). 

140.  In  every  other  case,  the  possibility  of  resolving  the 
operator  into  factors  of  the  required  form  depends  upon  the 
presence  of  a  proper  factor  in  /(#).  To  show  this,  we  have,  by 
differentiation, 

l    =  x*+lD    +  (     4- 


whence,  using  Dtf  +  '  as  a  symbol  of  operation, 

±  q  -f  O  =  D*t¥l..     .....     (O 


ij  XII.  I       <'<).\/>//7o.\'.s   o/    DIRECT  tNTEGRABILITY*  143 


Now,   if  —(q  4-    0   *s  (J   n)()t  °f  th<'  flotation  /(#)   =  o,   so 
that  we  can  write 

/('O  =  (V  +9+  0</>('''),      .....     (2) 
\\v  *hall  have 

(3) 


We  have  thus  a  second  condition  *  of  direct  intcgrability,  and 
an  expression  for  the  result  of  integration. 

141.  If  the  first  member  of  a  differential  equation  be 
expressed  in  terms  of  the  form  xif(i)}D"'y,  the  conditions 
given  in  Arts.  139  and  140  serve  to  show  at  once  whether 
the  equation  can  be  made  exact  by  multiplication  by  a  power 
of  .r.  For  example,  equation  (i)  of  Art.  135,  when  written  in 
the  form  considered,  is 

x*(20  +  i}Dy  +  (20  +  3)(/>  -  i)y  =  X. 

The  first  term  becomes  exact,  in  accordance  with  the  first 
condition,  when  multiplied  by  ,v-2  ;  and  the  presence  of  the 
factor  (tf  —  i)  shows  that  the  second  term  is  also  made  exact 
by  the  same  factor.  Hence,  by  equation  (3),  Art.  138,  and 
equation  (i),  Art.  140,  the  symbolic  operator  may  be  written 

x*D\_(2tt  +5)  +  x-'(2»  +  3)]. 


*  This  condition  might  be  made  to  include  that  of  the  preceding  article;   for 
\vc  mi^ht  first,  by  means  of  equation  (3),  Art.  138,  make  the  transformation 


and  then  the  expression  for  jc»'D'",  in  terms  of  $,  which  is 
tf(#  —  i)  .  .  .  (r?  -  m  +  i), 

\\ould,  under  the  previous  condition,  contain  the  factor  i9  -f  q  —  m  +  r,  which,  in 
accordance  with  equation  (i),  should  accompany  x?  '".  Hut,  since  under  no  other 
condition  would  this  happen,  and  since  the  factor  would  not  appear  m  /(&  —  »/) 
unless  fl  -f  ,/  -f  i  had  been  a  factor  of  /'(O),  this  transformation  i»  clear!  v  tin 
necessaiv. 
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Again,   both  terms  of   the  last  factor  fulfil  the   condition  of 
Art;  140  when  multiplied  by  x%>  and  the  expression  becomes 


The  value  of  y  obtained  by  performing  upon  X  the  inverse 
operations  in  the  proper  order  is 

Xdx 


in  which  each  integral  sign  implies  an  arbitrary  constant.     The 
expression  is  readily  identified  with  that  given  in  Art.  135. 

It  will  be  noticed  that  whenever  an  equation  becomes  exact 
when  multiplied  by  either  of  two  different  powers  of  x,  it  is 
also  susceptible  of  two  successive  direct  integrations. 


EXAMPLES  XII. 
Solve  the  following  differential  equations  :  —  '• 


•'• 


2  +  *(x  —  i  )y  =  f,\ 


c,. 


t,. 
dx2  dx 


3.  (•  -i   - 

%  * 


dx 
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4.     — *-  4-  cos  x  —^    -  2  sin  \         -  y  cos  x  =  sin  2x, 

y  —  sin  .r  i  x.  sin  JT  /  ^    ^.        i       y    \  ,/~       I       f    <•  —  *\n  x 


6.     *>(*  +  2)        +  x(x  +  3)        -  3y  =  X, 


.8.     (^-.r)+  2(2.v  +  i)'' 

</V2  dx 


9.       *>  -  *          -  2.v  -  ,)       -  4,  =  o, 

J  =    ^(4.r3    -    2X2    -   %X   -   4) 

+  *'(*-  i)p,  -  4^log- 

10.     Find  three  independent  first  integrals  of  the  equation  /"  =  X. 
Xdx  +  cl  xy"  -  /  =  JArJ^r  +  e» 

-f  ^. 


-  2xy'  +  2y  =  \ 
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v    ii.     Derive  (a)  the  complete  integral  of  /"  =  X  from  the  above 
first  integrals,  and  (ft)  the  integral  of  j'iv  =  X  in  like  manner. 


(a),    2y  =  x2\Xdx  -  2X\xXdx  +  \&Xdx  -f  C.  F. 
(ft),    6y  =  xAXdx  -  yAxXdx  -f  $x\x2Xdx  -  \x*Xdx  -f  C.  F. 


12.     Solve  the  equation 


(a),  as  an  equation  of  the  first  order  for  /;   (ft),  as  an  exact  equation 
when  multiplied  by  a  proper  power  of  x. 


13.     Show  that  the  equation 
4-  (i3*3  4- 


'  —  (IQX  —  6x?)y'  —  2y  =  X 
may  be  written 


and  find  its  integral. 
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XIII. 

Thf  Linear  Equation  of  the  Second  Order. 

142.  No  general  solution  of  the  linear  differential  equation 
with  variable  coefficients  exists  when  the  order  is  higher  than 
the  first  :  there  are,  however,  some  considerations  relating 
chiefly  to  equations  of  the  second  order  which  enable  us  to  find 
the  integral  in  particular  cases,  and  to  these  we  now  proceed. 

If  a  particular  integral  of  the  equation 


in  which  P  and  Q  are  functions  of  .r,  be  known,  the  complete 
integral,  not  only  of  this  equation,  but  of  the  more  general 
equation 


4-  P'l  +  QV  =  .V, 

(L\-  dx 


can  be  found.      For  let  j,  be  the  known  integral  of  (i),  and 
assume 

y  =  y$ 

in  equation  (2).     Substituting,  we  have,  for  the  determination 
of  the  new  variable  •:-, 


dxdx 

Py^ 

dx  dx 


The  coefficient  of  v  in  this  equation  vanishes  by  virtue  of  the 
hypothesis   that  yt  satisfies  equation   (i)  ;    thus  the  equation 
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becomes  a  linear  equation  of  the  first  order  for  —  or  vf.    Hence 

dx 

V  may  be  determined  ;  and  then 

y  =  y>  \v'dx  +  C.y, 

is  the  integral  of  equation  (2),  the  other  constant  of  integration 
being  involved  in  the  expression  for  vr. 

143.  As  an  illustration,  let  the  given  equation  be 


in  which,  if  the  second  member  were  zero,  y  —  x  would 
obviously  be  a  particular  integral.  Hence,  assuming  y  =  xv, 
and  substituting, 

x*2  +  L  +  '-*-Y/  =  ,(,  -  ^)t, 
dx*       \         i  —  &}dx 


or 


I    -   X2 

Solving  this  equation,  we  have 


v'  =  \xzdx  +  ciy 


or 


and,  integrating, 

""^^ 


|+£. 
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Hence 

y  =  -J*(i  -  x*)l  +  ^Osin-'jr  +  (i  -  *')*]  +  c,x. 

144.  The  simplification  resulting  from  the  substitution 
y  =  yj>  is  due  to  the  manner  in  which  the  constants  enter 
the  value  of  y  in  the  complete  integral.  For  we  know  that  y 
is  of  the  form 

.v  =  ftyt  +  <2y2  +  Y, 

where  yv  and  y*  are  independent  particular  integrals  of  the 
equation  when  the  second  member  is  zero,  and  Y  is  a  particular 
integral  when  the  second  member  is  X.  Hence  the  form  of  v  is 


and  that  of  v'  is 


so  that  the  equation  determining  v'  must  be  a  linear  equation  of 
the  first  order.  In  like  manner,  whatever  be  the  order  of  a 
linear  equation,  if  a  particular  integral  when  the  second  member 
is  zero  be  known,  the  order  of  the  equation  may  be  depressed 
by  unity. 

Expression  for  the  Complete  Integral  in  Terms  of  y,. 
145.  The  general  equation  for  ?>',  where  y  in  the  equation 


is  put  equal  to  y^v,  and  yl  satisfies 
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is  [equation  (3),  Art.  142] 


dx        \y,  dx 
Solving  this  linear  equation  of  the  first  order,  we  have 

,    \Pdx   ,  [         \Pdxv, 

y?C\        z/=    Yy^l        Xdx  +  C2; 


and,  since  y  =  ytv  =  yv  v'dx, 


-\Pdxf         ,  .    -\Pdx 

e 


f     -f         ,  .     - 

•  —  J*'-      **•  +  W  +  c2y\e 

J^  ji2  J  _  _  J_  y> 


dx       (3) 


is  the  complete  integral  of  equation  (i)  if  yl  is  an  integral  of 
equation  (2).  Owing  to  the  constants  of  integration  implied 
in  the  integrals,  the  first  term  is,  in  reality,  an  expression  for 
the  complete  integral  :  but  the  last  two  terms  give  a  separate 
expression  for  the  complementary  function  ;  that  is  to  say,  for 
the  complete  integral  of  equation  (2). 

146.  Thus  the  complete  integral  of  equation   (2)  may  be 
written 

where 

-\Pdx 


This  expression  may,  in  fact,  represent  any  integral  of  equation 
(2)  ;  but,  when  the  simplest  values  of  the  integrals  involved  in 
it  are  taken,  it  gives,  when  yl  is  known,  the  simplest  independent 
integral  ;  that  is  to  say,  the  simplest  integral  which  is  not  a 
mere  multiple  of  yv 
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For  example,  in  the  equation 

,f/-'r  ,l\    , 

xz-7*-2     ~   3-v  .    +  4J  =  o, 
/A-  //x- 

assuming,  as  in  Art.  122,  y  •=.  x'"t  we  have 
m-  •-  4/;/  -{-4  =  0. 

A  case  of  equal  roots  arising,  this  gives  but  one  integral  of  the 
simple  form  y  =  xm,  namely,  yl  =  x2.      Now,  in   the  given 

equation,  P  = ;  hence  £?-J'Vjr  =  ^r3 ;   and,   substituting  in 

equation  (4),  we  have 


y2   =  X*<tx  =  X2  log  X 

x* 


for  the  simplest  independent  integral. 

147.  The  relation  between  the  two  independent  integrals  yt 
and  y2  may  be  put  in  a  more  symmetrical  form.  For  equation 
(4),  Art.  146,  may  be  written 


y,2 

whence,  differentiating,  we  obtain 


f/y,  tfy.         -\Pdx 

*s  -  y*~r  =  *  l 

dx  dx 


This  is  a  perfectly  general  relation  between  any  two  independent 
particular  integrals  of 
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but  it  must  be  recollected  that  the  value  of  the  constant  implied 
in  the  second  member  depends  upon  the  form  of  the  particular 
integrals  yl  and  y2.  For  this  reason,  the  relation  is  better 
written 


It  will  be  noticed  that,  in  this  equation,  the  change  of  yz  to  my2 
multiplies  A  by  m,  but  the  change  of  y2  to  y2  4-  myt  does  not 
affect  A. 

148.  We  may  also,  by  introducing  y»  obtain  a  more 
symmetrical  expression  for  the  particular  integral  of  .the 
equation 

g+  '$•+&••>* 

dx2  dx 

than  that  given  in  Art.  145.     For,  since  by  equation  (i),  Art. 

c-\Pdx  v 

147,  —  —^-dx  =  d'—,  the  particular  integral  in  equation  (3), 
Art.  145,  may  be  written 


which,  by  integration  by  parts,  becomes 


in  which  \Pdx,  in  the  exponential,   is  to  be  so  taken  as  to 

satisfy  equation  (2)  ;  otherwise,  the  second  member  should 
be  divided  by  the  constant  A  defined  by  equation  (3)  of  the 
preceding  article. 
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Resolution  i>f  the  Operator  into  Factors. 

149.  We  have  seen,  in  Art.  129,  that,  when  the  symbolic 
operator  of  a  linear  equation  whose  second  member  is  zero  is 
resolved  into  factors,  the  factor  nearest  the  operand  y  gives,  at 
once,  an  integral  of  the  equation.  Conversely,  when  an  integral 
is  known,  the  corresponding  factor  may  be  inferred  ;  and,  if  the 
equation  is  of  the  second  order,  the  other  factor  is  found 
without  difficulty. 

For  example,  in  the  equation 


(3  ~  •*)  ,      —  (9  —  4*)  —  4-  (6  —  $x)y  =  °> 
dx*  dx 

the  fact  that  the  sum  of  the  coefficients  is  zero  shows  that  e* 
is  an  integral.  The  corresponding  symbolic  factor  is  D  —  i, 
and  accordingly  the  equation  can  be  written 

[(3  _*)/>- (6  -3*)](Z>-  1)7  =  0. 

The  solution  may  now  be  completed  as  in  Art.  130 ;  thus, 
putting  v  —  (D  —  i}y,  we  have 

dv  _  3*  -  6jx 
~v  =:   x  -  3    * 

the  integral  of  which  is 

v  =  Ce**(x  -  3)3. 

Finally,  solving  the  linear  equation 

(D-  iXy  =  C>3*(*- 3)», 
we  have  the  complete  integral 

y  =  At*  4-  Bc**{4x*  —  42**  -H  150^  —  183)^ 
in  which  B  is  put  for  the  constant  \C. 
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150.  In  general,  if  7,  denotes  the  known  integral,  and  D  —  17 
is  the  corresponding  factor, 

(D  —  ti)yl  =  o,     or     -4*  —  "nVi  =  o: 
dx 

whence 

'  rii (I) 

Now,  in  the  case  of  the  equation  of  the  second  order 

+  PD  +  Q)y  =  o,    ......     (2) 


the  other  factor  must  be  D  4-  P  +  t\  in  order  to  make  the  first 
two  terms  of  the  expansion  identical  with  those  of  equation  (2)  ; 
thus  we  have 

(D  +  P  +  rj)  (D  -  rj)y  =  O,    .....      (3) 

which,  when  expanded,  is 

PDy    _ 


The  Related  Equation  of  the  First  Order. 

151.  If,  regarding  rj  as  an  unknown  function,  we  attempt  to 
determine  it  by  equating  the  coefficients  of  y  in  equations  (2) 
and  (4)  of  the  preceding  article,  the  result  is 


+  -n2  +  Pn  +  Q  =  o  .......     (i) 

dx 

Hence,  to  any  solution  of  this  equation  of  the  first  order,  there 
corresponds  a  solution  of 
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Equation  (i)  is,  in  fact,  merely  the  transformation  of  this  equa- 
tion when  we  put,  as  in  the  preceding  article, 


Although  of  the  first  order,  equation  (i)  is  not  so  simple  as 
equation  (2),  which  has  the  advantage  of  being  linear.  In  fact, 
the  transformation  just  mentioned  is  advantageously  employed 
in  the  solution  of  an  equation  of  the  form  (i).  See  Art.  193. 
Since  the  complete  integral  of  equation  (2)  is  of  the  form 


(4) 


where  Xl  and  X2  are  functions  of  x,  that  of  equation  (i)  is  of 
the  form 

=  flx:  4-  <2x2'  =  x;  +  ex;  ( 

~  t^  +  cj,   "  Xt  +tX,' 

which  indicates  the  manner  in  which  the  arbitrary  constant  c 
enters  the  solution. 

The  particular  integrals  of  (i)  produced  by  giving  different 
values  to  c  correspond  to  independent  integrals  of  equation  (2), 
that  is  to  say,  integrals  in  which  the  ratio  c2  :  ct  has  different 
values  ;  the  integrals  in  which  c  =  o  and  c  —  <x>  in  the  expres- 
sion (5)  corresponding  to  the  integrals  X,  and  X2  of  equation  (2). 


The  Transformation    v  =  z/(jc). 

152.    If,   in   Art.  142,   we    replace  yt    by   wlt   an    arbitrary 
function  of  xt  the  result  is  that  the  equation 


«> 
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is  transformed,  by  the  substitution 

y  =  w> (2) 

into 

7"»      (£U      *  y*"\  \T  /        \ 


where 


<«> 


^i»  Gi>  and  JT,  are  here  known  functions  of  x  ;  thus  the  equation 
remains  linear  when  a  transformation  of  the  dependent  variable 
of  the  form  y  =  vf(x)  is  made. 

153.  The  arbitrary  function  ws  can  be  so  taken  as  to  give  to 
Pt  any  desired  value  ;  thus,  if  Pl  is  a  given  function  of  xy  we 
have,  from  equation  (4), 


whence 


(7) 


Substituting  in  equations  (5)  and  (6),  we  find,  for  the  values  of 
<2.  and  Xlt  in  terms  of  Piy 


C.  =  C 

and 

*^ 

.  .  .  ----  (9) 
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These  equations  may  be  used  in  place  of  equations  (5)  and  (6) 
when  wi  is  given,  Pt  being  first  found  by  means  of  equation  (4). 
154.  Equation  (4)  may  be  written 

Pl  =  2-^  log™.  +  P\ 
ax 

hence,  when  P  is  a  rational  algebraic  fraction,  if  w,  be  taken  of 
the  form  ^•r),  where  f(x)  is  a  rational  algebraic  function  of  x, 
PI  will  also  be  a  rational  fraction.  From  this  and  equation  (8) 
it  is  manifest  that,  if  the  coefficients  of  the  given  differential 
equation  are  rational  algebraic  functions,  those  of  the  trans- 
formed equation  will  have  the  same  character  when  w  ,  is  of  the 
form  e/(*\  f(x)  being  an  algebraic  function. 
In  particular,  if  the  transformation  is 


y 

we  have,  since  log  ivl  =  axm, 

P,  =  2max»'-1  -f  P; 
and  then,  from  equation  (8), 

Qt  =  m2a2x2m~2  -h  maxm-lP  -f  m(m  —  i)axm~2  +  Q. 
If,  for  example,  this  transformation  be  applied  to  the  equation 


dx2  dx 

we  have  P  =  —2bx  and  Q  =  b2x*  ;  whence 
Pl  =  2  max"'-1  —  2bx, 
m(m  —  i 
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If  we  put  m  =  2  and  a  ==  \b,  Pl  vanishes,  and  Ql  reduces  to  b  ; 
thus  the  transformed  equation  is 


of  which  the  integral  is 

v  =  A  cos  x^b  +  B  sin  x\J&. 

Hence  that  of  the  given  equation  is 

y  =  e&**(Acosx^&  H-  JBsmx^t), 
agreeing  with  the  solution  otherwise  found  in  Art.  128. 

Removal  of  the  Term  containing  the  First  Derivative. 

155.  If,  in  Art.  153,  we  take  Ps  =  o,  the  transformed 
equation  will  not  contain  the  first  derivative.  Distinguishing 
the  corresponding  values  of  w,  Q,  and  X  by  the  suffix  zero, 
equation  (7)  gives 

-\\Pdx 

v>o  =  e    J      5.-  %    ......    (i) 

so  that  the  transformation  is 

-\\Pdx 

y  =  ve    5J       ,  ........     (2) 

and  the  transformed  equation  is 


in  which,  by  equations  (8)  and  (9),  Art.  153, 


<2o  =  Q  -  IP*  -  I  g  •  •    .    •  '•    •    .    (4; 


(5, 
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If  the  transformation  y  =  iv,?-  is  followed  by  the  similar 
transformation  v  =  ay/,  where  u>t  and  iv2  are  known  functions 
of  x,  the  effect  is  the  same  as  that  of  the  single  transformation 
y  =  Wiivji,  which  is  of  the  same  form.  It  follows  that  the 
equations  which  are  derivable  from  a  given  equation  by 
transformations  of  the  form  y  =  i'f(x)  constitute  a  system 
of  equations  transformable,  in  like  manner,  one  into  another. 
Among  these  equations  there  is  a  single  equation  of  the  form 
(3)  which  may  thus  be  taken  to  represent  the  whole  system. 
Accordingly  equation  (8),  Art.  153,  shows  that  the  expression 
for  <2o,  in  equation  (4),  has  an  invariable  value  for  all  the 
equations  of  the  system.  The  expression  is  therefore  said  to 
be  an  invariant  for  the  transformation  y  =  vf(x). 

156.  One  of  the  advantages  of  reducing  an  equation  to  the 
form  (3),  which  may  be  called  the  normal  form,  is  that,  if  any 
one  of  the  equations  of  the  system  belongs  to  either  of  the 
classes  for  which  we  have  general  solutions,  the  equation  in 
the  normal  form  belongs  to  that  class.  For,  in  the  first  place, 
if,  in  any  equation  of  the  system,  P  and  Q  have  constant  values, 
equation  (4)  of  the  preceding  article  shows  that  Q0  will  also  be 
constant.  In  the  second  place,  if  any  one  of  the  equations  of 
the  system  is  of  the  homogeneous  form 


putting  P  =  -,  and  Q  =  £  in  equation  (4),  we  obtain 

X  X 


hence  the  transformed  equation  is  of  the  homogeneous  form. 
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157.  As  an  example  of  reduction  to  the  normal  form,  let  us 
take  the  equation 

412.  -  2  tan  x  &  -  (a2  +  i)y  =  o. 
dx2  dx 

Here   P  =   — -  2  tan  x  ;    therefore,   by  equations    (i)  and    (4), 
Art.  155, 

tan  x  dx 

w0  =  e>  =  sec  A-, 

and 

Q0  =  —  (a2  +  i)  —  tan2*  -|-  sec2*  =  —a2. 

Thus  the  transformed  equation  is 

d2v 

—  —  a?v  =  o. 

dx2 
The  integral  of  this  is 

v  =  (T,^-*  -f-  c2e-ax'j 
hence  that  of  the  given  equation  is 

y  =  sec*(r1<?a-r  +  c^e  -**). 


Change  of  the  Independent  Variable. 

158.    If  the  independent  variable  be  changed  from  .r  to  £,  2 
being  a  known  function  of  x,  the  formulae  of  transformation  are 

dy  _  dy  dz 
dx        dz  dx 
and 

^  =  ^lf^\  +  42*1* 
dx*  ~  dzdx          dzdx*' 
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Making  these  substitutions,  the  equation 


is  transformed  into 

+  fk  +  Q,.*,.  .  .  (i) 

* 


which    is    still    linear,    the   coefficients    being    expressible   as 
functions  of  z. 

159.    If  it  be  possible  to  reduce  a  given  equation  by  this 
transformation   to   the  form   with  constant   coefficients,   it   is 

evident,  froM  equation  (2),  that  we  must  have  (  —  Y  equal  to 

the  product    of    Q   by  a  constant.      For  example,  given   the 
equation 

<'  -  ->£  -  *%  +  •*  =  •• 


in  which  Q   *=.  -    -  -  ;  if  transformation  to  the  required  form 

be  possible,  it  will  be  the  result  of  putting  —  =  -  l-  -  ; 

dx        \}(i  -  x*) 

whence  z  =.    sin-'^r.     Making  the  transformation,  we  obtain 

g  +  *y  =  O, 

which  is  of  th/  desired  form.     Its  integral  is 

y  =  Acosmz  -f  fisinmz; 
hence  that  of  the  given  equation  is 

as  Acosmsin-1*  -f-  ^sin  wsin-'jc. 
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In  like  manner,  if  it  be  possible  to  reduce  the  equation  to- 
the  homogeneous  linear  form,  we  must  have  (— )  equal  to- 

the  product  of  Qz2  by  a  constant.  But  this  transformation 
succeeds  only  in  the  cases  in  which  that  considered  above  also- 
succeeds  ;  for  it  gives  to  log  z  the  same  value  which  the 
preceding  one  gives  to  s  ;  accordingly  it  is  equivalent  to  the 
latter  transformation  followed  by  the  transformation  s  =  log  £r 
which  is  that  by  which  we  pass  from  the  form  with  constant 
coefficients  to  the  homogeneous  form  (see  Art.  123). 

160.  We  may,  if  we  choose,  so  take  s  as  to  remove  the  term 
containing  the  first  derivative.  Equating  to  zero  the  coefficient 
of  this  term  in  equation  (2),  Art.  158,  we  find,  for  the  required 
value  of  z, 


-I 


-    Pdx  j 

e   J       dx. 


Using    this    relation    to   express   x  as   a   function    of    st    the 
transformed  equation  is 


dz*  \dzlJ  \dz 

EXAMPLES  XIII. 
Solve  the  following  differential  equations  :  — 


y  =  f,e*  +  f2(x>  +  3*2  +  6x  +  6) 


2 


y  —  c,x  +  <vrk3  — 
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4- 


y  =  CtC*  4-  <V 


•  5-     («  +  *2)^'  ~  ^  +  2^  =  o,      y  =  ^.(^  -  a)  + 


"  -v  /  2  "  ; 

//x  J        itx 


v    »  4-  c 


-  e  -*]£**  +  *dx\. 


8.  .r-         +  .v--'  -   ,.v        +  2y  =  o, 

//jc3  /Xv-  /Xv 

j  =  r.jc2  -f  <-2.v  -f-  f3(jc*|JC-V--»4&f  —  JcL:-V-Vji 

9.  (2A-3  -  «)—  -  6.v2^'  4-  6.v>-  =  o, 

</.\'  /Xv 

v  =  r,(jr3  4-  «)  4-  ' 


i 


-- 
II.     ^'  +  (A-   -  4v2)        -f  (i  --  2.v  -h  4-V2b'  =  o, 


=  f2JC(ft  cos  log  .V  4-  ^2  sin  log  -x) 
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12.  x2~—2  —  2/ix-*-  4-  (n2  4-  "  4-  a2x2)y  =  o, 

13.  — ^  4-  tanjt-^  4-  ycoszjc  =  o,  y  =  ^  sin  (sin  ^r  -f 
dx2                 dx 


14.     (a2  4-  A-2)         -f-  x        -  w2^  =  o, 
y  =  r,[jc 


15.     Jtra         -  2(x2  -f  .r)        -f  (x2  4-  2A-  -f  2)^  =  o, 
ax2  ax 

y  =  ^(^.r2  -f-  ^ 


i  4-  *  .         •     i    ,      i  + 

v  =  <r,  cos  \a  log  -       -  +  t2  sin  i^  log  - 

J    "™™  "  ^?  I  "~~ 


-  i)2        -  «(«  -  i)ysec4.*  =  o, 
fix2  dx 


i)  tan^r   _j_   f^-*  tan 


ao.     (a2  -f  ^2)2         4-  2.r(^2  4-  x2)       +  «2v  =  o, 
dx2  fix 


-  ClX  -L.  ^2 

~    /(cz2  4-  .v2)        \l(a2  + 


21.     Derive  equation  (3),  Art.  147,  in  the  form 

y*L  -   V4i  =  ^-!/W-1,     from  ^'   4- 
^/.v        "   ^r  ^v2 

y  eliminating  ^  and  integrating  the  result. 
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22.     Find   the  symbolic  resolution   of  Z>*   corresponding   to   the 
integral  x  of  the  equation  D*y  —  o. 


23.  Find  the  symbolic  resolution  of  D*  —  i  corresponding  to  the 
integrals  cosh*  and  sinh*  of  the  equation  (D2  —  i)y  =  o. 

D2  -  i  =  (D  4-  tanh*)(Z>  -  tanh.r) 
=  (D  -f  coth.*)(Z>  -  cothAr). 

24.  Show  that  the  ratio  s  of  two  independent  integrals  of 

^  +  P%  +  Qy  =  o 

ax*  fix 

satisfies  the  differential  equation  of  the  third  order 


where  ^0  is  the  function  defined  in  Art.  155. 

25.     Show  that,  if  P  be  expressed  in  terms  of  z,  the  equation  of 
Art.  1  60  may  be  written 


26.     Prove  that,  in  the  equation 


the  function 


is  an  invariant  with  respect  to  the  transformation  z  = 
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CHAPTER  VII. 

SOLUTIONS    IN    SERIES. 

XIV. 

Development  of  the  Integral  of  a  Differential  Equation  in  Series. 

161.  IN  many  cases,  the  only  solution  of  a  given  differential 
equation  obtainable  is  in  the  form  of  a  development  of  the 
dependent  variable  j/,  in  the  form  of  an  infinite  series  involving- 
powers  of  the  independent  variable  x.  .Moreover,  such  a 
development  may  be  desired,  even  when  the  relation  between 
x  and  y  is  otherwise  expressible.  If  we  assume  the  series  to 
proceed  by  integral  powers  of  x,  an  obvious  method  by  which 
successive  terms  could  generally  be  found  is  as  follows.  Sup- 
posing the  equation  to  be  of  the  ;/th  order,  and  assuming,  for 
the  n  arbitrary  constants,  the  initial  values  corresponding  to 
x  —  o  of  y  and  its  derivatives,  up  to  and  inclusive  of  the 
(n  —  i)th,  the  differential  equation  serves  to  determine  the 

value  of  —  ^  when  x  =  o.     Differentiating  the  given  equation, 


dn  f  '  v 

we  have  an  equation  containing  -  •£,  which,  in  like  manner, 

dx*  + 

serves  to  determine  its  value  when  x  =  o,  and  so  on.  Thus, 
writing  out  the  value  of  y  in  accordance  with  Maclaurin's 
theorem,  we  have  the  values  of  the  successive  coefficients  in 
terms  of  n  arbitrary  constants. 
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162.  It  would  usually  be  impossible  to  obtain,  in  the  manner 
described  above,  the  general  term  of  the  series.  We  shall 
therefore  consider  only  the  case  of  the  linear  equation  (and 
such  as  can  be  reduced  to  a  linear  form),  in  which  case  we  have 
a  method,  now  to  be  explained,  which  allows  us  to  assume  the 
scries  in  a  more  general  form,  and,  at  the  same  time,  enables 
us  to  find  the  law  of  formation  of  the  successive  coefficients. 

Since  we  know  the  form  of  the  complete  integral  of  a  linear 
equation  to  be 

y  =  <•.>'.  4-  f2}'2  +  •  •  •  +  cnyH  -f  Y, 

our  problem  now  is  the  more  definite  one  of  developing  in 
series  the  independent  integrals  ylt  }'2  .  .  .  }>„,  of  the  equation 
when  the  second  member  is  zero,  and  the  particular  integral  Y 
of  the  equation  when  the  second  member  is  a  function  of  x. 
No  arbitrary  constants,  it  will  be  noticed,  will  now  occur  in  the 
coefficients  of  the  required  series,  except  the  single  arbitrary 
constant  factor  in  the  case  of  each  independent  integral. 


development  of  the  Independent  Integrals  of  a  Linear  Equation  whose 
Second  Member  is  Zero. 

163.  We  have  seen,  in  Art.  122,  that  if,  in  the  first  member 
of  a  homogeneous  linear  equation  whose  second  member  is  zero, 
we  put  y  —  /J.r'",  the  result  is  an  expression  containing  a  single 
power  of  x  ;  so  that,  by  putting  the  coefficient  of  this  power 
equal  to  zero,  we  have  an  equation  for  determining  m  in  such  a 
manner  that  y  =  /J.r'"  satisfies  the  differential  equation,  A 
being  an  arbitrary  constant. 

If  we  make  the  same  substitution  in  any  linear  equation 
whose  coefficients  are  rational  algebraic  functions  of  xy  the 
result  will  contain  several  powers  of  x.  Let  us.  for  the 
present,  suppose  that  it  contains  two  powers  of  xt  and  also 
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that  the  differential  equation  is  of  the  second  order.  The  term 
containing  —  -^  in  the  differential  equation  will  produce  at  least 

one  term,  in  the  result  of  substitution,  involving  m  in  the 
second  degree  ;  hence  at  least  one  of  the  coefficients  of 
the  two  powers  of  x  will  be  of  the  second  degree  in  m.  Let 
xm'  and  xm'-*s,  where  s  may  have  any  value,  positive  or  negative, 
be  the  two  powers  of  x,  and  let  the  coefficient  of  xm'  be  of  the 
second  degree.  Now  let  m  be  so  determined  that  the  coefficient 
of  xm'  shall  vanish,  and  suppose  the  quadratic  equation  for  this 
purpose  to  have  real  roots.  Selecting  either  of  the  two  values 
of  m,  the  coefficient  of  xm'+s  will,  of  course,  not  in  general 
vanish. 

Suppose,  now,  that  we  put  for  y,  in  the  first  member  of  the 
differential  equation,  the  expression  AQxm  4-  A1xm  +  st  the  result 
will  contain,  in  addition  to  the  previous  result,  a  new  binomial 
containing  Alt  and  involving  the  powers  xm'+s  and  xm'+**\  the 
entire  coefficient  of  xm'+s  will  now  contain  A0  and  Alt  and  may 
be  made  to  vanish  by  properly  determining  the  ratio  of  the 
assumed  constants  Al  and  A0.  In  like  manner,  if  we  assume 
for  y  the  infinite  series 


y  =  A^cm  4-  AjX*"**  4-  A2xm+*s  4-  •  •  •  > 
or 

y  =  $ZArx»>  +  '*, 

we  can  successively  cause  the  coefficients  in  the  result  of 
substitution  to  vanish  by  properly  determining  the  ratio  of 
consecutive  coefficients  in  the  assumed  series.  If  the  series 
thus  obtained  is  convergent,  it  defines  an  integral  of  the  given 
equation  ;  and,  since  in  the  case  supposed  there  were  two 
values  of  m  determined,  we  have,  in  general,  two  integrals. 
If  s  be  positive,  the  series  will  proceed  by  ascending  powers, 
and,  if  s  be  negative,  by  descending  powers,  of  x. 
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164.  For  example,  let  the  given  equation  be 

g—2-*-«  ......  w 

The  result  of  putting  AQxm  for  y  in  the  first  member  is 

m(m  —  i)^"1-*  —  (m  +  p)A0xm  .....     (2) 


The  first  term,  which  is  of  the  second  degree  with  respect  to 
m>  will  vanish  if  we  put 

m(m  —  i)AQ  =  o  ........     (3) 

The  exponent  of  x  in  this  term,  or  ?;/,  is  m  —  2,  and  the  other 
exponent,  or  m'  +  s,  is  m  ;  whence  s  =  2.  We  therefore  assume 
the  ascending  series 

y  =  2o^r^'/  +  2r, 

and,  substituting  in  equation  (i),  we  have 

2T{(w  +  2r)(m  +  2r  —  i)Arx>»  +  2r-* 

-  (m  +  2r  +  p)ArX*"  +  *r\  =  o,      (4) 

in  which  r  has  all  integral  values  from  o  to  oo. 

In  this  equation,  the  coefficient  of  each  power  of  x  must 
vanish  ;  hence,  equating  to  zero,  the  coefficient  of  #'*  +  *>'-*,  we 
have 


(m  +  2r)(m  +  2r  -  i)Ar  -  (m  +  2r  -  2  -\-  p)Ar_l  =  o.     (5) 

When  r  =  o,  this  reduces  to  equation  (3)  and  gives 

m  =  o     or     ///  =  i  ; 
and  when  r  >  o,  it  may  be  written 

•  m  +  2r  -  2  +  p        *  .. 

~  -  -  —  -  -Jl 


*rhich   expresses   the   relation   between  any  two   consecutive 
coefficients, 
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m  =  o,  this  relation  becomes 
._  p  +  2r  -  2  . 

fir   —  x   **-r  —  i  > 


whence,  giving  to  rthe  successive  values  i,  2,  3  .  .  .,  we  have 

/   +    2  /(/   +    2) 

2  ~       3-4-      •"  4  !  °' 


The  resulting  value  of  y  is 


>T7  +  -4      (7) 


Again,  giving  to  m  its  other  value  i,  the  relation  (6)  between 
consecutive  coefficients  becomes 


= 

whence 


7?  « 

~~~ 


and  the  resulting  value  of  y  is 

-, 
3  • 


y  =     0    ^  +  (/  -f-  i)-  +  (/  -h  0(/-*-  3)^  +  ••  -1. 

5  ' 


§  XIV.]  CONVERGENCY  OF   THE  SEKIES.  IJl 

Denoting  the  scries  in  equations  (7)  and  (8),  both  of  which  arc 
converging  for  all  values  of  x,  by  yl  and  /2,  the  complete 
integral  of  equation  (i)  is 

y  =  A0y,  +  B0y2  ........     (9) 

165.  It  will  be  noticed  that  the  rule  which  requires  us  to 
take,  for  the  determination  of  ;«,  that  term  of  the  expression 
[2)  which  is  of  the  second  degree  in  ;;/  was  necessary  to  enable 
us  to  obtain  two  independent  integrals.  But  there  is  a  more 
important  reason  for  the  rule  ;  for,  if  we  disregard  it,  we  obtain 
a  divergent  series.  For  example,  in  the  present  instance,  if  we 
employ  the  other  term  of  expression  (2),  Art.  164,  thus  obtaining 

m  =  —  p    and    s  =  —  2, 
the  resulting  series  is 


2.4 
The  ratio  of  the  (r  +  i)th  to  the  rth  term  is 


and  this  expression  increases  without  limit  as  r  increases, 
whatever  be  the  value  of  x.  Hence  the  series  ultimately 
diverges  for  all  values  of  x. 

When  both  terms  in  the  expression  corresponding  to  (2)  are 
of  the  second  degree  in  ;;/,  we  can  obtain  two  series  in  descend- 
ing powers  of  x  as  well  as  two  in  ascending  powers  ;  and,  in 
such  cases,  the  descending  series  will  be  convergent  for  values 
of  .r  greater  than  unity,  and  the  ascending  series  will  be  con- 
•ergent  for  values  less  than  unity. 
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r 


The  Particular  Integral. 


166.  When  the  second  member  of  a  linear  equation  is  a 
power  of  x>  the  method  explained  in  the  preceding  articles 
serves  to  determine  the  complementary  function,  and  the 
particular  integral  may  be  found  by  a  similar  process.  Thus, 
if  the  equation  is 

8  -I-*-*1' 

the  complementary  function  is  the  value  of  y  found  in  Art.  164. 
To  obtain  the  particular  integral,  we  assume  for  y  the  same 
form  of  series  as  before,  and  the  result  of  substitution  is  the 
same  as  equation  (4),  Art.  164,  except  that  the  second  member 
is  x^  instead  of  zero.  Equation  (5)  thus  remains,  unaltered, 
while,  in  place  of  equation  (3),  we  have 


m(m  — 
This  equation  requires  us  to  put 

m  —  2  =  \,     and     m(m  —  i)A0  =  I  ; 
whence 

m  =  |,     and     A0  =  r%. 

The  relation  (6)  between  consecutive  coefficients  now  becomes 

A    .  P 

r  "  (" 
or 


A    .       2(2^  -h  4r  +  i)     A 
• 


hence 


__ 

"  7-9 


2/   +   9)   A  2'(2/   +    5)(g/  +   9)    .    k 

11.13    ^  =         7.9.11.13         °' 
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and  the  particular  integral  is 

y  =  1 X  ,.  «(*  +  5)  x,  ,  ^Li 


If  the  second  member  contained  two  or  more  terms,  each 
of  them  would  give  rise  to  a  series,  and  the  sum  of  these  series 
would  constitute  the  particular  integral. 

Binomial  and  Polynomial  Equations. 

167.  If  we  group  together  the  terms  of  a  linear  equation 
whose  coefficients  are  rational  algebraic  functions  of  x  in  the 
manner  explained  in  Art.  134,  we  can,  by  multiplying  by  a  power 

of  x,  and  employing  the  notation  x  —  =  &,  put  the  equation  in 

ax 

the  form 

•  •  •  =  o,     .    .    (i) 


in  which  slt  s2  .  .  .  are  all  positive,  or,  if  we  choose,  all  negative. 
The  result  of  putting  A0xm  for  y  in  the  first  member  is 

)*"•  +  '«  +  .  .  .    .     (2) 


Equations  may  be  classified  as  binomial,  trinomial,  etc.,  accord- 
ing to  the  number  of  terms  they  contain,  when  written  in  the 
form  (i),  or,  what  is  the  same  thing,  the  number  of  terms  in 
the  result  of  substitution  (2).  Thus,  the  equation  solved  in 
Art.  164  is  a  binomial  equation. 

In  the  general  case,  the  process  of  solving  in  series  is 
similar  to  that  employed  in  Art.  164,  the  form  which  it  is  neces- 
sary to  assume  for  the  series  being 

y  =  ^Ar*"*", 

where  s  is  the  greatest  number,  integral  or  fractional,  which  is 
contained  a  whole  number  of  times  in  each  of  the  quantities  st, 
s2t  etc.  As  before,  m  is  taken  to  be  a  root  of  the  equation 
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/,(;;/)  =  o,  and  A0  is  arbitrary ;  but,  when  the  coefficient  of  the 
general  term  in  the  complete  result  of  substitution  is  equated 
to  zero,  the  relation  found  between  the  assumed  coefficients 
A0,  AV  A2,  etc.,  involves  three  or  more  of  them,  so  that  each 
is  expressed  in  terms  of  two  or  more  of  the  preceding  ones. 
We  can  thus  determine  as  many  successive  coefficients  as  we 
please,  but  cannot  usually  express  the  general  term  of  the 
series. 

We  shall,  in  what  follows,  confine  our  attention  to  binomial 
equations  of  the  second  order. 

Finite  Solutions. 

168.  It  sometimes  happens  that  the  series  obtained  as  the 
solution  of  a  binomial  equation  terminates  by  reason  of  the 
occurrence  of  the  factor  zero  in  the  numerator  of  one  of 
the  coefficients,  so  that  we  have  a  finite  solution  of  the  equa- 
tion. For  example,  let  the  given  equation  be 

dzy    ,       dy  y  ,  -. 

^L+a-f-  2-^  =  0 (i) 

dx*          dx          x~ 

This  is  obviously  a  binomial  equation  in  which  s  =  I  ;  hence, 
putting 

y  =  2ZArX**  +  ', 
we  have 

2?}[('«  -f  r)(m  +  r  -  i)  -  2]^rjf»  +  '-» 

4-  a(m  -h  r)Arxtn  +  r-l\  =  o. 

Equating  to  zero  the  coefficient  of  ,r»* +  *•-«,  we  have 

(tn  +  r  -f  i)(#z  -f  r  —  2)Ar  -f  a(m  +  r  —  \)Ar_l  =  o, 
which,  when  r  =  o,  gives 

(m  +  i)(m  -  2)^0  =  o;.    .....     (2) 
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and,  when  ;-  >  O, 

;//  -\-  r  —  i  ,. 


The'   roots  of  equation    (2)  are  m  =  —i  and  ;;/  =  2  ;   taking 
;//  ;=  —i,  the  relation  (3)  becomes 


Ar  =  —a    '  ~~  2  .  ^r-»  ......     (4) 

>-('•  -  3) 

in  which,  putting  r  =  I,  and  r  =  2,  we  have 


42  =  —  tf—  -  -A,  =  o. 

2(-l) 

All  the  following  coefficients  may  now  be  taken  equal  to  zero,* 

*  In  general,  when  one  of  the  coefficients  vanishes,  the  subsequent  coefficients 
in  the  assumed  series  S0  Arx™  +  rs  must  vanish  ;  in  other  words,  the  value  of  y  can 
contain  no  other  terms  whose  exponents  are  of  the  form  m  -f  rs.  But,  in  the 
present  case,  the  assumed  form  is  y  •=.  2o  Arxr-  i  ;  and  this  includes  the  powers 
.\2,  .r3  .  .  .  which  we  know  to  be  of  possible  occurrence  since  the  other  value  of  m 
in  this  case  is  2.  Accordingly,  if  we  continue  the  series,  it  recommences  with  the 
term  containing  .r2.  Thus,  putting  r  —  3  in  equation  (4),  we  obtain 

A,  =  -a±  A2  =  °, 
3-o  o 

\vhich  is  indeterminate  ;  then,  putting  t  =  4,  5,  etc.,  we  have 

A^  =  —a  —.  A3t        As  =  -<i    3  ^    _  a*  _3_  ^         etc. 
4.1  5.2  4.5    ' 

Thus,  the  assumed  form  y  =  2?  Ar**"-*  really  includes,  in  this  case,  the  complete 
integral 
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so  that  we  have  the  finite  solution  * 


169.  For  the  other  solution,  taking  m  =  2,  the  relation  (3) 
becomes 

Br=    -*/*    \    Br^, 

(r  +  3)' 
whence 


1.4 


--*        -      -— 
3.6  4.5.6 

Hence 


.  .  .V 
/ 


4  4-5  4-5-6 

and  the  complete  integral  is 


2  —  0#  2  •? 

-  -«  +  ± 


170.  Since  we  have,  in  this  case,  a  finite  integral  of  a  lineal 
equation  of  the  second  order,  namely, 


y,  =  2--^-. 

2X 


*  In  like  manner,  if,  in  a  trinomial  equation,  the  coefficients  between  which  the 
relation  exists  are  consecutive,  a  finite  solution  will  occur  when  two  consecutive 
coefficients  vanish. 
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equation  (4),  Art.  146,  gives  the  independent  integral 
2  -  +»-,    - 


We  must  therefore  have  j'/  =  Ay,  -f-  #j>2  where  yl  and  ja  are 
the  integrals  found  in  the  preceding  articles,  and  the  constants 
A  and  B  have  particular  values  to  be  determined.  Since  both 
i'/  and  y2  vanish  when  x  =  o,  while  yl  does  not,  we  shall  have 
/  =  o  ;  and,  comparing  the  lowest  terms  of  the  development 
uf  the  integral  with  the  series  y2t  we  find  B  =  £ ;  hence 


2  —  ax\ 

X 


:f  -^^-^  =  f Fi  -»«  +  JL^  _  ..  1 

Jo  (2  -  **)»  6L         4  4-5 


EXAMPLES  XIV. 

Integrate  in  series  the  following  differential  equations  :  — 
,i.     *g  +  (x  +  »)£  +  (if  +  i)_y  =  o, 
=  A(H  -  («  +  i)*  +  (n  +  2)^  -  («  +  3)|i  +  .  .  . 


«  ~  2  («  -  2)  («  -  3) 

+  _  4_  _  V3 

(«  -  2)(«-  3)(«  -4) 


,.  .  V,  -  JL^s  +  L4ys       i^7A.  +  .  .  \ 
v        3  1  61  9  !  / 
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3.     2x2---x- 
dx*  dx 


A 
/ 


\  2.5          2.4.5.9         2.4.6.5.9.13 

.  A 
/ 


2.3       2.4.3.7       2.4.6.3.7.11 

r2  r4  r6 

+  --  +  -  —  +  -  -  -  4-  .  . 
1.3       1.3.3.7       1.3.5.3.7.11 


-      4.     *;+a 

^v2         ^v 

v  =  A[\  —  —aix*  +  ^«6^6  - 
V         4!  ?I 


Yi  -  -,^^-3  +  ^ 
\         3l  6! 

-     2-3-03*3  +    2^a6X6  -    2^2 


I     -     2--03*3  +    2a6X6  -    209^9    -f-  .  .  A 

5!  8!  ill  ) 


(I  X        CL  X , 

34        34.7'8        3.4.7.8.11.12 


4.5      4.5.8.9     4.5.8.9.12.13 


) 
+;..) 


4. 
2 


_  ^  +      ^2^8  \    ,   £!/j  _  ^4   ,        ^2^8       _        \ 

5.6        5.6.9.10  /        6  \          6.7       6.7.10.11  / 


„  !^U  i  4.  ^ZLJ  *!  _  «ZU  £!  +  .  .  W  Bx^ 
«       i!       ^  +  12!       «  -f-  2  3  !  / 

^.  _^:2^  A  __  L_  ^  +  _  i  _  £  -  .  .  A 

2  -  A        3-^2        (3  ~  »)  (4  -  *)  3          *  V 
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o, 


—  •) 


(* 


Show  also  that  a;-2(i  —  a;)  *  is  an  integral. 

tio.     (4^3-  14**-  2*)£i' 

2 


.    II.       «»  +  4f«          +     4P-    27  =   0, 

j,  =  ^  +  Wi  _i£H_i£i_i^ 

*  \3        4i        52!        63! 

1  2.  Denoting  the  integral  in  Ex.  1  1  by  Ayl  +  ^)'2,  find,  by  the 
method  of  Art.  146,  an  independent  integral,  and  express  the  relation 
between  the  integrals.  , 


1  2 
l- 


, 

H-  2 


4        4-5        4-5-6 
Show  also  that  x  -  le*  is  an  integral. 
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14.     *! 

+  «(i  -  «)*y  =  o, 


( 


n(n  4-  3)  #O  -4-  4)  («  -f-  5) 

v  2T    *2  +  -  —  77—  -  - 

*(*  ~  3)  *(*  -  4)'(«  ~  5) 

__       .  —  - 


15.     ^        +    *  +  ^        +    *  -  9j  =  o, 
y  =  ^JC 


^!W  jRjrtfi  _  -4-*  +  -4ir«t  -  -  -  \ 
20/  \         !-7          i-2-7-S          .     / 


16. 


17.     Denoting  the  integral  given  in  Ex.  16  by  Ayt  +  By^  show 

[*  +  ^(fla  +  *2)]"  =  «*^«  +  na*-*yn 
and  find  the  corresponding  result  when  n  =  o. 


log  [>  +  v/(«2  4- 

«       2  3^         2.4 

1  8.     Expand  sin  (<z  sin-1  x)  and  cos  (a  sin-1  JP)  by  means  of  the 
differential  equation  ,a  , 

(i  -  ^)-^  -  x-2-  +  ^  =  o, 
flJr2  fl&f 

of  which  they  are  independent  integrals. 

/         a2  -  i  (a2  -  i)(a2  —  o)  \ 

sin  (a  sin-1  x)  =  ax(i  -  •  -  —  x2  +  v  -  ^  -  ^^  —  .  .  .1, 

cos  (a  sin-  lx)  =  i  -  —  *»  +  tf2^  ""  *)  x*  -  ... 

2  !  4  • 
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XV. 

Case  of  Equal  Values  of  m. 

171.  If  the  two  roots  of  the  equation  determining  m  are 
equal,  we  can  determine  one  integral  of  the  form  y  =  2/4r.rw-  ri 
by  the  process  given  in  the  foregoing  articles  ;  but  there  is  no 
other  integral  of  this  form.  We  therefore  require  an  independ- 
ent integral  of  some  other  form. 

For  example,  let  the  given  equation  be 


a  binomial  equation,  in  which  we  may  take  s  =  2,  or  s  =  —2. 

Assuming 


y  = 
we  have,  by  substitution, 

2T[(y//  +  2r)2Arx»'  +  2''-*  —  (m  +  2r  +  i)2Arx'"  +  *r+*]  =  o. 

Equating  to  zero  the  coefficient  of  *>»  +  *'-*,  we  have 

(m  +  2r)*Ar  -  (m  +  2r  -  i)2Ar_t  =  o.  .     .     .     (2) 

Putting  r  =  o,  »/M0  =  o  ;  whence 

m  =  o, 

the  two  values  of  m  being  identical.     Putting  m  —  o  in  equation 
(2),  the  relation  between  consecutive  coefficients  is 

A    .  -  (*'-  0% 
("0* 

whence  we  find  the  integral 
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172.  To  obtain  a  new  integral,  we  shall  first  suppose  the 
given  equation  to  be  so  modified  that  one  of  the  equal  factors 
in  the  first  term  of  equation  (2)  is  changed  to  m  +  2r  —  k,  so 
that  one  of  the  values  of  m  becomes  equal  to  //,  while  the  other 
value  remains  equal  to  zero.  We  shall  then  obtain  the  complete 
integral  of  the  modified  equation,  in  which,  after  some  trans- 
formation, we  shall  put  h  =  o,  and  thus  pbtain  the  complete 
integral  of  equation  (i). 

The  altered  relation  between  consecutive  coefficients  may 
be  written 

(m  4-  2r i  )2 

(m  4-  2r)  (m  4-  2r  —  h') 

in  which,  for  a  reason  which  will  presently  be  explained,  //'  is 
put  in  the  place  of  h.     Hence,  when  m  =  o,  we  have 

A       .  \_ /  A  • 

Sir   — ~, —  TTT-^r  — 1> 

2r(2r  —  h) 
and  the  first  integral  now  is 

I2  I2."?  i*       |^  fr'\ 

2(2    -   *')*'  2.4(2  -//)  (4-*') 

Putting  m  —  h  in  equation  (4),  we  have 

/?  (2r  —  i  4-  h}2         T> 

~   ( —      — /fw" —     ' — /'  _i_  f>\        ~ l  ' 

and  the  second  integral  is 
y2  =  xhl i  4 /w         }' T\X* 

/  ,7.  \  •»  /  _         i       •  Z.  \f  \ 

(2~+ •  h)(4  4-  *)(2  -  h1  "        " 
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The  object  of  introducing  //  in  equation  (4),  in  place  of  the 

equal  quantity  //,  is  that,  when  equation  (6)  is  written  in  the 
form 


shall  be  such  a  function  of  //  that,  by  equation  (5), 

yl  =  <//(o). 

Developing  y2  in  powers  of  //,  we  have,  since  x*  = 
j2  =  (i  +  /dog*  +  .  .  .)[>.  +  /*f  (o)  -h  .  .  .]; 
hence  the  complete  integral  is 

y  =  ^  +  BQy,  +  ^[^log*  +  ^(o)  +  .  .  .]; 
or,  replacing  the  constants  A0  +  B0  and  BJi  by  ^4  and  B, 

y  =  Ay,  +  ^'.logjp  +  ^f(o)  -h  ...,    ...     (7) 


in  which  we  have  retained  all  the  terms  which  do  not  vanish 
with  //,  and,  when  //  =  o,  j>,  resumes  the  value  given  in 
equation  (3). 

173.  It  remains  to  express  »//(o)  in  terms  of  x.  In  doing 
this,  we  may,  since  //  is  finally  to  be  put  equal  to  zero,  make 
this  substitution  in  the  value  of  ^(//)  at  once,  and  write 


(2    +   /O2  (2    +  /02(4    +   /O2 

Denote  the  coefficient  of  ,v2rin  this  series  by  Hry  so  that  H0  =  I, 
and  when  r  >  o, 

jy  -  (i  +  /*)2(3  +  /O2  .  .  .  (2r  -  i  +  X/)2  . 
(2  +//)'(4  -h/02...(2r-f  A)' 
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then 
and 


in  which  unity  is  taken  as  the  lower  limit  because  — - -°  =  o. 

dh 

From  equation  (9), 

d '\QgHr  = 

dh        =  i 


2  2  2 

2  +  h       4  +  h  2r  +  h' 


which,  when  k  =  o,  becomes 

d  \0gffr~}     _.  £          2  2  _   2   _  2   _  __  2    . 

^      Jo       J        3  2^  —  i        2       4  2r' 

whence,  putting  h  ==  o  in  equation  (10),  and  denoting  ^'(o), 
when  thus  expressed  as  a  series  in  x,  by  y, 


3  2 


Hence,  when  ^  =  o,  equation  (7)  gives  for  the  complete  integral 
of  equation  (i)* 

y  =  Ay,  +  ^(j,  log  AT  H-  y>, 


where  j/,  and  _^'are  defined  by  equations  (3)  and  (11). 


*  For  the  complete  integral  when  we  take  s  =  —2,  see  Ex.  XV.  7. 
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Case  in  which  the  Values  of  m  differ  by  a  Multiple  of  s. 

174.  When  the  two  values  of  m  differ  by  a  multiple  of  s,  the 
initial  term  of  one  of  the  series  will  appear  as  a  term  of 
the  other  series  ;  and  the  coefficient  of  this  term  will  contain 
a  zero  factor  in  its  denominator.  Hence,  unless  a  zero  factor 
occurs  in  the  numerator,*  the  coefficient  will  be  infinite  ;  and, 
as  in  the  preceding  case,  it  is  impossible  to  obtain  two  inde- 
pendent integrals  of  the  form  ^Arxm  +  r*.  For  example,  let  the 
given  equation  be 


Putting  y  =  A^xm  in  the  first  member,  the  result  is 
A0(m2  +  i)*"  -f  A0(m*  —  m  —  2 


Choosing  the  second  term  as  that  which  is  to  vanish  by  the 
determination  of  m,  because  the  first  would  give  imaginary 
roots,  we  have 

m  =  —  i     or     m  =  2,     and    s  =  —  i  ; 
hence,  putting  y  =  ?£Arxm-r, 
^  \(m  —  r  +  i)(m  —  r  — 


+  [(«  -  r)*  +  i^ArX"-^  =  o; 
and,  equating  to  zero  the  coefficient  of  x*"-r  +  l, 

• 

(m  -  r+  i)(m  -  r-  2)Ar  -4-  [(m  -  r  -f  i)*  +  i]^r_,  =  o.   (2) 


*  It  is  immaterial  whether  the  zero  factor  in  the  numerator  first  occurs  in  the 
term  in  question,  or  in  a  preceding  term  ;  the  result  is  a  finite  solution.  An  example 
of  this  exceptional  case  has  already  occurred  in  Art.  168,  where  s  =  i,  and  the 
values  of  m  differ  by  an  integer. 
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When  m  =  —  i,  the  relation  between  consecutive  coefficients  is 


•"•r   ==  " 


"         ~r_tf 

3) 
and  the  first  integral  is 


x-4  1-2.4.5 

1.2.3.4.5.6 


2.S.IO  \  ,        v 

_  .  —  a  -     -3  +  ..A     (3) 
/ 


Putting  m  —  2y  the  relation  is 

*    .         (r-  3) 

-- 


and  the  second  integral  takes  the  form 


—2.1  —  2(  —  1).1.2 

--       -  —  -^-3  +  ...    (4) 


in  which  the  coefficient  of  x~*  is  infinite.  Thus,  the  second 
integral  of  the  form  %Arxm  +  rs  fails,  and  we  require  an  inde- 
pendent integral  of  some  other  form. 

175.  To  obtain  the  new  integral,  we  proceed  as  in  Art.  172. 
Thus,  supposing  the  second  factor  in  the  first  term  of  equation 
(2)  to  be  changed  to  m  —  r  —  2  —  //,  so  that  the  second  value 
of  m  is  now  2  +  h  instead  of  2,  and  using  //  as  in  Art.  172,  the 
relation  between  consecutive  coefficients  now  is 


A    _ 


-  r  +  i)2  +  i 
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When  m  =  —  i,  this  becomes 

Ar  =  ~r(r  +  *+#/'— 
and  we  have 


A0yl  =  A<jc-\\  --  -  —  ^-—rrx-1 
\         i  (4  +  h  ') 


,..  (4  + 

Putting  02  =  2  -f  //,  the  relation  between  the  coefficients  in  y9 

B    -  (r  -  3  -  h}*  +  i          « 

(r-3 

and  the  new  value  of  B0y2  is 


in  which  the  first  term  which  becomes  infinite  when  //  =  o  is 
p  [(-2-^)2+  i][(-i-^)2  +  t][(->i)a4-  i]  r-i  +  *    /7v 

°(_2  -  A)  (-  I  -  A)  (-//)  (I  +  h'-  //)  (2  +  A'-  A)  (3  +  A'-  /i) 

7j 

Denoting  the  coefficient  of  this  term  by  —  ,  and  the  sum  of  the 

preceding  terms  in  yz  by  T,  we  may  write 
B0y*  =  B0T 

+  !-••(.  -ir^fer-  +-><•> 

If  now  we  write  this  equation  in  the  form 
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equation  (6)  shows  that  yl  =  ^(o)  ;  hence  the  complete  integral 
may  be  written 

y  =  A&  +  B0T  +  |(i  +  £  log*  +  .  .  ,)|>,  +  >ty'(o)  +  ...], 

» 

or,  putting  A  for  the  constant  A0  H  --  , 

/* 

jp  =  ^  +  £or  +  By.lQgx  4-  -fff(o)  4-  .....     (9) 


In  this  equation  we  have  retained  all  the  terms  which  do  not 
vanish  with  h  ;  from  the  value  of  B,  as  denned  by  the  expres- 
sion (7),  we  see  that,  when  h  =  o, 


( 

(-2)(-i).  1.2.3 
and,  when  h  =  o,  we  have,  from  equation  (4), 


176.  The  expression  for  i//(o)  as  a  series  in  x>  which  we 
shall  denote  by  y't  is  found  exactly  as  in  Art.  173.  Putting 
h'  =  o  at  once/  in  the  value  of  \l/(/i)  as  denned  by  equation  (8), 
we  have 


,     [(i  -/^)2^-  i][(2  -^)2-H]^.a  .          \ 

(I  _^)(2  _^(4_^)(5  ..A)         " 

and,  writing  this  in  the  form 


we  have  //0  =:  I,  and,  when  r>  i, 

„          f(i  -  *)'  +  i]f(2  -  A)« 

" 


(i  -  *)(a  -  k)  .  .  .  (r  -  A)  (4  -*)...('  +  3  -  A) 
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Hence 

dh 
in  which 


^  =          2(1  -  h)  2(2  -  A) 

dh  (i  -  hy  +  i  ""  (2  -  hy  + 


(r  -  h)* 


—  h)  i  _i  __ 

^  ^  ^ 


r  —  n       4  —  n  r  +  Z  —  h 

When  h  =  o,  this  becomes 

d  log  Hr~\  __  2       __       4  2r 

<**     Jo          r*  +  r        22  +  r  ~  >*  +  i 

12  r       4        5  r  -f-  3 

hence,  putting  //  =  o  in  equation  (12),  we  have 

y=-l-1fe(f-f-4i>- 

LI-4\2        i        4/ 


____  _ 

1.24.5X2       5        i        2       4 


Now,  putting  h  =  o  in  equation  (9),  substituting  B0  =  |7? 
from  equation  (10)  and  the  value  of  2"  from  equation  (u),  we 
have,  for  the  complete  integral  of  equation  (i), 


+  3.v  +  3  +  )\  log  x  +  j')» 
where  yl  and  ^'are  defined  by  equations  (3)  and  (13). 
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Special  Forms  of  the  Particular  Integral. 

177.  We  have  seen,  in  Art.  166,  that  the  particular  integral} 
when  the  second  member  of  the  given  equation  is  a  powel 
of  x,  may  be  expressed  in  the  form  of  a  series  similar  to  those 
which  constitute  the  complementary  function.  Special  cases 
arise  in  which  the  particular  integral  either  admits  of  expression 
as  a  finite  series,  or  can  only  be  expressed  in  the  logarithmic 
form  considered  in  the  preceding  articles.  In  illustration,  let 
us  take  the  equation 


of  which  the  complementary  function  is  A  sin-1^  +  B.    Putting 
y  —  2™Arxm  +  2r,  we  have 


-f  2r)(m  +  zr  — 

—  (m  +  2rYxm+*r~\  =  p3fi;     (2) 
whence,  when  r  >  O, 

(m  4-  2r)(m  -\-2r-  i)Ar  —  (m  +  2r  —  2)2Ar_l  =  O, 
and  the  relation  between  consecutive  coefficients  is 

(m  +  2r  -  2)2 

-    —  -  —  —  ~ 


A 

Ar  — 


(m  -|-  2r)(m  -\-2r-i) 


For  the  complementary  function,  'we  have  m  =  I,  or  m  =  o. 
Putting  m  =  I  in  equation  (3), 

^  =  Jl!^L)l 

2r(2r  +  i) 

whence 
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This  is  the  value  of  sin -'or.    The  series  corresponding  to  ;;/  =  o 
reduces  to  a  single  term,  so  that 

y*  =  i. 
For  the  particular  integral  Y,  we  have,  from  equation  (2), 

m(m  — 


whence 


m  =  a  -f-  2,     and     A0  = 


(a  +  i)(a  +  2) 
Putting  m  =  a  +  2  in  the  relation  (3), 


A    =  a        2r ^        . 

"  (<z  +  2r  +  i)(«  +  2r  +  2) 
hence 


+  (V^2)>(**4)i 

This  equation  gives  the  particular  integral  except  when  a  is 
a  negative  integer  ;  for  instance,  when  a  =  o,  and  /  =  2,  it 
gives 

\         3-4^        3-4-5-6*  '   / 

which,  as  will  be  found  by  comparing  the  finite  solution  of 
equation  (i)  in  the  case  considered,  is  the  value  of  (sin-1*)2. 

178.  Now,  in  the  first  place,  if  a  is  a  positive  odd  integer, 
all  the  powers  of  x  which  occur  in  F  occur  also  in^,  ;  and,  when 
this  is  the  case,  we  can  obtain  a  particular  integral  in  the  form 
of  a  finite  series.  For  example,  if  a  =  3,  we  have 


4-5  \          .7  .7..9 
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If  we  write  this  equation  in  the  form 


2.3.4.5  \         6 


r2  \ 

i  +-*-*'+...) 
.7  / 


the  second  member  is  equivalent  to  the  series  yiy  equation  (4), 
with  the  exception  of  its  first  two  terms.     Thus 


or          = 


and,  since  the  first  term  of  this  expression  is  included  in  the 
complementary  function,  we  have  the  particular  integral 

„  2/         / 

y  .  _,  _  _„. 

This  finite  particular  integral  would  have  been  found  directly 
had  we  employed  a  series  in  descending  powers  of  x. 

179.  In  the  next  place,  when  a  is  a  negative  odd  integer, 
the  initial  term  of  y^  will  occur  in  F  with  an  infinite  coefficient. 
Thus,  if  a  =  —3  in  equation  (5),  Art.  177,  the  second  term 
contains  the  first  power  of  x  and  has  an  infinite  coefficient. 
To  obtain  the  particular  integral  in  this  case,  suppose  first  that 
a  —  —  3  -f-  h  ;  then  equation  (5)  gives 


V  = 


(-2   +  *)(-! 


, 
r  (-2+  A)(-i  -f/O/Ki  + 


Putting 
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equation  (4),  Art.  177,  shows  that  y,  =  \f/(6)  ;  and  we  may  write 

y  =  T  +  ^(i  +  //log  x  +  .  .  .)!>.  +  V(o)  -I-  .  .  .] 


where  N  is   a   quantity  which   remains  finite  when  //  =  o. 

N 
Expanding,  and  rejecting  the  term  —  y,,  which  is  included  in 

the  complementary  function,  we  may  now  take,  for  the  particular 

integral, 

r  =  T  +  Ny,  log  a:  +  N$  (o)  +  .  .  .  , 


in  which  we  have  retained  all  the  terms  which  do  not  vanish 

P  P 

with  h.     When  //  =  o,  the  values  of  T  and  N  are  —  -  and  - 

respectively  ;   and,  finding  the  value  of  if/'(o),  as  *n  Arts.  173 
and  176,  we  hav^%  for  the  particular  integral, 


I2.32   /2 

2-34-5V 


180.  Iti  like  manner,  when  a  is  a  negative  even  integer, 
the  term  containing  x°,  corresponding  to  y»  occurs  in  Y  with 
an  infinite  coefficient.  Thus,  if  a  =  —  4,  the  second  term  of 
the  series  in  equation  (5),  Art.  177,  is  infinite.  But,  putting 
a  —  —4  -f  h%  we  have 


(-3 


(i  +A)(*  +  ^) 

or 
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In  this  case,  when  i//(//)  is  expanded  in  powers  of  //,  the  first 
term  is  unity,  and  there  is  no  term  containing  the  first  power 

of  // ;   hence,  rejecting  the  term  —  which  is  included    in  the 

complementary  function,   and    then    putting  h  —  o,  we   have 
the  particular  integral 


EXAMPLES   XV. 
Integrate  in  series  the  following  differential  equations 

y.,.  ,£?  +  £  +  ,  =  o, 

dx*       dx 
y  =  (A  4-  B\agx)(\  -  -  +  —  ---  —  +  .  .  \ 

\  I2  I2.22  I2.22.32  I 

+  2^[£  _  _*!_(,  +  IW  -JEL-/,  +  1  +  I\  _ 

[i2     i2.22\     2)     i2.22.32V     2  T  3y 

y2. 


1\  +  ^^./,  +  i  +  I\  _ 
-a/      ^-4'M,        2      3/ 


.2  I.22.3 


_l  JL  _   -£L-(JL  +  JLW  .  .   1 

I.  2    1.2  I.22.3\1.2  2.3/ 
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1.4         1.2.4.5        1.2.3.4.5.6 


5  ! 
M         4       i.  2.4.5  \      2     4     5 


+  (3-v  - 


313233 

[4  £/I  .. 

L3 


/I  ..  I  +  f\       5  ^/I  _  i  +  r  +  IW  .  .  1 
A3        4         732  !\3        5  *y  J 


iloj  ,).,(,  4.  ^.r  +    ijj,.  H-  j-ljii.-,  +  .  .  .) 

' 


7.     Find  the  integral  of 


[equation  (i),  Art.  171,]  when  .\  >  i. 

7=  (^/  +  £\ogx)x    Yi  +  -.v-2  4-  ^£.r-« 
\         22  22.42 


_L  +  J_\,-4  +  . 

1.2    ^3.4/ 
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' dx 
—  x2  -h  x*  -f- 


10. 


o, 


*.  + 


'-3'-5  /2     .    £  _  2  _  £\,.6    ,  ~\ 

*.f.6\4  +  6      3       S/  "J 


„. 


_2lSl2  _  I  ..  L      £  _  I  ..  l 


"I 
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„.    „       +  ,  =  ,, 

tf.X2 


1.2 


i)_jE±A  +  »  +  i\  +  .. 

*/       i-2'-3\>       2      3/ 

4!-:_^-± 

'-32-5        «-3'-52-7 
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14.     Express  the  particular  integral  of  the  equation 


(a)  in  the  form  of  an  ascending  series;  (/?)  in  the  form  of  a  descending 
series  ;  (y)  as  a  finite  expression.  [See  Example  XIV.  9,  for  the 
complementary  function.] 


W) 


(v)     Y=(* 
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CHAPTER    VIII. 

THE    HYPERGEOMETRIC    SERIES. 

XVI. 

General  Solution  of  the  Binomial  Equation  of  the  Second  Order. 

181.    THE  symbol  F(a,  ft,  7,  z}  is  used  to  denote  the  series 
2 


1.7  1.2.7(7+1)  1.2.3.7(7+1X74-2) 

which  is  known  as  the  hypergeometric  series.  Regarding  the 
first  three  elements,  a,  ft  and  7,  as  constants,  and  the  fourth  as 
a  variable  containing  x,  the  series  includes  a  great  variety  of 
functions  of  x.  In  fact  we  shall  now  show  that  one,  and  generally 
both,  of  the  independent  integrals  of  a  binomial  differential 
equation  of  the  second  order  whose  second  member  is  zero  can 
be  expressed  by  means  of  hypergeometric  series  in  which  the 
variable  element  is  a  power  of  x. 

182.    Using  the  notation  of  Art.  123, 

#-£  =  #,          whence          x2—  =  &(&  -  i), 
dx  dx2- 

we  may,  as  in  Art.  167  (first  multiplying  by  a  suitable  power 
of  x),  reduce  the  binomial  equation  to  the  form 

°>  .......  (0 
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in  which  /  and  <f>  arc  algebraic  functions,  one  of  which  will  be 
of  a  degree  corresponding  to  the  order  of  the  equation,  and  the 
other  of  the  same  or  an  inferior  degree.  If  the  equation  is  of 
the  second  order,  it  may  be  written 

(,-,  _  a)  (u  _  /,)r  -  tfx*(fi  -  f)(&  -  d)y  =  o,    .     .   (2) 

in  which  q  and  s  are  positive  or  negative  constants.  Further- 
more, the  equation  is  readily  reduced  to  a  form  in  which  q  and  s 
are  each  equal  to  unity  ;  for,  putting 

z  —  qxs,         and          #'  =  z  —  , 

dz 

we  have 

#'  =  qxf  -  i.  -  =  I//,        or        #  =  stf  • 
qsx*  -  ldx       s 

and,  substituting,  equation  (2)  becomes 


183.    We  may,  therefore,  suppose  the  binomial  equation  of 
the  second  order  reduced  to  the  standard  form 


-  d)y  =  o.      .     .  (i) 

Substituting  in  this  equation 

y  =  ^ 


we  have 

^<Ar\_(m  +  r—  a}(m  +  r—  b}x"'-r—  (m  +  r—  c)(m  +  r—  d)x'«+''+l~\  =o, 

and,  equating  to  zero  the  coefficient  of  xm  +  r, 

—b)Ar—  (m  +  r—  i  —  c}  (m  +  r—  i  —d)Ar_l  =  o. 


2OO 
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This  gives  the  relation  between  consecutive  coefficients, 

m  ~  d       r  ~~ 


A    = 


and,  when  r  =  o, 


~  c  +  r  ~ 


(m  —  a  +  r)  (m  —  b  +  r) 


—  a)  (m  —  b)A0  =;  o; 


whence  m  =  a  or  m  =  b.     Putting  m  =  #,  we  have  for  the  first 
integral 


yi  -*"|i.H 
•f 


(a  —  r)  (#  —  <r  +  i)  (#  —  */)(&  —  //  +  i)    2  ,         \ 

,         ~h~~\     \~7         /   i     \           "^  *  *  *  I : 

*  /A             i      /  \             i     /  / 

and,  interchanging  a  and  bt  the  second  integral  is 


«  +  a) 


Thus,  putting 


the  first  integral  is 


a  —  c          =  a 
a  -  d          =8 


a  —  i  = 


y 


(4) 


(5) 


and  the  second  may  be  written 

y,  = 


(6) 
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where 


and 

b  =  a  -4-  i  —  7. 

Differential  Equation  of  the  Hypergeometric  Series. 

184.  If  in  equation  (i)  of  the  preceding  article  we  put  a  =  o, 
and  introduce  a,  ft  and  7  in  place  of  b,  c,  and  d  by  means  of 
equations  (4),  we  obtain 

&(&  —  i  +  y}y  —  x(ft  +  a)(#  +  £),)>  =  o,  .     .     .  (i) 

or,  since  #  =•  x —  and  #2  =  x1 1-  x — ,  in  the  ordinary  no- 

dx  dx*         dx 

tation 

This  is,  therefore,  the  differential  equation  of  the  hypergeometric 
series,  ^(a,  ft  7,  x).  Putting,  also,  a  —  o  in  the  value  of  y»  we 
have 


y  =          a,,y,x  r'-xa       i  -  7,  i  -  7,  2  -  7,  ^ 

for  the  complete  integral  of  equation  (2). 

Since  the  complete  integral  of  the  standard  form  of  the  bi- 
nomial equation  of  the  second  order,  (i)  Art.  183,  is  the  product 
of  this  complete  integral  by  x*>  it  follows  that  the  general 
binomial  equation  of  the  second  order,  equation  (2),  Art.  182, 
is  reducible  to  the  equation  of  the  hypergeometric  series  in  v 
and  z  by  the  transformations  s  =  qx*  and  y  =  2*v. 
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Integral  Values  of  y  and  y'  . 

185.  When  a  =  b  in  equation  (i),  Art.  183,  y  =  y'  =  i,  and 
the  integrals  yt  and  y2  become  identical,  so  that  there  is  but  one 
integral  in  the  form  of  a  hypergeometric  series.  Again,  if  a 
and  b  differ  by  an  integer,  one  of  the  series  fails  by  reason  of 
the  occurrence  of  infinite  coefficients.  In  this  case,  let  a  denote 
the  greater  of  the  two  quantities,  then  y  is  an  integer  greater 
than  unity,  and  y'  is  zero  or  a  negative  integer. 

The  coefficient  of  *"-',  in  F(a,  /?',  y',  x\  is 

(a  +  i  -  y)  .  .  .  (a  +  n  -  i  -  y)  (ft  +  i  -  7)  •  •  •  (ft  +  «  -  i  -  y) 


This  is  the  coefficient  of  x**"-1,  that  is,  of  ^«  +  «-v  injp2,  and  is 
the  first  which  becomes  infinite  when  y  ==  n.     Now,  putting 


and  denoting  the  sum  of  the  preceding  terms  of  y2  (which  do 
not  become  infinite  when  h  =  o)  by  T,  the  complete  integral 
may  be  written 


jo 

in  which  —  is  the  product  of  BQ  and  the  coefficient  written  above, 
h 

so  that,  when  //  —  o,  B  has  the  finite  value 
B  =-  B  (<*+  i  -«)...  (a- 


Putting 
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\ve  have,  as  in  Arts.  172  and  175,  y\  =•  «//(o)  ;  and,  expanding  in 
powers  of  //,  equation  (i)  becomes 

y  =  A0yt  +  BQT  +  f  (i  +  h  log*  +  ...)(>,+  W(o)  +  .  .  .]  ; 
n 

D 

or,  putting  A  for  A0  -f  —  and  y'  for  '/''(o), 

y  =  Ay^+  BJT+  Byi\*%x  +  By'  +  ...,.     .     .(4) 


in  which  we  have  retained  all  the  terms  which  do  not  vanish 
with  It. 

To  find  y'  or  i//(o),  we  have,  from  equation  (3), 


f  (*)  - 

#/ 
whence,  putting  //  =  o, 

/  =  ^(i  +  i_i_iW     1  .  .  .(5) 

Ll.y\o        ft       l        y/  J 

Finally,  writing  the  complete  integral  (4)  in  the  form 
j/  =:  ^j,  -f  i5v/,  and  taking  the  value  of  B0  from  equation  (3), 
we  have,  for  the  second  integral, 


where  7,  is  the  first  integral  xaF(a.,  /?,  y,  *),  T'  the  terms  which 
do  not  become  infinite  in  the  usual  expression  for  the  second 
integral,  and  y'  the  supplementary  series  given  in  equation  (5). 

It  is  to  be  noticed  that  when  y  =  i,  T  =  o. 

186.  In  this  general  solution  of  the  case  in  which  y  is  an 
integer,  the  supplementary  series  y'  is  the  same  as  the  first 
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integral  j/,,  except  that  each  coefficient  is  multiplied  by  a  quantity 
which  may  be  called  its  adjunct.  The  adjunct  consists  of  the 
sum  of  the  reciprocals  of  the  factors  in  the  numerator  diminished 
by  the  like  sum  for  the  factors  in  the  denominator.  The  first 
term  in  j,  must  be  regarded  as  having  the  adjunct  zero. 

If  yl  is  a  finite  series,  it  is  to  be  noticed  that  the  adjunct  of 
each  of  the  vanishing  terms  is  infinite  and  equal  to  the  reciprocal 
of  the  vanishing  factor.  Thus  the  corresponding  terms  of  the 
supplementary  series  do  not  vanish,  but  are  precisely  as  written 
in  the  expression  for  yu  except  that  the  zero  factors  in  the 
numerators  are  omitted. 

187.    As  an  illustration,  let  us  take  the  equation 


which,  when  written  in  the  form  (i),  Art.  183,  is 


so  that  a  =  i,  b  =  —i,<:  =  3,d=  —  3  ;  whence  a  =  —2,  /3  =  4, 
y  =  3.     We  have,  therefore, 


-2.-  1  .0.4.5-6    V    +Mg  +  .     \ 
i.2.32.4.5          V         4.6  / 


in  which  the  terms  following  the  first  three  vanish.  For  the 
other  integral,  employing  equation  (6),  Art.  185,  because  7  is 
an  integer,  we  have 
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where  the  next  term  in  the  expression  for  T  would  be  infinite. 
The  part  of  y'  corresponding  to  the  actual  terms  of  yl  is 


2     4  3/  J-2-3  2  5  2 

and  the  part  corresponding  to  the  vanishing  terms  in  equation  (i) 
is  as  therein  written,  with  the  zero  omitted.     Thus  we  have 


yt  =  x  -    * 

3  3 

and 

-  -  +  y, 

30*       9 
where 


3      L         4-6         4-5-6-7 


1 

J 


Imaginary  Values  of  a 


188.  We  have  assumed  the  roots  a  and  b  of  /(#)  =  o  to  be 
real,  but  the  roots  c  and  d  of  <f>(&)  ~  o  may  be  imaginary.  In 
that  case  a  and  ft  will  be  conjugate  imaginary  quantities,  say 

a  =  fji  +  tv,  /3  =  /x  —  iV. 

The  integrals  will  then  take  the  form 


1-7  I-2.y(y  -f-  l) 

and 


-  y) 

2    • 


1.2(2   -  y)(3   -  y) 


1 
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Again,  when  y  is  an  integer,  making  the  same  substitutions 
in  equation  (6),  Art.  185,  the  second  integral  becomes 


where 

=  xa  r£±jf 

2  + 


r£±jf/ 
L  i.y 


Infinite  Values  of  a  #«</  /?. 

189.  As  explained  in  Art.  165,  the  function  f(&)  must  be  of 
the  second  degree,  but  <£(#)  may  be  of  the  first  degree,  the 
equation  being  of  the  form 

(i) 


The  solution  of  this  equation  is  included  in  the  general  solution 
already  given,  for  the  equation  is  thg  result  of  making  d  infinite 
in 

(O  _  a)  (&  -  b)y  --  2—  (0  -  c)  (d  -  d)y  =  o.      .   (2) 

a  —  a 

Here  —  -  —  ,  that  is,  -  takes  the  place  of  x  in  the  standard 
a  —  a  ft 

form  ;  hence  equation  (5)  Art.  183,  gives  the  integral 

X*l  a/3x         q(a  +   i)0(0  +   l)  ^  \ 

P"\  I.y  ft  1.2.7(7+1)         ft2  "I 

for  equation  (2).  Multiplying  by  the  constant  fta,  and  then 
making  ft  infinite,  we  have  for  the  first  integral  of  equation  (i) 


I.y  1.2.7(7  +   l) 
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In  like  manner,  for  the  second  integral,  we  obtain 

+  r  -  y,  ft  2  -rX      £=  oo. 


190.    Again,  when  <£(#)  is  a  mere  constant,  the  equation 
being  reducible  to  the  form 

(»  -  «)(<>  -  tyr.-rsr-  °>    .....  (0 

it  is  the  result  of  making  both  6'  and  d  infinite  in 

o.   (2) 


We  have  now  for  the  first  integral  of  equation  (2) 

X*    (          aft  x          q(a  4-  I  )/?(£  +   i)     x*  \ 

a*ft*\  i.yaft  I.2.y(y  +   i)          a2/?  ")' 

Multiplying  by  aa/J",  and  putting  a  =  oo  ,  ft  =  oo,  the  first  in- 
tegral of  equation  (i)  is 


—  *  -f- 


\ 

/ 


a  =00 


and,  in  like  manner,  the  second  integral  is 


o,  ft  2  -  y,~      a=  oo,  J3=  co. 

If,  in  either  of  these  cases,  y  is  an  integer,  so  that  the  log- 
arithmic form  of  solution  is  required,  the  second  integral  is  given 
by  equation  (6),  Art.  185,  and  is  of  the  same  form,  except  that 
the  infinite  factors  disappear  after  multiplication  by  ft*  or  aaft*9 
and  the  reciprocals  of  these  factors  vanish  from  the  adjuncts  in 
the  supplementary  series  (5). 
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Cases  in  which  a.  or  fi  equals  y  or  Unity. 

191.  The  binomial  equation  of  the  first  order  may  be  reduced 
to  the  form 

(0  _  a)y  -  x(*  -  c}y  =  o,      ......   (i) 

and,  with  the  notation  of  the  preceding  articles,  its  solution  in 
series  is 


1.2 


This  is,  of  course,  the  value  of  xa(i  —x)c-a,  or  x"(i  —  .#)-",  which 
is  the  integral  in  its  ordinary  finite  form.  The  series  involved 
may  obviously  be  written  F(a,  y,  7,  x\  where  the  value  of  y  is 
arbitrary,  and  accordingly  this  value  of  y  is  one  integral  of  the 
equation 

*+i)j  =  o,     .    .(3) 


since  ft  =  y  in  equations  (4),  Art.  183,  makes  d  =  b  —  I.     The 
other  integral  of  this  equation  is 


or 

yt  =  X«  +  —  iF(a.  +   I   -  y,  I,  2  -  y,  *). 

192.  Equation  (3)  might  have  been  solved  by  the  method  of 
Art.  141  ;  for  it  becomes  an  exact  differential  equation  when 
multiplied  by  ^r-*-1  [see  equation  (i),  Art.  140].  The  result  of 
the  first  integration  is 

(i9-  —  a)y  —  x(&  —  c)y  =  Cx*  ; 

and  in  the  second  integration  the  value  of  y  in  equation  (2)  is 
the  complementary  function,  and  that  of  yz  is  the  particular 
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integral.  Thus  the  hypergeometric  series  in  which  one  of  the 
first  two  elements  is  equal  to  y  reduces  to  the  form  assumed 
when  the  equation  is  of  the  first  order,  and  that  in  which  one 
of  the  first  two  elements  is  unity  is  of  the  form  of  the  particular 
integral  of  an  equation  of  the  first  order  when  the  second  member 
is  a  power  of  x. 

The  Binomial  Equation  of  the  Third  Order. 

193.  The  binomial  equation  of  the  third  order  may  be  reduced 
to  the  form 


-  f)y  -  x(#  -  d)  (V  -  e}  (&  -f)y  =  o. 
One  of  its  three  independent  integrals  is 

*./i  4-  a/?y*  4-  tt(a+ 

T       T&*  1.2 

where 

a  =  a  —  dj  ft  =  a  —  cy  y  =  a  —  f, 

&  =  a  —  ^  -h  i,  e  =  a  —  c  -\-  i, 

and  the  other  two  are  the  result  of  interchanging  a  and  b,  and 
a  and  c  respectively.* 

The  notation  F\*F*  *"*»)  has  been  employed  for  the  series 
involved  in  the  value  of  yl  above. 

*  When  two  of  the  roots  a,  b,  and  c  of  f{§}  differ  by  an  integer,  so  that  one  of 
the  quantities  d  or  f  is  an  integer,  the  powers  of  jc  which  occur  in  one  of  the  three 
integrals  will  occur  in  another  with  infinite  coefficients.  By  the  process  employed  in 
Art.  185  these  infinite  terms  are  replaced  by  terms  involving  logx  and  the  adjuncts. 
If  both  6  and  f  are  integers,  the  third  integral  contains  terms  which  occur  in  each 
of  the  others,  with  doubly  infinite  coefficients,  and  by  a  similar  process  these  may 
be  replaced  by  terms  involving  (log*)*  as  well  as  log  x.  Similar  results  hold  for 
binomial  equations  of  any  order.  See  American  Journal  of  Mathematics,  vol.  xL, 
PP-  49.  S°»  Si- 
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Development  of  the  Solution  in  Descending  Series. 

194.  When  both  of  the  functions  f  and  <£  in  the  binomial 
equation  are  of  the  second  degree,  that  is,  when  a  and  ft  are 
finite,  the  integrals^  andj/2  are  convergent  for  values  of  x  less 
than  unity,  and  divergent  when  x  is  greater  than  unity.  In  the 
latter  case,  convergent  series  are  obtained  by  developing  in 
descending  powers  of  x,  or  what  is  the  same  thing,  ascending 
powers  of  x~*.  Putting,  in  equation  (i),  Art.  183, 

z  —  -,  whence  &  =  z  —  =  —  &, 

x  dz 

we  have 

d)y  -  z(&  +  a)(tf  +  %  =  o; 


hence  the  results  are  obtained  by  changing  a,  b,  c,  and  d,  in 
the  preceding  results,  to  —c,  —d,  —  a,  and  —  b.  Making  these 
changes  in  equations  (4),  and  denoting  the  new  values  of  a,  ft 
and  y  by  a,,  ft,  and  y,,  we  find 

ax  =    —  C  +  #  =  a, 

ft  =   —  c  +  b  —  a  -f  I   —   y, 

7i  =   -c  +  J+  !   =  a  +  !   _  ft. 


and  the  integrals  are 


(a0  ft,   7l,  z) 

(a,    a  +  i   -  y,    a  +  I  -  ft   iV    .      .     .     .   (i) 
\ 


Y2  =   ^-^(a/,    ft',    y/,    z) 

/8  -f  i  -  y,  )8  +  i  -  «,  IV   .    .    .    .  (2) 
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Transformation  of  the  Equation  of  the  Hypergeometric  Series. 
195.   The  equation  of  the  hypergeometric  series, 

*(i  -  x)&  +  [y  -  *(i  +  a  +  /?)]g  -  afty  =  o,     .  (i) 

admits  of  transformation  in  a  variety  of  ways  into  equations 
of  the  same  form,  leading  to  other  integrals  still  expressed  by 
means  of  hypergeometric  series.  One  such  transformation  is 
obviously  y  =  x'l-^v\  for,  since 


this  will  give  an  equation  for  v  one  of  whose  integrals  is  the 
simple  hypergeometric  series  F(at  fiy  y',  x)t  that  is,  the  trans- 
formed equation  is  of  the  form  (i),  the  new  values  of  a,  /?,  and  y 
being 

a'  =  a  •+  I  -  y, 
P  =  (3  -f  I  -  y, 
y'  =  2  -  y. 

The  second  integral  of  this  equation  will  be 

V2  =  x*-TF(*f  +  i  -  y',   &  +  i  -  y7,    2  -  y',   *) 
=  ^-^(«,  A  y,  *), 

and  the  corresponding  value  of  y  is  F(a,  ft  y,  *),  which  is  the 
value  of  yt.  This  transformation,  therefore,  gives  no  new 
integral. 

196.    Let  us  now  make  a  transformation  of  the  form 

y  *»  C1  -  XY  v- 
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Comparing  equation  (i)  with  the  form 

~dx*  "*"  P~dx  "*"  **y  = ''  °' 
we  have 

p  —  y  —  x(i  +  a  +  ft)  =  1  _L.  y  —  <*  —  ft  —  i 

Jtr(i  —  x)  x  i  —  x 

and 

aft 


x(i  -  x) 

Hence,  putting  in  the  formulae  of  Art.  152  wt  =  (i  —  x)*,  we 
find,  for  the  transformed  equation, 


-  x 


(i  —  xY         i  —  x 
—  ft(/^  —  i)  —  ^(7  —  a  —  ft  —  0  _ 


(i    -   Jt)2  X(l  —  X) 

In  order  that  Q,  may  take  the  same  form  as  Q,  let  /*  be  so 
determined  that  the  first  term  of  this  expression  vanishes. 
This  gives  p  =  o  (in  which  case  no  transformation  is  effected), 
or  else 

^  =  y  —  a  —  /5. 

Then,  if  a,,  /?„  y,  have  the  same  relation  to  Pt  and  Qt  that  a,  /?,  7 
have  to  P  and  Q,  the  form  of  Pt  shows  that  y,  =  y,  and 

a,  -t-  A  =  a  -f  0  +  2/i, 

and  that  of  Qt  shows  that 

a./S,  =  a/?  +  /uy. 
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Substituting  the  value  of  /x  above,  and  solving,  we  find 

a,  =  7  —  a, 

A  =  y  -  A 

7.  =  >• 
The  integrals  of  the  transformed  equation  are,  therefore, 

-   a,    y  -  ft,    7,   *), 


and 

7'a    =   A-'->^(l    -    «,     I    -   ft    2    -    y,    Jf), 

r,  being  derived  from  r,  by  the  same  changes  which  convert  j\ 
into  y2.  Denoting  the  corresponding  values  of  y  by  yz  and  j/4, 
we  have  thus  four  integrals  involving  hypergeometric  series  of 
which  the  variable  element  is  x  ;  namely, 


-f  i  -  7,  0  +  i  -  y,  2  -  y,  x), 
y  -  ft  7,  *), 
-  a,    I  -  ft    2  -  7,  *). 

197.  The  integral  y3  is  the  product  of  two  series  involving 
powers  of  x  with  positive  integral  exponents,  each  of  which  has 
unity  for  its  first  term,  and  is  convergent  when  x  <  i.  It  follows 
that  yl  is  a  series  of  the  same  form.  But,  from  the  process  of 
integration  in  series,  we  know  that  there  can  be  but  one  integral 
of  this  form,  namely  y,.  Hence  we  have  the  theorem,^,  =  yy 
or 

F(a,  ft,  7,  *)_.(!.-  *)>  —  -  V(y  -  a,  7  -  ft  7,  *). 

In  like  manner  y2  =  yv 
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Change  of  the  Independent  Variable. 

198.  It  is  obvious  from  the  form  of  the  equation  of  the 
hypergeometric  series,  equation  (i),  Art.  195,  that,  if  we  change 
the  independent  variable  from  x  to 

/  =  i  —  x, 

the  first  and  third  terms  will  be  unchanged,  and  the  second  will 
be  unchanged  in  form.     The  result  is 


-aK  =  p; 

comparing  this  with  the  original  equation,  we  find  that  a  and  ft 
are  unchanged,  while  y  is  replaced  by 

i  +  a  -f  ft  -  y. 
We  hence  derive  the  integral 

ys  =  F(a,  ft  i  +  a  +  £  -  y,  I  -  *). 

A  comparison  of  this  integral  with  .7,  or  F(a,  ft  y,  x)  shows 
that  from  any  integral  expressed  by  a  hypergeometric  series  we 
can  derive  another  integral  of  the  same  equation  by  making  the 
above-mentioned  change  in  the  third  element,  and  at  the  same 
time  changing  the  fourth  or  variable  element  to  what  may  be 
called  its  complement,  that  is,  the  result  of  subtracting  it  from 
unity.  The  process  applies  equally  well  to  an  integral  of  the 
form  y  =  wv,  where  v  is  a  hypergeometric  series  ;  for  a  new 
integral  of  the  equation  for  v  gives  a  new  integral  of  the  equation 
forj>.  Thus  the  integrals  yv  yy  andv>|swould  lead  to  the  three 
new  integrals  yv  y&  and  j8,  which  will  be  fourid  in  a  subsequent 
article. 
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199.  It   is   shown   in   Art.  194  that,  when   we  change  the 
independent  variable  to  z  =  -,  the  binomial   equation   retains 

its  form.  The  equation  considered  in  that  article  becomes  that 
of  the  hypergeometric  series  when  we  put  a  =  o,  whence 
c  =  —a.  Thus  equation  (i),  Art.  194,  gives  the  integral 

y,  =  X-*F(a,    a  +  I  -  y,    a  +  I  -  ft  -1  V 

A  comparison  of  this  integral  with  F(a,  /?,  y,  x)  gives  a 
method  by  which  we  may  pass  from  any  integral  in  the  form 
of  a  hypergeometric  series  to  another  in  which  the  variable 
element  is  replaced  by  its  reciprocal  ;  and,  as  in  the  preceding 
article,  the  process  applies  also  to  an  integral  of  the  form 
y  —  wv,  where  v  is  a  hypergeometric  series. 

200.  If  we  start  with  the  variable  x,  and  alternately  take 
the  complement  and  the  reciprocal,  we  obtain  the  following  six 
values  of  the  variable, 


* 


I   —  X  I  —  X 


the  seventh  term  of  the  series  being  identical  with  the  first. 
The  corresponding  integrals  derived  from  yt  by  the  processes 
of  Arts.  198  and  199,  are 

y*  =  ^(a,  A  y>      x   ), 

0,    I  +  a  +  £  -  y,       I  -  x)  , 
y-ft  a+l-ft 


,   a+i-y,    i+a  +  /?- 
,   a+l-y,  a  +  I  - 


2l6  THE  HYPERGEOMETRIC  SERIES.  [Art.  2OO. 

where,  in  writing  the  last  two,  the  constant  factor  (—  i)-a  has 
been  omitted. 

201.  From  each  of  the  integrals  given  above  we  may  derive 
three  others,  exactly  as  y2,  j/3  and  y4  are  derived  from  yv  We 
have  thus  the  following  system  of  twenty-four  integrals, 

*y*     =  -F(a,   ft   y,   x), 

.y,    =  jpi-^(a  +  I  -  7,   ft  +  I  ~  7,    2  -  y,  *), 

>>3    =  (i  -  x)y-«-W(y  -  a,  y  -  ft  y,  x), 

-a,  i  -ft  2-7,  *), 


+  ft  -  7,  i  -  *), 

V(y  -  a,  y  -  ft  I  -  a  -  0  +  7,  I  - 
-  y,  /?  +  I  -  y,  i  +  0  +  0  -  y,  I  - 
-a,  I  -ft  I  -a-^  +  7, 


=   (i  -  ^)-a^a,  y  -  ft  a  +  I  -  ft  —  L-    , 
=   (I  -  *)'  Wft  y  -  a,  0  +  I  -  a,  —L-A  , 


7-  A  7,  -7 

j-y,   i-ft  2-y,   ~ 
-  a,  ft   y,    - 
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yl7  =  X-*F[a,   a  +  I  -y,    l-+a  +  0-y, 

-  y,   &    I  +  a  +  ft  -  y,  - 

—  a,  y— a,    I— a  — 


-•**    a  +  I  -  y,    *  +  K  - 


-!)*-•-      i-  A  y-A 


-  a,   y-    a,)-     I  -a, 


Since  the  binomial  equation  of  the  second  order  can  be 
transformed  into  the  equation  of  the  hypergeometric  series, 
it  follows  that  the  binomial  equation  has  in  general  twenty-four 
integrals  expressible  by  means  of  hypergeometric  series.*  But, 
in  the  cases  considered  in  Arts.  189  and  190,  where  a  or  ft  is 
infinite,  we  have  only  the  integrals  y, 


*  The  twenty-four  integrals  are  written  above  exactly  as  they  arise  in  the 
process  indicated,  except  that  the  factor  (_I)T-Y  is  dropped  in  the  case  of  yu 
and  ^16,  and  (— I )?-«-  ft  is  dropped  in  the  case  of  yl%  and  y*>.  Because  y^  =  y^ 
and  Vt  —  y*>  the  first  and  third  integral  of  each  group  are  equal,  and  so  also 
are  the  second  and  fourth,  the  omission  of  a  factor  in  the  cases  mentioned  above 
causing  no  exception.  It  may  also  be  shown,  by  comparing  the  developments  in 
powers  of  x,  that  the  integrals  of  the  first  group  are  respectively  equal  to  those 
of  the  fourth  group,  and  those  of  the  second  to  those  of  the  fifth  group.  But  in 
the  third  and  sixth  groups y9  =  (_i)a_j»al  and  ylo  =  (  —  i)&yM.  Thus  the  twenty-four 
integrals  consist  of  six  sets  of  equal  quantities,  as  follows :  — 
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Solutions  in  Fintte  Form. 

202.  The  condition  that  F(a,  /?,  y,  x)  may  represent  a  finite 
series  is  readily  seen  to  be  that  one  of  the  elements  a  or  ft  shall 
be  zero  or  a  negative  integer.  But,  since  yl  —  j3,  the  form  of 
ji/3  shows  that,  if  either  y  —  a  or  y  —  ft  is  zero  *  or  a  negative 
integer,  F(a,  /?,  y,  x)  may  be  expressed  in  finite  algebraic  form. 
For  example,  one  integral  of  the  equation 


is  the  infinite  series  represented  by  F(%-,  n,  J,  .r).  Here  y  —  a  is 
a  negative  integer,  and,  using  the  form  yy  the  integral  may  be 
written 


Between  any  three  integrals  belonging  to  different  sets  there  must  exist  a 
relation  of  the  form  yp  —  Myr  +  Nys.  These  relations,  in  which  the  values  of 
M  and  N  involve  Gamma  Functions,  are  equivalent  to  those  given  by  Gauss  in  the 
memoir  "  Determinatio  Seriei  Nostrae  per  Aequationem  Differentialem  Secundi 
Ordinis,"  Werke^  vol.  iii.  See  equations  [86],  p.  213,  and  [93],  p.  220.  The 
twenty-four  integrals,  and  their  separation  into  six  sets  of  equal  quantities,  were 
first  given  by  Kummer,  in  a  memoir  "  Ueber  die  hypergeometrische  Reihe,"  Crelle^ 
vol.  xv.,  p.  52.  The  order  of  the  integrals  is  different  from  that  given  above,  and 
some  errors  involving  factors  of  the  form  (  —  \}*  occur  in  the  statement  of  the 
equalities.  The  values  of  M  and  N  are  given  by  Kummer  for  the  integrals 
numbered  by  him  I,  3,  5,  7,  13,  and  14,  corresponding  to  the  integrals  ylt  y2j 

y$>  y^  y»  and  y™  above. 

*  The  case  in  which  y  —  0  =  o  has  already  been  considered  in  Art.  191. 
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in  which  the  second  factor  is  the  finite  series 

,  +  znii_=^).r  =  ,  +  (2n  _  l) 

'•i 
Hence  the  integral  in  question  is 

-  i  +  (2*  —  i)* 


203.  In  like  manner  the  integral  j/2  will  be  a  finite  series  if 
either  of  the  quantities  a  -f  I  —  y  or  /?  +  I  —  yis  zero  or  a 
negative  integer  ;  and,  since  y2  =  y4,  the  form  of  y4  shows  that 
if  either  I  —  a  or  I  —  ft  is  zero  or  a  negative  integer  (in  other 
words,  if  a  or  ft  is  a  positive  integer),  y2  may  be  expressed  in 
finite  form.  It  will  be  noticed  that  the  eight  quantities, 

a,    /?,   y  -  a,   y  -  ft   a  +  I  -  y,  ft  +  I  -  y,    I  -  a,    I  -  /?, 

are  the  only  values  of  the  first  two  elements  in  the  twenty-four 
integrals  ;  hence  the  only  cases  in  which  they  furnish  finite  in- 
tegrals are  those  in  which  either  a,  ft  y  —  a,  or  y  —  ft  is  an 
integer. 

In  the  case  of  the  general  binomial  equation  of  the  second 
order,  the  condition  given  in  the  preceding  article,  when 
applied  to  both  integrals,  is  sufficient  to  determine  whether 
finite  algebraic  solutions  exist.* 


*  Finite  solutions  involving  transcendental  functions  occur  in  certain 
considered  in  the  following  chapter.     See  Arts.  209,  213,  214,  and  217. 


cases 
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,    EXAMPLES    XVI. 

i.   Show  that,  in  the  notation  of  the  hypergeometric  series, 
-  (/  4-  »)«  +  (/  -  *)«  =  2t"F(-\n,  -\n  +  J,  J,  ^  , 

(/  +  uy  _  (/  -  *)«  =  2«/«-'  uF(-$n  +  i  -i«  +  i,  f, 
.  log(i  -f  ^)  =  *^(i,    i,    2,    —  #), 


,    k,     I,  =    I    -h  *I,    *,     2, 

i  +  ^  -f  J^rWi,  ^,   3,  |j  =  etc.,  where  /^  =  co, 
,  V,  f,  -  --,  ^  =  ^=  oo 

COSA:  =  F(k,    k',    i,    - 
\ 


,  k  =  ^=  oo, 

4 

,   i,   f,   ^), 
tan-  'A:  =  ^/^(i,    i,   f,    -^). 


2.   Show  that 

£^(a,  fty,  *)  =  ^^(a  +  I,  )8  -f  I,  y  -f-  I, 

/'K  Ay,  *)  =  afcJj^.  +  ,,/*  +  2,r 
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I     I  !•        I  I  .!•.  P         !•••••!  Ml     .—       •  •  '  •  '  '  'I  ......  I    <  •  I     <        I  I          ^       -       _ 

3.   Show  that  the  equation 

Ay  +  (B  +  CAT)*  +  (D  +  Ex  +  Fx*)Q-  =  o 
ax  ax* 

can  be  reduced  to  the  equation  of  the  hypergeometric  series,  and  hence 
that  the  complete  integral  is 


where  a  and  b  are  the   roots   of  D  +  Ex  -f-  Fx*  =  o,  aft  =  —  , 


independent  integrals  being  related  as  yl  is  to  ys  in  Art.  198. 

4.    Find  the  particular  integral  of  the  equation 

($  _  a)  (&  —  b}y  —  x(&  —  c)  (#  —  d}y  =  kx*, 
and  derive  the  integrals  in  Art.  183  from  the  result. 

(P  —  c}(P  —  d}  "1 

_a  +  l)(^_  fi  +  ^x  +  •  •  J 


y  =  _  **L  _   i  + 


Solve  the  following  equations  :  — 

+    (»   -    M)£  -  i/  =   O, 

AF(\,  i,  |,  »)  +  Av-1  = 


ir»  +  '-^  +  Ml f^  +  .  .  A 
4  4-6  2        4.6.8  3  / 
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7.   Transform  the  series 

8 

7=1  +  2-x  + 
9 

by  means  of  the  theorem  of  Art.  197. 


8  8.10   ,          8.  10.  12    . 

2-x  +  3  --  xz  4-  4  —      —  &  +  -  •• 

9  9.11  9.11.13 


Solve,  in  finite  form,  the  following  equations  :  — 
8.    2*(i  -  *)^|2  +  (i  -  ii*)^  -  ioy  =  o, 

,/  1  +  6*  +  **  ,  » 
-  ' 


-  6x)  +  JBx($  -  6x). 


y  = 

11.  Solve  the  equation 

^2y  2    —    ^ 

4  —  ^  4-  i  -  v  =  o, 
V*2       J(i  -  ^c2)2 

first  transforming  to  the  new  independent  variable  2  =  i  —  x2. 

y  =  A(i  —  x2)*  +  JBx(i  —  x2)±. 

12.  When  a  is  a  negative  integer,  the  six  integrals  of  Art.  200  are 
all  finite  series,  and  therefore  must,  in  that  case,  be  all  multiples  of  the 
integral  y\.     Verify  this  when  a  =  —  i. 

13.  Show,  by  comparing  the  first  two  terms  of  the  development, 
that  yt  =  yl3,  and  thence  that 

F(a,  ft,  y,  sin2  0)  =  fcos2  <9)v-a-^(y  -  a,  y  -  (3,  y,  sin2  0) 
=  (sec2  6)«F(a,  y  —  ft,y,  -tan2  6) 
-  a,  ft  y,  -tan20). 


§  XVI.]  EXAMPLES.  223 

14.   From  the  expression  for  sin-1*  as  a  hypergeometric  series, 
derive 


smOcosOF(i,  i,  ij,  sina0) 
,  i,f,-tan»0). 


15.  The  integrals  of  the  equation 


are  sin  «0  and  cos  nO  ;  form  the  equation  in  which  x  =  sin  0  is  the 
independent  variable,  and  thence  derive  four  expressions,  as  in  Ex.  13, 
for  each  of  these  quantities. 

sin«0  =  nsm6F(%  -  \n,  \  +  \n,  f,  sin20), 

=  n  sin0  cos  6F(i  +  \n,  i  -  \n,  f,  sin2^), 


costf)-"-1^!  +  i«,  }  H-  |»,  |,  -tan2  (9); 
cos  «d  =  F(-\n,  \n,  J,  sin2  tf), 


i  +  i»,  J,  -tan20). 
1  6.    Denoting  by  R  the  expression 

**«  -  O        +  (3^  -  O       + 


show  that  the  equation  xtd—  +  (t  +  Zx^r\R  =  o  is  equivalent  to 

dx    \        <&y 


where  //  =  t2  •  and  thence  that 


—  Gauss,  Wcrke,  vol.  iii.  p.  424. 
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CHAPTER    IX. 

SPECIAL    FORMS    OF    DIFFERENTIAL    EQUATIONS. 

XVII. 
Riccati's  Equation. 

204.  THERE  are  certain  forms  of  differential  equations  which, 
either  for  their  historic  interest  or  their  importance  in  mathe- 
matical physics,  deserve  special  consideration.  Of  these  we 
shall  consider  first  Riccati's  equation  and  its  transformations. 

The  equation 


was  first  discussed  by  Riccati,  and  attracted  attention  from  the 
fact  that  it  was  shown  to  be  integrable  in  a  finite  form  for 

certain  values  of  m.     If  we  put  -  in  place  of  x>  and  write  a2  for 

b 

the  constant   —  -  —  ,  the  equation  becomes 
bm  +  x 

&  +;>•  «*•«*•,  ........  (2) 

so  that  no  generality  is  lost  by  assuming  the  coefficient  b  equal 
to  unity.  The  case  in  which  the  coefficient  of  xm  is  negative 
will  be  provided  for  by  changing  a*  to  —  a*,  that  is,  a  to  ia,  in 
the  results. 


§  XVII.]  STANDARD  LINEAR  FORM.  22$ 

205.  In  the  form  (2),  Riccati's  equation  is  the  equation  (  f 
the  first  order  connected,  as  in  Art.  151,  with  the  linear  equation 
of  the  second  order. 

=  o;      .......   (3) 


in  other  words,  this  last  equation  is  the  result  of  the  substitu- 
tion 

v=!f* 

udx 

in  equation  (2)  ;  and,  denoting  its  complete  integral  by 

u  =  flXi  +  c*X*  .........  (4) 

that  of  equation  (2)  is 


=  cM  +  cM  =  XJ  +  cXl 
"  flXt  +  cJC*  ~  Xt  +  cX,  ' 

which  shows  the  manner  in  which  the  constant  of  integration 
enters  the  solution. 


Standard  Linear  Form  of  the  Equation. 

206.  The  discussion  of  Riccati's  equation  is  simplified  by 
«sing  the  linear  form  (3)  ;  moreover,  the  expression  of  the 
results  and  transformation  to  other  important  forms  is  facilitated 
by  writing  the  exponent  m  in  the  form  2q  —  2*  We  shall, 
*herefore,  take 

* 

u  =  o    .......   (i) 


dx* 
as  the  standard  form  of  Riccati's  equation  from  which  to  deter- 

*  This  improvement  of  the  notation  was  introduced  by  Cayley,  Philosophical 
Afa^azint,  fourth  series,  vol.  xxxvi.,  p.  348. 
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mine  the  independent  integrals  X^  and  X2  ;  the  integral  of  thsr 
equation  in  the  original  form  being  then  given  by  equation  (5} 
of  the  preceding  article. 

Substituting  in  equation  (i) 


we  have 
S"[(w  -f  2qr)(m  +  2qr  —  i)  A  r 

Equating  to  zero  the  coefficient  of  xm  +  2?r-2t  we  have 

(/«  +  zqr)  (m  +  2^ 
and,  when  r  =  o, 


whence   m  =  o   or   m  =  i.     Taking   a«  =  o,  we  obtain  the  in- 
tegral 

u,  =  14-  —  — 


and,  taking  m  =  i, 

H 


207.  The  integrals  u^  and  ;/2  are  in  no  case  finite  series,  nor 
do  they  fulfil  the  condition  given  in  Art.  202  for  expression  in 
finite  form,  since  in  the  notation  there  employed  a  and  /?  are 
infinite.  Let  us,  however,  apply  the  transformation, 


u  = 


cpnsidered  in  Art.  154,  and,  if  possible,  determine  a  and  m  in 
such  a  manner  that  the  transformed  equation  shall  still  be 
binomial.  The  equation  for  v  is 


§  XVII.]  INTEGRALS  ix  .SY.AY/..V.  227 


—  -f-  2  m<ixm  -  1  —  -f-  [///'a2*""  ~  2  -f-  ;//  (  //;  —  i  )tur«  -  »  —  a*x*i  ~  a]  z/  =  o, 
</.va  /&• 

which,  it  will  be  notkvd,  he-comes  a  binomial  equation  if  we  put 
m  =  ^  and  w»aa  =  ^2,  whence  a  =  ±  -.     Hence  we  may  put 


//  = 


the  transformed  equation  then  being 


ax 


and  in  the  results  we  may  change  the  sign  of  a,  as  is  indeed 
evident  from  the  form  of  equation  (i). 

208.    Putting  in  equation  (2)  v  =  2£Arx'"  +  rf,  we  have 


+  rq  -  \ 
+  2a(m  +  rfiArX*"*'?*!-*  +  a(q  —  i)Arx'*  +  ''9  +  ?-*']  =  o; 

whence,  equating  to  zero  the  coefficient  of  xm  +  ri-*t  we  derive 
(m  -f  rq)  (m  +  rq  —  \)Ar  +  a(2m  -f  2rq  —  q  —  l)Ar^l  =  o, 

and,  when  ;-  =  o, 

m(m  —  i)A0  =  o, 

whence  m  =  o  or  ;//  =  i.     Taking  m  =  o,  we  have 

(2r_    !)^_    T 
**r  —  —  -~asir  —  lt 

rq(rq-  i) 
which  gives,  for  the  first  integral  of  equation  (2), 

v,  =  i  -     «-1    a*  -f      (^"  0(3^-0 

?(?-  0         Q-^(q-  0(2^-  0 
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and,  taking  m  =.i, 


which  gives,  for  the  second  integral, 

*•  =  *('-  -T^^  +  _i£^K^I_  ^«, _ . .  \ 

\  ?(?  +  0  ?-2?(?  +  l)(2?+l)  / 

We  have  thus  two  new  integrals  of  the  equation 


namely, 


and 


Again,  changing  the  sign  of  a,  we  have  two  other  integrals, 
namely, 


and 


Finite  Solutions. 

209.   When  q  is  the  reciprocal  of  the  positive  odd  integer 
—  i,  a  zero  factor  occurs  in  the  numerator  of  the  coefficient 


§  XVII.]  FINITE    SOLUTIONS.  229 

of  x**  and  of  every  subsequent  term  in  the  series  contained  in 
//3.  Notwithstanding  the  fact  that  the  same  zero  factor  occurs 
in  the  denominator  of  the  same  or  a  subsequent  term,  we  have 
then  a  finite  solution,  as  explained  in  the  foot-note  on  page  175. 
At  the  same  time,  us  gives  a  finite  integral,  which  is  simply  the 
result  of  changing  the  sign  of  a  in  that  derived  from  uy  For 
example,  if  q  =  I,  u3  gives  the  integral  eax,  and  us  gives  e~ax, 
so  that  we  may  write  the  complete  integral  u  =  Aeax  +  Be~ax. 
Again,  when  q  =  £,  the  equation  in  the  linear  form  being 


-*»*-«  =  o, 
dx* 


the  two  finite  integrals  are 

and 


Since  m  =  2q  —  2,  the  equation  of  Riccati  in  its  non-linear 
form  (2),  Art.  204,  is  in  this  case 


ax 

and,  substituting  in  equation  (5),  Art.  205,  the  results  just  found, 
the  complete  integral  of  this  equation  is  found  to  be 


We  may,  if  we  please,  express  this  solution  in  a  logarithmic 
form  ;  for,  solving  for  c,  we  have 


-y  - 

=    ' 
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whence 


210.  In  like  manner,  if  q  is  the  reciprocal  of  a  negative  odd 
integer,  z/4  and  //6  give  finite  independent  integrals.  Hence  we 
have  a  complete  solution  in  finite  terms,  when  q  is  of  the  form 

—  --  ,  where  k  is  any  integer.     Substituting  this  expression 

£  A-    ""{"~     1 

in  m  =  2q  —  2,  we  have 


///  = 


where  £  is  any  integer.  Changing  the  sign  of  k,  this  expression 
becomes  —7—  -  ;  so  that  the  condition  of  integrability  in  finite 
form  for  equation  (2),  Art.  204,  is  that  m  should  be  of  the  form 

-4* 

2k  ±   l' 

where  k  is  zero  or  a  positive  integer. 

Relations  between  the  Six  Integrals. 

2xi.  Since  u3,  Art.  208,  is  an  integral  of  equation  (i),  it 
must  be  of  the  form  Aut  +  Buz,  where  «,  and  «2  are  the  inte- 
grals given  in  Art.  206.  Now 


a          a*  x^ 
=  i  -f  ~y«  +  -      -  +  -     -  H 
r  ^         •  f«  »•  I     •  fi  3  I 


and  u3  is  the  product  of  this  series  and  the  series 

,,I  =  I_f^  +  f!3£^ii^_.. 

q  q*  2q  —  I  2  1 
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This  product  is  a  scries  having  for  its  first  term  unity,  and 
proceeding  by  integral  powers  of  ,v?  But  Jtl  is  a  series  involving 
these  powers,  while  in  general  n,2  contains  none  of  these  power-. 
It  follows  that,  putting  //3  =  A//t  +  />'«„  we  must  have  B  =  o  and 
A  =  \  ;  that  is,  ;/3  =  //,,  the  odd  powers  of  x*  vanishing  in  the 
product.  In  like  manner  we  can  show  that  //5  =  ;/If  and  that 
tt6  =  //4  =  "a. 

212.  It  thus  appears  that  //3  and  ?/5  are  not  independent 
integrals,  but  merely  different  expressions  for  the  same  func- 
tion ;  nevertheless  we  have,  in  Art.  209,  derived  from  them 
independent  integrals  in  the  case  where  they  furnish  finite 
expressions,  namely,  when  q  is  the  reciprocal  of  a  positive  odd 
integer.  The  explanation  is  that  the  finite  expressions  are  not 
the  actual  values  of  ;/3  and  //5,  in  these  cases,  but  the  results  of 
rejecting  from  the  series  involved  the  infinite  series  of  terms  in 
which  the  vanishing  factor  occurs  in  the  denominator  as  well  as 
in  the  numerator  of  each  coefficient.  The  rejected  part  of  the 
series  vlt  Art.  208,  is  a  multiple  of  the  series  vz  ;  so  that  the 
finite  expression,  which  we  may  denote  by  [?/3],  differs  from  /*3 
by  a  multiple  of  ?/4. 

The  expansion  of  the  complete  product  n3  is  still  the  series 
//,,  consisting  of  even  powers  only  of  x«  ;  but  that  of  the  product 
[tf3]  contains  also  odd  powers  of  x*.  These  odd  powers  are 
accompanied  by  odd  powers  of  a  ;  hence,  since  [«5]  is  the  result 
of  changing  the  sign  of  a  in  [;/3],  it  is  evident  that  we  shall 
have 


For  example,  when  q  —  \,  [;/3]  =  eajc,  and  [//s]  =  e~*x,  of  which 
the  expansions  contain  both  even  and  odd  powers  of  x,  but  //,  is 
the  even  function  cosh.r  =  $(e**  -f-  c~ax). 

In  like  manner,  when  q  is  the  reciprocal  of  a  negative  odd 
integer,  we  have  the  independent  integrals  [u4]  and  [u6],  and 
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Transformations  of  Riccati 's  Equation. 

213.    Certain  important  differential  equations  may  be  derived 
by  transforming  Riccati's  equation, 

d2u 
a2x2f~2u  =  o (i) 

dx2 

For  this  purpose  it  is  convenient  to  use  the  #-form  of  the  equa- 
tion, namely, 

»'/  ( #  —  i )  u  —  a2x2vu  =  o (2) 

Let  us  first  change  the  independent  variable  from  x  to  z, 
where 

z  —  mx?,  whence  #'  =  z—  =  -#. 

dz       q 

The  result  is 

q$\q&  —  \}u  —  a2—u  —  o; 
tn2 

putting  m  =  -,  and  writing  #  and  x  in  place  of  &  and  z,  this 

becomes 

#(#  —  m)u  —  a2x2u  —  o, (3) 


which  in  the  ordinary  notation  is 

d2u  _  m  —  i  du 
dxz  x      dx 


a*u  =  o (4) 


i  x 

Hence,  putting  q  =  — ,  and  writing  --  in  place  of  &  in  the 

six  values  of  u  given  in  Arts.  206  and  208,  we  have  the  follow- 
ing six  integrals  of  equation  (4), 


a2      x2   ,  a* 

i  =  I 


m  —  2   2        (m  —  2)  (m  —  4)  222  ! 

/  d2      x2  a^ 

\         m  +  2  2        (m  4-  2)(w  +  4) 
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_  m—  lax  +  (m  —  *)(*?  ~"3)  <****  _ 
m  —  i  (j»—  i)(j»  —  2)2!  *  / 


m+i  («  +  i)(n  +  2)    2! 

^**  +  ("-')(*  -3>  ££  +        Y 

_   !  r    («-   i)(»-2)      2! 


. 

«  +  1      («  +  !>(«  +  2)  2! 

The  factor  ?//"•  has  been  omitted  in  writing  u3,  u4,  and  u6,  but 
we  still  have  //,  =  «3  =  //5,  and  /^2  =  «4  =  #6. 

Equation  (4)  is  integrable  in  finite  terms  when  m  is  an  odd 
integer,  the  complete  integral  being  A[u3]  +  /?[«5]  when  w  is 
positive,  and  A[u4]  -f  ^[«e]  when  m  is  negative. 

214.  If  in  equation  (3)  v/e  put  m  =  2/>  -f  i,  and  make  the 
transformation 


we  have,  since  #x*  V  =  px*  V  +x*K  V— 

(f</  +/)  ('v  —  /  —  l)v 
which  in  the  ordinary  notation  is 


This  equation  is  integrable  in  finite  terms  when  /  is  an 
integer.*  The  case  in  which  p  =  2  occurs  in  investigations 
concerning  the  figure  of  the  earth. 

*  See  the  memoir  "On  RICCATI'S  Equation  and  its  Transformations,  and  on  some 
Definite  Integrals  which  satisfy  them,"  by  J.  VV.  L.  Glaisher,  Philosophical  l^ransac- 
tions  for  1881,  in  which  the  six  integrals  of  this  equation  are  deduced  directly,  and 
those  of  the  equations  treated  in  the  preceding  articles  are  derived  from  them. 
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BesseVs  Equation. 

215.    If,    in    equation   (3),   Art.    213,    we    put    m  =  2n    and 
a*  =  —  i,  and  make  the  transformation  u  =  xny,  the  result  is 


*^  =  o,   .......  (i) 

or,  in  the  ordinary  notation, 


(2) 
dx2         dx 

which  is  known  as  BesseTs  Equation.  Making  the  substitutions 
in  the  values  of  ?/2  and  #„  Art.  213,  and  denoting  the  corre- 
sponding integrals  -of  Bessel's  equation  byj/«  and  y~m  we  have 

i       x*   .  i  x*> 

-  -h 


n  -f  i  22       («  +  i)  (n  4-  2)  24.  2  ! 


,     ,_.«-, 

It  will  be  noticed  that  either  of  these  integrals  may  be 
obtained  from  the  other  by  changing  the  sign  of  n,  which  we 
are  at  liberty  to  do  by  virtue  of  the  form  of  the  differential 
equation. 

216.  The  integrals  corresponding  to  the  other  four  values  of 
n  in  Art.  213  are  imaginary  in  form.  Making  the  substitutions 
in  the  value  of  #4,  we  may  write,  since  «4  =  uz  =  xnyn, 

yn  =  *«(cos  x  +  /  sin  x)  (Pn  —  iQn)  , 
in  which 

P     —    x       -    (2n+  l)(2«  +  3)    ^1     . 
(2»+l)(2«  +  2)    2! 

n   —2n^lx      (2^  +  i)(2M  +  3)(2;*  +  5)  *3  -f. 

^          2«-fl  (2»+   l)(2»  +  2)(2»  +  3)  3! 
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The  value  of  yn  derived  from  //6  is  the  same  thing  with  the 
sign  of  i  changed  ;  hence  we  infer  that 

yH  =  x"(PH  cos.v  +  Qn  sin*), 
and  also  that 

Pn  sin  jc  —  Qn  cos  JIT  =  o.* 

Changing  the  sign  of  //,  the  other  integral  of  Bessel's  equa- 
tion may,  in  like  manner,  he  written  in  the  form 

}'-„  =  -v - " (P- n  cos x  +  <?_ „  sin  A:)  , 
where 

p  (2«  -   l)(2«  -  3)    *2 

-*  —  «  —   »  ™  ,  T"  •  •  •  i 

(2«  —   l)(2«  —  2)    2  ! 

_    —  2n  ~  l  v  _  (2H  -  l">(2n  -  3)(2n~  5)  £1  +  % 

—  2)(2«  —  3)    3  ! 


Finite  Solutions. 

217.  The  case  in  which  Bessel's  equation  admits  of  finite 
solution  is  that  in  which  ;/  is  one-half  of  an  odd  integer.  Taking 
;/  to  be  positive,  the  series  P-H  and  <2-«  contain,  in  this  case, 
terms  whose  coefficients  have  zero  factors  in  the  numerators. 
Denoting  by  [/*_«]  and  [£?-«]  the  finite  series  preceding  these 
terms,  we  have,  as  explained  in  Art.  212,  an  integral  [y-H]  in 
finite  form,  but  differing  in  value  from  y_n.  Thus 

*  The  resulting  value  of  tan  x  may  be  written 


m  +  2  3  !        O  +  2)  («  +  4)  5  ! 
ta  n  JT  ~ 


in  which  w  may  have  any  value. 
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[>_„]  =  *—  (cos*  +  /sin  * 

[P-n~\  +  sin  *[£_ 


in  which  the  coefficient  of  i  does  «#/  vanish,  as  it  does  in  Art.  216. 
If  we  substitute  this  expression  in  the  differential  equation,  it 
is  evident  that  the  real  and  imaginary  parts  of  the  result  must 
separately  vanish,  so  that  we  have  the  two  real  integrals 


_J  4-  sin  *[(?_„]$, 
and 

,,,  =  .*-«  {sin*  [-/LJ-cos*[<?_w]J. 

The  complete  integral  may  therefore,  in  this  case,  be  written 
y=  £:*-«$[/>_,,]  cos  (*  +  a)  +  [(?_  Jsin(*  +  a)f, 


where  C  and  a  are  the  constants  of  integration. 

218.  Comparing  the  integrals  ^  and  rj2  with  y^n  and  yn, 
Art.  215,  it  is  evident  that,  since  cos  x  [P-M]  +  sin;tr[<2-«]  is  an 
even  function,  and  sin  x  [P-n]  —  cosx[Q-n]  is  an  odd  function, 
the  development  of  i/x  contains  only  the  powers  of  x  which  occur 
in  y~n>  and  rj2  only  those  which  occur  in  yn.  Moreover,  the  first 
coefficient  in  ^  is  unity.  It  follows  that  ^  =y-m  and  that 
172  is  the  product  of  yn  by  a  constant.* 


*  To  find  this  constant,  we  notice  that  the  part  of  the  series  P_  n  —  iQ—n,  which 
is  rejected  from  the  value  of  y_n)  when  we  use  the  finite  expressions,  as  in  Art.  217, 
commences  with  the  term  containing  jc2".  Denoting  the  coefficient  of  this  term  by 
A,  the  rejected  part  of  y_n  is  Ayn.  Thus 

y-H=  [>-„]  +  AyH  =  DI  +  ii]*  +  Ayn. 
But  we  have  shown  that  ^  =  y_  n  ;   hence  i72  — -yH,  where  A  is  the  coefficient 

of  x*H  in  P_n  —  iQ-Ht  that  is,  in  —iQ_n,  Art.  216,  since  2«  is  an  odd  integer. 
Thus 

H   =a">~I[(«-*)n*v 
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The  Bessclian  Function. 

219.    If,  when  //  is  a  positive  integer,  we  multiply  yH>  Art. 

215,   by  the  constant       L_  ,   the  resulting  integral  of  Bessel's 
2*n  ! 

equation  is  known  as  the  Besselian  function  of  the  «th  order, 
and  is  denoted  by./,,.     Thus 


x"  /^  _       i      fL2  +  .        _J  _    -v4  \ 

2««!V  «  +  I    2*          (*  +!)(*  +  2)   342!  '7 


More  generally,  for  all  values  of  «  we  may  write 
** 


/  = 


__ 

+  I    2*  (If  +  0(*+  2)    242! 


Then,  in  general,  the  complete  integral  of  Bessel's  equation 
is 


where  y_«  is  the  same  function  of  —  n  thaty*  is  of  n.  It  is 
to  be  noticed,  however,  that  the  factor  which  converts  the 
series  y_n  to  _/_„  is  zero  in  value  when  n  is  a  positive  integer. 


Substituting  the  values  of  i72  and  yn,  Arts.  217  and  215,  we  have,  for  the  devel« 
opment  of  the  odd  function  sin  •*[/*_„]  —  cos  *[(?_„], 

2'— «C(i»-l)!TA.. ,/  ^r2          ,___^ X 

(2»-l)!(2»)!  V  2(2»-f-2)        2.4(2»+  2)(2/l  +  4)  '    /* 
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The  series  in  this  case  contains  infinite  terms  which  are  thus 
rendered  finite,  while  the  finite  terms  preceding  that  which 
contains  x™  are  made  to  vanish.  The  result  is  that,  when  n  is 
an  integer, 


and  the  expression  AJH  -f-  BJ-n  fails  to  represent  the  complete 
integral.  The  second  integral  in  this  case  takes  the  logarithmic 
form,  and  is  found  in  Art.  221. 

220.    The  expression  for  ym  given  in  Art.  216,  shows  that 


/» =  ..„,: ,  ^  (p"  c°s x  +  Q"  sjn *> »' 

where 


p  =  i  _  2;       3 


2    2  !  (2»  +  2)(2»+4)    4! 


<0   =  jr  —  2^  +  5  £1  _j_  (2«  +  7)(2;?  +  9)  x^  _ 
2n  +  2  3  !       (2«  +  2)(2«-f  4)  5  ! 


*  Finite  expressions  for/w  and  /_w  exist  when  n  is  of  the  form  /  +  £,  /  being 
an  integer.  These  are  multiples  of  rj2  and  rjr,  Art.  217,  respectively.  Substituting 
in  the  numerical  factors  the  values  of  the  corresponding  Gamma  functions,  which  are 


and,  taking  account  also,  in  the  case  of  J^  +  fy  of  the  factor  found  in  the  preceding 
foot-note,  we  find 


and 


2/~ 
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The  Bessfliun  Function  of  the  Second  Kind. 

221.  The  second  integral,  when  ;/  is  an  integer,  may  be 
found  by  the  process  employed  in  Arts.  175  and  176,  and  in 
similar  cases.  Thus,  changing  equation  (i),  Art.  215,  to 

(,</  _  ,/)  (,•>  +  ,/  —  h)y  -f  x*y  =  o, 

and  putting  y  —  2°00Arxm  +  *'',  the  relation  between  consecutive 
coefficients  is 


(;//  +  2r  -  ;/)  (/;/  +  2r  +  n  -  h')' 


where  //  is  put  for  //.     Making  ;;/  =  ;/  and  ;;/  =  —  n  -f-  h  suc- 
cessively, we  have  the  integrals 


= 
and 


(2  +  h  -  k')  .  .  .  (2ff  +  k  -  h')  (2H  -  2  -  h)  .  .  .  (-  h) 


7 


Denoting  the  product  of  xn  and  the  series  last  written  by 
we  have  ^(o)  —yn,  and  the  complete  integral  y  =  A0yH  -h 
may  be  written 


y  =  A9yn  +  £.T+     (i  -f  h  logo:  +  .  .  .)[>„  +  V(o)  -f-  .  .  .], 
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where,  when  h  =  p, 

z?  z? 


2.4  ...  2#(2#  —  2](2H  —  4)  ...  2  22""1/*!  («  —  l)f 

and  T  denotes  the  aggregate  of  terms  in  y-H,  which  remain 
finite  when  h  —  o.     We  have  therefore 


Byn  log*  -f  B^(6)  +  . 
and  may  take  as  the  second  integral,  when  h  =  o, 


If  this  expression  be  divided  by  2nn  !,  the  first  term  becomes 
y»log^r;  denoting  the  quotient  by  YM,  and  developing  «^'(o)  as 
in  Art.  173,  we  have 


-l«-2      24.2! 


-?«".!  i)  J 


. 


i  4  i 

T      " 


and  the  complete  integral  of  Bessel's  equation,  when  n  is  an 
integer  may  be  written 
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The  integral  YH  is  called  the  Besselian  function  of  the  second 
kind.* 

LegtndrSs  Equation. 
223.   The  equation 


or,  as  it  may  be  written, 

d^ 
dx 

is  known  as  Legendre  s  Equation,  because,  when  ;/  is  an  integer, 
it  is  the  differential  equation  satisfied  by  the  nih  member  of  a 
set  of  rational  integral  functions  of  x  known  as  the  Legendrean 
Coefficients.!  Particular  interest,  therefore,  attaches  to  the 
case  in  which  ;/  is  a  positive  integer;  and  it  is  to  be  noticed 


*  The  properties  of  the  Besselian  functions  are  discussed  in  Lommel's  "  Studien 
uber  die  Bessel'schen  Functionen,"  Leipzig,  1868;  Todhunter's  "Treatise  on  La- 
place's Functions,  Lame's  Functions,  and  Bessel's  Functions,"  London,  1875,  etc. 

f.  The  Legendrean  Coefficient  of  the  nth  order  is  the  coefficient  of  a*  in  the 
expansion  in  ascending  powers  of  a  of  the  expression 


V(i  -  20*  +  a*)' 
and  is  denoted  by  /»(*)»  or  simply  by  Pn.     It  is  readily  shown  that 


whence,  substituting  V  =  2*  a«/>«  and  equating  to  zero  the  coefficient  of  a«,  we  find 


When  x  =  I,  K=  —  l—  =  I  +  a  +  a»  +  .  .  .  ;   hence  Pn(i)  =  i  for  all  values  of  n. 
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that  this  includes  the  case  in  which  n  is  a  negative  integer;  for, 
if  in  that  case  we  put  —  n  =  n'  -+-  I,  whence  —  (n  +  i)  =  n\  we 
shall  have  an  equation  of  the  same  form  in  which  «'  is  zero  or  a 
positive  integer. 

223.    When  written  in  the  $-form,  Legendre's  equation  is 


a  binomial  equation  in  which  both  terms  are  of  the  second 
degree  in  $.  Hence  the  equation  may  be  solved  in  series  pro- 
ceeding either  by  ascending  or  descending  powers  of  x.  Putting 
y  =  ^ArXm  +  *r,  we  have,  for  the  integrals  in  ascending  series, 

yi=  i  —  n(n  +  i) h  n(n  —  2)  (n  -f-  i)(n  -f-  3) •  •  •> 

and 


Again,  writing  the  equation  in  the  form 


arid  putting  y  =  ^Arxm~2ry  we  have  the  integrals  in  descend- 
ing series 


2(2|»-l)  2.4(2»-  l)(2«-3) 

and 


J4  = 
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The  Legendrcan  Coefficients. 

224.  When  n  is  a  positive  integer,  j,  or^>2  is  a  finite  series 
according  as  n  is  even  or  odd  ;  and  in  either  case  j/3  is  a  finite 
expression,  differing  from^  or_ya  only  by  a  constant  factor.  If 
y^  be  multiplied  by  the  constant 

(2n-  i)(2tt~  3)  ...  i  (2*)! 


the  resulting  integral  is  the  Legendrean  coefficient  of  the  nth 
order,  which  is  denoted  by  Pn  By  the  cancellation  of  common 
factors  in  the  numerators  and  denominators  of  the  coefficients, 
the  successive  values  of  Pn  may  be  written  as  follows  :  — 


in  which  the  law  of  formation  of  the  coefficients  is  obvious.* 


*  The  constant  is  so  taken  that  the  definition  of  Pn  given  above  agrees  with 
that  given  in  the  preceding  foot-note.  For,  putting  x  =  i,  and  forming  the  differ- 
ences of  the  successive  fractions  which  in  the  expressions  last  written  are  multiplied 
by  the  binomial  coefficients,  it  is  readily  shown  that  /^(i)  =  I,  for  all  values  of  n. 
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The  Second  Integral  when  n  is  an  Integer. 

22$.   When  n  is  an  integer,  the  second  integral  of  Legendre's 
equation  admits  of  expression  in  a  finite  form. 
Assume 

y  =  uPn-  v,     ........  (i) 

where  u  and  v  are  functions  of  x.     By  substitution  in  equation 
(i),  Art.  222,  we  have 


in  which  the  coefficient  of  u  vanishes,  because  Pn  is  an  integral, 
and  that  of  PH  will  vanish  if  ?/  be  so  taken  that 

(I_^_2^  =  0. 
'  dx*  dx 

This  condition  is  satisfied  if  we  take  (i  —  .**)  —  ••  I,  whence 

ax 

«  =  £log£±-£;     ........  (2) 

X  ••"•  I 

the  equation  then  becomes 

(l-X^-2X?x  +  "(tt  +  l)V=2^    •    •    v(3) 

/ind  we  shall  have  a  solution  of  Legendre's  equation  in  the 
assumed  form  (i),  if  v  is  determined  as  a  particular  integral  of 
this  equation. 
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Now,  since  Pn  is  a  rational  and  integral  algebraic  function 
of  the  «th  degree,  the  second  member  of  equation  (3)  is  an 
algebraic  function  of  the  (n  —  i)th  degree  ;  hence  the  particular 
integral  required  is  the  sum  of  those  of  several  equations  of  the 
form 

(l  ~  X^  ~  2X'*c  +  »  <»  +  Oj  =  ***'      •     •     -   (4) 

in  which  /  is  a  positive  integer  less  than  n.     Solving  equation 
(4)  in  descending  series,  the  particular  integral  is 

y=  __  «*'  (l    , 


—  '•)(/+  «  +  l)\  (/  +  «-!)(/-*-  2) 

3)  _       ',      N 

2)(/-»-  4)  ""/ 

which,  when  /  is  an  integer,  is  a  finite  series  containing  no 
negative  powers  of  x.  Thus  the  particular  integral  of  equation 
(4)  is  an  algebraic  function  of  ,v  of  the  /th  degree,  and  that  of 
equation  (3)  is  an  algebraic  function  of  the  (;/  —  i)th  degree. 
Denoting  this  function  by  RM,  we  have  therefore  an  integral 
of  Legendre's  equation  of  the  form 


=  */>„  log  -*„ (5) 


226.    Since 


x  —  i       .r       3*3 


X  -\-   \ 

the  product  £  Pn  log  -    — ,  when  developed  in  descending  series, 

commences  with  the  term  containing  x*~* ;  and  as  RH  contains 
no  terms  of  higher  degree,  the  development  of  QH  cannot  con- 
tain x".  It  follows  that,  putting  Q,,  =  Ayl  +  By^  where  yz  and 
y^  are  the  integrals  in  descending  series,  Art.  223,  we  must 
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have  Qn  =  By^*  But  jj/4  commences  with  the  term  x  --*-x ;  we 
therefore  infer  that  in  the  product  above  mentioned  the  terms 
with  positive  exponents  are  the  same  as  those  of  RM,  and  are 
cancelled  thereby  in  the  development  of  Qn)  while  the  terms 
with  negative  exponents  vanish  until  we  reach  the  term  Bx~n-*. 
The  formation  of  the  required  terms  of  this  product  affords  a 
ready  method  of  calculating  RH.-\ 


*  To  determine  the  value  of  B,  we  notice  that  equation  (3),  Art.  147,  gives,  for 
the  relation  between  the  integrals  Pn  and  Qn  of  Legendre's  equation, 


dx  dx         I  —  x* 

where  A  is  a  definite  constant.     Substituting  from  equation  (5),  this  gives 


dx  dx 

Putting  x=  I,  we  have  A  =  i,  because  /*«(i)  =  i,  and  /»»  and  J?«  being  rational 
integral  functions,  the  quantity  in  brackets  does  not  become  infinite.    Now,  from  Art. 

224,  Pn  =  —   H       y-$  ;  substituting  this  value,  and  putting  A  =  i,  Qn  =  By 4,  equation 
(i)  becomes  B(2n) !/      dy^  dyz\  _        i 


Developing  both  members  in  descending  powers,  and  comparing  the  first  terms,  we 
have 


nf        2  , 

2n(n  !)2 

whence  g  _    2*(«!)a   . 

~(2»+l)!' 

that  is  ^  _    2«(«!)2 

(2«+  i)  !    4 

f  The  Legendrean  coefficients  are  sometimes  called  zonal  harmonics,  the  term 
spherical  harmonics  (in  French  and  German  treatises  fonctions  spheriques  and  Kugel- 
functionen)  being  applied  to  a  more  general  class  of  functions  which  include  them. 
The  function  Qn  is  the  zonal  harmonic  of  the  second  kind.  Discussions  of  the 
properties  of  the  functions  Pn  and  Qn  will  be  found  in  Todhunter's  Treatise  "  On 
Laplace's  Functions,  Lame's  Functions,  and  Bessel's  Functions,"  London,  1875  ; 
Ferrers'  "Spherical  Harmonics,"  London,  1877;  Heine's  "Handbuch  der  Kugel- 
functionen,"  Berlin,  1878  ;  etc. 
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EXAMPLES   XVII. 
Solve  the  following  differential  equations  :  — 

d2.  j   v*  =  -  v=  (x  ~ 

'    **  •**' 

tf  2«  _  s 

2.     -    --  tfa#     *U  =  O, 


^/aw       2  /T'Z/ 

3.  —  ---  -  --  rt2tf  =  o,,     u  =  Aeax(\  —  ax)  +Be~ax(\  +ax). 

4.  ^-h5         -«2?/  =  o,  u  =  x-*(Ae«x  +  Be-"*}. 

d*u       2  du   ,  ~  cos  (x  —  a) 

_         _  _a  W=C  --  5  -  '-. 

x 


, 

5.     _  +  _  _+0a»  = 

dx*      x  dx 


f     d*u      4  du 

6.    —  -f  "  _  _  a*u  =  o, 


+  ax  sin  ax)  +2?x~3(smax  —  axcosax) 

8.   £?_,._,  =  &, 
^:a  *       Jt:2 

7  =  ^Jtr-2«?tf-r(i  —  «^  +  i«2^2)  +^Jf-atf-«-r(i  -f-  ax  + 
d*y  6y 

9-  &•  +  "*y  =  i? 

y  =.  Cr-2[(3  —  «2^2)  cos  (;/.r  4-  a)  -f  ytx  sin  (nx  -f-  a)]. 
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ii. 


cos  (^c  -f  a)  +  *  sin  (x  4-  a)]. 

13.   Show  that,  when  q  is  the  reciprocal  of  an  odd  integer,  the  integral 
of  Riccati's  equation, 


may  be  written  in  the  form 


8axff 

14.   Show  that  for  all  values  of  n 


H  +  2X*          (ft  +  2)(tt-f  4)   X3 

"*"        "^  "1" 


_  , 

r«  +  i  2!    (»  +  i)(«+2)  3i 

15.   Show  that  the  complete  integral  of  the  equation 

f5?4-  ,7^.  =  ^. 
rt^2      y  dx       x* 

may  be  written  in  the  form 

xy  —  A(2  —  qx)  +£e~e*(2  -f  gx). 
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1 6.    If  in  Riccati's  equation  a2  =  —  i,  show  that  the  integral  may 
be  expressed  in  Besselian  functions. 


u  =  s 

17.   Reduce  to  Bessel's  form  the  equation 

x* — ^  -|-  nx—  -f  (£  +  tx*m)y  =  of 

and  show  that  its  integral  in  Besselian  functions  is 


2?         •* 


22.    Putting  #  =  ^V(*«  +       _  2/>r^r  show  that 
^^  /ta  //2w 

—  --  tf2!/  =  -    ——  , 

doc*  jc2  ^%2 

and  thence  that  ./^+,  is  an  integral  of 


ay    ,  .cos^2   .    ,,sinji-2 
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23.   Pm  and  Pn  being  Legendrean  coefficients,  show  that 


n(n  +  i)  [pnPmdx  =  f  '  (i  -  O^«  ^ 
J  -  1  J  -  1  ax     ax 


and  thence  that 


except  when  m  =  n.     Also  show  that,  when  m  -\~  n  is  an  even  number, 
PnPmdx  =  o,  unless  m  =  n. 


£  XV  ill.]  SIMULTANEOUS  EQUATIONS.  25 1 


CHAPTER   X. 

EQUATIONS    INVOLVING    MORE    THAN    TWO    VARIABLES. 

XVIII. 

Determinate  Systems  of  the  First  Order. 

227.  A  system  of  n  simultaneous  equations  between  n  4-  I 
variables  and  their  differentials  is  a  determinate  system  of  the 
first  order,   because  it  serves  to  determine  the  ratios  of  the 
;/  +  i   differentials  ;  so  that,  one  of  the  variables  being  taken 
as  independent,  the  others  vary  in  a  determinate  manner,  and 
may  therefore  be  regarded  as  functions  of  the  single  indepen- 
dent variable. 

A  determinate  system  involving  the   variables    x,  y,  z,  . . . 
may  be  written  in  the  symmetrical  form 

dx   _  dy  _  dz  _ 
~X~~^~Y  ~  Z  = 

in  which  X,  Y,  Z,  .  . .  may  be  any  functions  of  the  variables. 

228.  When  the  system  is  put  in  this  form,  we  may  consider 
the  several  equations  each  of  which  involves  two  of  the  differen- 
tials ;  if  one  of  these  contains  only  the  corresponding  variables, 
it  is  an  ordinary  differential  equation  between  two  variables,  and 
its  integration  gives  us  a  relation  between  these  two  variables. 
This  integral  may  be  used  to  eliminate  one  of  these  variables 
from  one  of  the  other  equations,  and  may  thus  enable  us  to 
obtain  another  equation    containing   only  two  variables;    and 
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finally,  in  this  manner,  n  integral  equations  between  the  n  -f  i 
variables.     Given,  for  example,  the  system 

*  =  *=*,    .....  .  (i) 

y         x         z 

in  which  the  equation  involving  dx  and  dy  is  independent  of  z  ; 

integrating  it,  we  have 

x*  —  y*  =  a  .........  (2) 

Employing  this  to  eliminate  x,  the  equation  involving  dy  and  dz 

becomes 

dy         _dz 


and  the  integral  of  this  is 

y  +  v/O2  +  «)  =  **  ........  (3) 

The  integral  equations  (2)  and  (3)  containing  two  constants  of 
integration  constitute  the  complete  solution  of  the  given  system. 

Transformation  of  Variables. 

229.  A  system  of  differential  equations  given  in  the  sym- 
metrical form  is  readily  transformed  so  that  a  new  variable 
replaces  one  of  the  given  variables.  For  example,  when  there 
are  three  variables  x,  y,  and  z,  let  it  be  desired  to  replace  x  by 
a  new  variable  u,  a  given  function  of  x,  y,  and  z.  We  have 


dz  _  \dx  +  pdy  -f-  vdz  /  >> 

Z  "=  ' 


where  A,  /x,  and  v  denote  any  arbitrary  multipliers.      Now,  // 
being  a  given  function  of  x,  y,  s, 

du  ,     .   du  j    .   du  j 
du  =  —-dx  +  —  -dy  +  —dz. 
dx  dy  dz 
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Hence,  if  A,  p.,  v  be  taken  equal  to  the  partial  derivatives  of  u, 
the  numerator  of  the  last  fraction  in  equation  (i)  is  du,  and 
denoting  the  denominator  by  6',  we  have 

<%      (h      du 
Y      Z       U1 

in  which  Yt  Z,  and  U  are  to  be  expressed  in  terms  of  y,  z,  and 
//  by  the  elimination  of  x. 

As  an  illustration,  in  the  example  of  the  preceding  article 

we  may  write 

dx  _  dy  _  dz  __  dx  •+•  dy  t 
y  ""  x  "  z  "   y  +  x 

so  that,  taking  u  =  x  + y,    we  have  for  one  of  the  equations 


dz  _  du 
z        u  ' 

of  which  the  integral  is 

u  =  bz, 

which  is  equivalent  to  equation  (3)  of  the  preceding  article. 

Exact  Equations. 

230.    If  X,  /»,  v  in  equation  (i),  Art.  229,  be  so  taken  that 
\X-\- 


we  shall  have 

\dx  -f-  p-dy  -r  vdz  =  o. 

An  equation  derived  in  this  manner  may  be  exact,  and  thus  lead 
directly  to   an   integral  equation  containing  all   three  of   the 

variables. 
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For  example,  if  the  given  equations  are 

dx       _       dy      _       dz  ,  > 

mz  —  ny      nx  —  Iz      ly  —  mx 

we  thus  obtain 

Idx  +  mdy  -+-  ndz  —  o, (2) 

and  also 

xdx  -\-ydy  +  zdz  =  o.       ......  (3) 

Each  of  these  is  an  exact  equation,  and  their  integration  gives 

Ix  +  my  +  nz  =  a, (4) 

and 

z*=  b, (5) 


which  constitute  the  complete  solution  of  the  given  equations. 

The  Integrals  of  a  System. 

231.   Denoting  an  exact  equation  derived  as  in  the  preceding 
article  from  the  system 

~X  =  F  =  Z * 

by  du  —  o,  the  multipliers  A,  //,,  v  are  the  partial  derivatives  of 
the  function  u,  and  the  relation  connecting  them  is 


dx          dy  dz 


Hence,  if  a  function  u  satisfies  this  condition,  the  exact  equation 
du  =  o  is  derivable  from  the  system  (i),  and  its  integral 


u  =  a 


may  be  taken  as  one  of  the  two  equations  which  constitute  the 
solution. 
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An  equation  of  this  form  containing  but  one  constant  of 
integration  is  called  an  integral  of  the  system  in  contradistinc- 
tion from  an  integral  equation  which,  like  equation  (3),  Art.  228, 
contains  more  than  one  arbitrary  constant. 

Conversely,  if  ?/  =  a  is  an  integral  of  the  system  (i),  the 
function  u  must  satisfy  equation  (2)  :  for  let  us  transform  the 
system  as  in  Art.  229  ;  then,  because  du  =  o,  we  shall  have 
/"  =  o,  which  is  equation  (2). 

232.  When  there  are  more  than  three  variables,  we  can 
derive  in  the  same  way  a  similar  condition  which  must  be  satis- 
fied by  the  partial  derivatives  of  the  function  u,  when  u  =  a  is 
an  integral.  Thus  it  is  possible  to  verify  a  single  integral  of 
a  system  without  having  a  complete  solution.  The  complete 
solution  of  a  system  involving  n  -f-  i  variables  may  be  put  in 
the  form  of  a  system  of  n  integrals  corresponding  to  the  ;/ 
arbitrary  constants.  The  number  of  integrals  is,  however,  in 
any  case  unlimited  ;  for  in  the  complete  solution  we  may  replace 
any  constant  by  any  function  of  the  several  constants.  Thus, 
let 

«  =  a  and  v  =  b 

be  two  independent  integrals  of  a  system  involving  three  varia- 
bles, and  let  <f>  denote  any  function,  then 


is  a  relation  between  x,  y,  2  and  the  arbitrary  constant  C,  and  is 
therefore  an  integral.  This  is,  in  fact,  the  general  expression 
for  the  integrals  of  the  system  of  which  u  =  a  and  v  =  b  are 
two  independent  integrals.  Accordingly,  it  will  be  found  that, 
if  u  and  v  are  functions  of  x  and  y  satisfying  equation  (2)  of  the 
preceding  article,  <£  (//,  v)  also  satisfies  that  equation,  </>  being 
an  arbitrary  function. 
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Equations  of  Higher  Order  equivalent  to  Determinate  Systems 
of  the  First  Order. 

233.  An  equation  of  the  second  order  may  be  regarded  as 
equivalent  to  two  equations  of  the  first  order  between  x>  y  and 
/>,  one  of  which  is  that  which  defines  /,  namely, 


and  the  other  is  the  result  of  writing  ^  in  place  of  —  2.  in  the 

dx  dx* 

given  equation.      For  example,  the   system   equivalent  to.  the 
equation 


which  is  solved  in  Art.  76,  is,  when  written  in  the  symmetrical 
form  of  Art.  227, 

&  =  <&=  -*t 

'  P  y' 

in  which  the  equation  involving  dp  and  dy  is  independent  of  xt 
and  thus  directly  integrable. 

The  integrals  of  the  equivalent  system  are  the  same  as  the 
first  integrals  of  the  equation  of  the  second  order,  cf  which  two, 
corresponding  to  the  constants  of  integration  employed,  may  be 
regarded  as  independent.  Compare  Art.  79.  The  complete 
integral  of  the  equation  of  the  second  order,  containing  as  it 
does  both  constants  of  integration,  is  an  integral  equation,  but 
not  an  integral,  being  the  result  of  eliminating  the  variable  / 
either  before  or  after  a  second  integration.  Compare  Art.  82. 

In  like  manner,  an  equation  of  the  «th  order  is  equivalent  to 
a  system  of  n  equations  of  the  first  order,  between  ;/  -f  i  varia- 
bles. Again,  two  simultaneous  equations  of  the  second  order 


^    XVIII.]  ^METRICAL   INTERPRETATION.  2$? 

between  three  variables  are  equivalent  to  a  system  of  four 
equations  of  the  first  order  between  five  variables,  and  so  on. 

Geometrical  Meaning  of  a  System  involving  Three  Variables. 

234.  Let  x,  y  and  z  be  regarded  as  the  rectangular  coor- 
dinates in  space  of  a  moving  point ;  then,  since  the  system  of 
differential  equations 

dx  _  </y  _  dz 
JC  ==  K  ~  Z 

determines  the  ratios  of  dx,  dy  and  dz,  it  determines  at  every 
instant  the  direction  in  which  the  point  (x,  y,  z\  subject  to  the 
differential  equations,  is  moving.  Starting,  then,  from  any 
initial  point  A,  the  moving  point  will  describe  a  definite  line, 
and  any  two  equations  between  x,  y  and  z,  representing  two 
surfaces  of  which  this  line  is  the  intersection,  will  form  a  parti- 
cular solution.  If  we  take  a  point  not  on  the  line  thus  deter- 
mined for  a  new  initial  point,  we  shall  determine  another  line  in 
space  representing  another  particular  solution.  The  two  equa- 
tions forming  the  complete  solution  must  contain  two  arbitrary 
constants,  so  that  it  may  be  possible  to  give  any  initial  position 
to  (x,  y,  z).  The  entire  system  of  lines  representing  particular 
solutions  is  therefore  a  doubly  infinite  system  of  lines,  no  two 
of  which  can  intersect,  assuming  X,  Y  and  Z  to  be  one-valued 
functions,  because  at  each  position  there  is  but  one  direction  in 
which  the  point  (x,  y,  z)  can  move.  We  hence  infer  also  that 
the  constants  will  appear  only  in  the  first  degree. 

235.  Consider,  now,  the  complete  solution  as  given  by  two 
integral  equations  between  x,  y,  z  and  the  constants  a  and  b. 
The  surfaces  represented  determine  by  their  intersection  a  par- 
ticular line  of  the  system.     Let  the  constant  b  pass  through  all 
possible  values,  while  a  remains  fixed  ;  then  at  least  one  of  the 
surfaces  moves,  and  the  intersection  describes  a  surface.     The 
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equation  of  this  surface  is  the  integral  corresponding  to  the  con- 
stant a  ;  for  it  is  the  result  of  eliminating  b  from  the  two  equa- 
tions, and  is  thus  a  relation  between  .r,  y,  z  and  a.  Hence,  an 
integral  represents  a  surface  passing  through  a  singly  infinite 
system  of  lines  selected  from  the  doubly  infinite  system,  and  of 
course  not  intersecting  any  of  the  other  lines  of  the  system.* 

If  a  and  b  both  vary  but  in  such  a  manner  that  C  =  <£  (a,  b} 
remains  constant,  the  intersection  of  the  two  surfaces  describes 
the  surface  whose  equation  is  the  integral  corresponding  to  the 
constant  C.  Compare  Art.  232. 

236.  Thus,  in  the  example  given  in  Art.  230,  the  integral  (4) 
represents  a  plane  perpendicular  to  the  line 


x       y 
7=  m 


and  the  integral  (5)  represents  a  sphere  whose  centre  is  at  the 
origin.  The  intersection  of  the  plane  and  sphere  corresponding 
to  particular  values  of  the  constants  is  a  circle  having  its  centre 
upon,  and  its  plane  perpendicular  to,  the  fixed  line  (i). 

Hence  the  doubly  infinite  system  of  lines  represented  by  the 
differential  equations  (i),  Art.  230,  consists  of  the  circles  which 
have  this  line  for  axis ;  and  the  integrals  of  the  differential 
system  represent  all  surfaces  of  revolution  having  the  same  line 
for  axis. 

EXAMPLES   XVIII. 
Solve  the  following  systems  of  simultaneous  equations  :  — 


*  On  the  other  hand,  of  the  surface  represented  by  an  integral  equation,  we  can 
only  say  that  it  passes  through  a  particular  line  of  the  system. 
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dx 


'3- 


dx  dy    ._      dz 

y  +  z  =  z~+x  =  ~x+y 


259 


/  .7 


A     -r» 


.6. 


Idx     _  _        mdy       _         ndz 


mn(y  —  z) 


lm(x  —  v) 


-f- 
v2  4-  w2r2  4- 


adx       _.        bdy  cdz  ax*   4  />y2   4-  r^2   =  A, 


(b  —  c}yz       (c  —  a)zx  ~  (a  —  b}xy 


=  B. 


dx  _  dy  _ 
x  '  '    v  ~~ 


dz 


z  —  a  \l(x*  4  y*  4-  z2)  ' 


'2  -f 


8.    Show  that  the  general  integral  of 

dx  _dy  _  dz 
I        m        n 

represents  cylindrical  surfaces,  and  that  the  general  integral  of 

</.v  dy  dz 

X  —  a       y  — .ft       Z  —  y 

represents  conical  surfaces. 
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XIX. 

Simultaneous  Linear  Equations. 

237.  We  have  seen  that  the  complete  solution  of  a  system 
of  simultaneous  equations  of  the  first  order  between  n  -f-  i 
variables  consists  of  n  relations  between  the  n  -f-  I  variables  and 
n  constants  of  integration.  Selecting  any  two  variables,  the 
elimination  of  the  remaining  n  —  I  variables  gives  a  rela- 
tion between  these  two  variables,  involving  in  general  the 
n  constants. 

We  may  also,  selecting  one  of  the  two  variables  as  inde- 
pendent, perform  the  elimination  before  the  integration,  the 
result  being  the  equation  of  the  nth  order,*  of  which  the  equa- 
tion just  mentioned  is  the  complete  integral.  • 

For  example,  in  the  case  of  three  variables,  x,  y  and  /,  if  we 
require  the  differential  equation  connecting  x  with  the  inde- 
pendent variable  /,  the  two  given  equations  are  to  be  regarded 

as    connecting   with    t  the   four   quantities  x,  y,   ~   and   -2-. 
Taking  their  derivatives  with  respect  to  /,  we  have  four  equa- 


dx    dy  ,  ,   , 

tions  containing  x,  y,   —  ,   -y-,    -r—  and    —f-  ;   and  from  these 
at     at     at2  dtz 

four  we  can  eliminate  y,  -j~  and   -~t  thus  obtaining  an  equa- 

tion of  the  second  order,  in  which  x  is  the  dependent,  and  t  the 
independent  variable. 

238.  As  a  method  of  solution  the  process  is  particularlv 
applicable  to  linear  equations  with  constant  coefficients,  since 

*  The  differential  equation  connecting  two  of  the  variables  may  be  of  a  lower 
order,  in  which  case  the  integral  relation  will  contain  fewer  than  n  constants.  For 
example,  one  of  the  equations  of  the  first  order  may  contain  only  two  variables,  as  in 
Art.  228,  and  then  the  integrj^Hhfcui  will  contain  but  one  constant. 


XIX.]  LINEAK   SYSTEMS.  26 1 


in  that  case  we  have  a  direct  method  of  solving  the  resulting 
equations. 

For  example,  the  equations 


and 

*-*  +  37  =  '*    .......  (2) 

are  linear  equations  with  constant  coefficients,  if  /  be  taken  as 
the  independent  variable.  Differentiating  the  first  equation, 
we  have 

d*x   .      dx   ,  dy 

^  +  5^  +  ^=">   ......  ^ 

d*y 
and  since  —  ^  does  not  occur  in  this  it  is  unnecessary  to  differ- 

entiate the  second.  Eliminating  -^-  and  y  by  means  of  equa- 
tions (2)  and  (i),  we  have 


The  complementary  function  is  (A  +  Bi)e-**,  and  the  par- 
ticular integral  is  found  by  the  methods  of  section  X.  The 
resulting  value  of  x  is 


and,  substituting  this  value  in  equation   (i),  we  find  without 
further  integration, 


262 


SIMUL  TANE  OUS  EQ  UA  TIONS. 


[Art.  239. 


239.  The  differentiation  and  elimination  required  in  the 
process  illustrated  above  are  more  expeditiously  performed  by 
the  symbolic  method.  For,  since  the  differentiation  is  indi- 
cated by  symbolic  multiplication  by  D,  the  equations  may  be 
treated  as  ordinary  algebraic  equations.  Moreover,  the  process 
is  the  same  if  one  or  both  the  equations  are  of  an  order  higher 
than  the  first. 

For  example,  the  system 


dx 


when  written  symbolically,  is 

(2D2  —  4)  y  —  Dx  =  2/, 
2Dy  +  (4/2  —  3)jv:  =  o. 

Eliminating  x,  we  have,  in  the  determinant  notation, 

2/>2  —  4         —  Z>  2t       —  D 

v  = 
2D          4/>  —  3  o     ^D  — 

or 

and  integrating, 

y=(A  +  Bf]  *  +  Ce-V  -  \t. 

The  value  of  4:  is,  in  this  example,  most  readily  derived  from 
that  of  y  by  first  eliminating  Dx  from  the  given  equations,  thus 

obtaining 

-  2D  —  i6)y  —  $x  =  8/, 


whence,  substituting  the  value  of  y, 

x  =  e*(6B  -  2A-  2Bi)  - 
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240.  Ordinarily,  in  finding  the  value  of  the  variable  first 
eliminated  it  is  necessary  to  perform  an  integration,  and,  when 
this  is  done,  the  new  constants  of  integration  arc  not  arbitrary, 
but  must  be  determined  so  as  to  satisfy  the  given  equations. 
Thus,  if  in  the  preceding  example  the  value  of  .v  had  been  de- 
rived from  the  first  of  the  given  equations,  after  substituting  the 
value  of  j,  it  would  have  contained  an  unknown  constant  in 
place  of  the  term  —  £,  and  it  would  have  been  necessary  to 
substitute  in  the  second  equation  to  determine  the  value  of  this 
constant. 

The  value  of  x  may  also  be  derived  directly  from  the  result 
of  eliminating  y,  namely, 


-D 


2D 


2D2  —  4  2/ 

*='       ,D 


The  complementary  functions  for  the  two  variables  will  then 
be  of  the  same  form,  and  will  involve  two  sets  of  constants. 
By  substituting  in  one  of  the  given  equations,  we  shall  have  an 
identity  in  which,  equating  to  zero  the  coefficients  of  the  several 
terms  of  the  complementary  function,  the  relations  between  the 
constants  may  be  determined. 

241.  The  number  of  constants  of  integration  which  enter 
the  solution  is  that  which  indicates  the  order  of  the  resultant 
equation.  This  number  is  not  necessarily  the  sum  of  the  in- 
dices of  the  orders  of  the  given  equations,  although  it  cannot 
exceed  this  sum ;  it  depends  upon  the  form  of  the  given  equa- 
tions, being,  as  the  process  shows,  the  index  of  the  degree  in  D 
of  the  determinant  of  the  first  members. 

Denoting  this  number  by  ;;/,  the  values  of  the  «  dependent 
variables  contain  ;/  sets  of  m  constants,  of  which  one  set  is 
arbitrary.  Substituting  the  values  in  one  of  the  given  equa- 
tions, we  have  an  identity  giving  m  relations  between  the  con- 
stants ;  it  is  therefore  necessary  to  substitute  in  n  —  \  of  the 
given  equations  to  obtain  the  relations  between  the  constants. 
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Introduction  of  a  New   Variable. 

242.  The  solution  of  a  system  of  differential  equations  is 
sometimes  facilitated  by  the  introduction  of  a  new  variable,  in 
terms  of  which  we  then  seek  to  express  each  of  the  original 
variables.  Given,  for  example,  the  system 


«> 


where 


Y=  a'x  +  Vy  +  J*  +  if, 


Z  =  a"x  +  b"y  +  c"z  +  </". 

If  we  introduce  a  new  variable  t  by  assuming  dfr  equal  to  the 
common  value  of  the  members  of  equation  (i),  we  shall  have 
the  system 

dx      dv       dz 


involving  four  variables,  which  is  linear  if  /  be  taken  as  the 
independent  variable.  Writing  the  equations  symbolically,  the 
system  is 


(a  —  D)x  -f  by  -f  cz  -f  d  =  o, 

a'x  -f-  (£'  —  2?)^  +  ^'2  +  ^/f  =  o, 

flwjp  4.  ^  +  (^  -  D)z  -f  rf"  =  o ; 


whence 


a-Z>       ^ 


^'-Z>        / 
I"      c"  -  D 


x  =  — 


d1   V-D 

d"      b" 


(3) 


,.     •   (4) 


c"-D 
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a  —  D       b             c 
a'      b'-D        <:' 

=  o  

a"          b"      c"  -  D 

in  which  D  may  be  omitted  in  the  second  member  because  it 
contains  no  variable.     Denoting  the  roots  of  the  cubic 


(5) 


by  A,,  A,  and  A3,  equation   (4)  and  the  similar  equations  for  y 
and  z  give 

x  =  Ac^<    4-  B^   4  Cf*   +  k    -\ 

y  =  AW  +  BW  +  CV*  +  K    I  ,      ....  (6) 

t  =  A'W  4-  B"f*  4-  CV»'  4-  *"  j 

in  which  k,  k't  k"  are  the  values  of  x,  y,  z  respectively,  which 
make  X  =  o,  Y—  o  and  Z  =  o. 

Substituting  these  values  in  the  first  of  equations  (3),  we 
have  one  of  the  three  equations  determining  k,  k'  and  k",  and 
for  the  constants  of  integration  the  three  relations, 


(a  -  A2)^  -|-  bB1  4-  cB"  =  o, 


In  like  manner,  substitution  in  each  of  the  other  equations 
gives  three  relations  between  the  constants,  making  in  all  nine 
relations,  of  which  six  are  independent.  The  three  relations 
between  A,  A'  and  A"  are 

(a  -  \t)A  +  bA'  4-  tA"  =  o, 


a"  A  4  t"A'  4-  (t"  -  A,)^"  =  o, 
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which  are  equivalent  to  two  equations  for  the  ratios  A  :  A' :  A", 
since  their  determinant  vanishes  because  Aj  is  a  root  of  equa- 
tion (5). 

243.  The  introduction  of  a  new  variable,  as  in  the  preceding 
article,  introduces  a  new  constant  of  integration  into  the  system, 
but  this  constant  is  so  connected  with  the  new  variable  that  the 
relations  between  the  original  variables  obtained  by  eliminating 
the  new  variable  are  independent  also  of  this  constant.  Thus 
in  the  value  of  x,  equation  (6),  we  might  have  put  /  +  a  in  place 
of  t,  employing  only  two  other  constants  ;  then  the  relations 
between  x,  y  and  <cr,  which  we  should  obtain  by  eliminating  /, 
would  obviously  contain  only  the  two  constants  last  mentioned. 


EXAMPLES   XIX. 
Solve  the  following  systems  of  linear  equations  :  — 


y  =  \Ac-*  -  Be-* 


2. 


—  y      x+y 


=  o,     (4y  +  3Z)^X  +  2^—  dz  =  o, 


A  cos  mt  +  B  sin  w/,     j  =  y4  sin  mt  —  B  cos  w/. 
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EXAMPLES. 
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az  =  —  nAenx  -f-  nBe~** 


«*- 1 

e* 


\£*\^°  ^2     '  ,| 

.  =  ^,8in~-^,cos^j  + 


.in 


g). 


*' 


at 


> 
at 


cos  /  +  sin  /. 


j?  =  ^j  cos  a/  ->  ^2  sin  a/  +  BI  cos  ft  f  —  ^a  sin  /?/, 
y  =*  A?  cosa/-f  ^!  sina/  +  ^2cos/3/  + 
where  a  and  /?  stand  for  —  //  ±  y/(;/2  -J- 
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JO. 


=  ti3x3  —  a^x, 


dt 
dx^ 
dt 


a2  A.2  4-  a2  a, 


(A,Hh*}(Ai+0.)  (A, -Ms)  (A, 

where  AT  and  A2  are  the  roots  of 

A2  +  (#i  +  #2  +  #3)  A  4-  #i< 
^r  dv 


+  «2«3  +  «3«!  =  o. 


*  =  ^(^4  cos  /  4-  ^  sin  /), 
_  g)  cos/  4-  (^4  4-  .5)  sin/]. 


t  32. 


3}'=  12  -3^, 

jt:  =  Ae-«  cos/  +  Bt~*  sin/ 
^  cos/  4-   ^-^/ 


13-   /~ 
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x  =  (A,  +  Btt)e<  +  (A,  +  /W'-', 
^,  -  BJ)*  -  (A*  + 


*  =  (A  +  Bi}e*  +  Cc-*  -  /, 

y  =  ($B  -2A-  2Bt)e«  -  \Cc~u  -  -J. 


16.   Show  that  the  integrals  of  the  system 


are 

(a  +  «,*')  (JT  -h  «,j)  +  ^ 

(a  +  m2a')  (x  +  waj)  +  ^ 
where  mt  and  w2  are  the  roots  of 

a'm*  +  (0  —  ^')  w  —  b  =  o 
and  obtain  a  similar  solution  for  the  system 
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XX. 

Single  Differential  Equations  involving  more  than  Two  Variables. 

244.  When  the  number  of  differential  equations  connecting 
n  +  i  variables  is  less  than  n,  it  is  of  course  impossible  to  estab- 
lish n  integral  relations  between  the  variables.     We  shall  here 
consider  only  the  case  of  a  single  equation,  at  first  supposing 
the  number  of  variables  to  be  three;  and  we  shall  find  that  there 
does  not  always  exist  an  equivalent  single  integral  relation  be- 
tween the  variables. 

We  have  seen  that  when  there  are  two  differential  relations 
between  x,  y  and  z,  the  integrable  equations  which  separately 
furnish  the  two  independent  relations  between  the  variables 
are  generally  produced  by  the  combination  of  the  given  equa- 
tions. We  have  now  to  find  the  condition  under  which  a  single 
given  equation  is  thus  integrable,  and  the  meaning  of  an  equa- 
tion in  which  the  condition  is  not  fulfilled. 

The  Condition  of  Integr ability. 

245.  The  given  equation  will  be  of  the  form 

Pdx  +  Qdy  -f  Rdz  =  o, (i) 

in  which  P,  Q  and  R  may  be  any  functions  of  x,  y  and  s. 
If  there  be  an  integral  relation  between  x,  y,  z  and  an  arbitrary 
constant  a  to  which  this  equation  is  equivalent,  let  it  be  put 

in  the  form 

u  =  a, 

so  that  a  shall  disappear  by  differentiation ;  then  the  differential 
equation  du  =  o,  or 

du  ,     ,   du  j    ,  du  , 
—  dx  +  —  dy  +  --  dz  —  o, 
ax  ay  dz 
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must  be  equivalent  to  equation  (i).  In  other  words,  if  the 
equation  is  inteijTiible,  there  must  exist  a  function  of  x,  y  and  z 
whose  partial  derivatives  are  proportional  to  P,  Q  and  R  ; 
thus 

(fit  „  dll  dll  D 

—  =  pp,      —  =  P.Q,      —  =  V.R. 

OX  a  dz 


Now,  since  =  >  etc.,  these  equations  give 

dy  dx       d.\-  iiy 


dQ_dR\          dj^_      d± 

dy)  dy       ^dz" 


___ 
dx        dz  J          dz          dx 

Multiplying  the  first  of  these  equations  by  R,  the  second  by  P 
and  the  third  by  Q,  and  adding  the  results,  /A  is  eliminated,  and 
we  have 


for  the  condition  under  which  the  equation  (i)  admits  of  an 


integral.* 


*  If  the  given  equation  is  exact,  the  three  equations  above  are  satisfied  by  p=  i, 
un<l  each  of  the  binomials  in  equation  (2)  vanishes.  If  one  of  the  binomials  van- 
ishes while  equation  (2)  is  satisfied,  an  integrating  factor  which  is  a  function  of  one 
variable  only  exists,  and  in  this  case  JJL  is  readily  determined. 

In  general,  if  /u  is  an  integrating  factor  and  u  —  a  is  the  corresponding  integral, 
F(u}  —  /(#),  where  F  is  any  function,  is  also  an  integral,  and  u.F\n)  is  the 
sponding  integrating  factor.     Thus  M/(?-0  '*  the  general  expression  for  the  integral- 
.n g  factor. 
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Solution  of  the  Integrable  Equation. 

246.  Supposing  the  condition  of  integrability  to  be  satisfied 
if  in  the  integral  one  of  the  variables,  say  zt  be  regarded  as 
constant,  the  corresponding  differential  equation  between  x  and  y 
will  be 

Pdx  +  Qdy=  o. 

Hence  the  complete  integral  of  this  equation  will  include  the 
integral  sought  if  the  constant  of  integration  be  regarded  as  a 
function  of  z.  Finally,  this  function  of  z  may  be  determined  by 
comparing  the  total  differential  equation  of  the  complete  inte- 
gral with  the  given  equation. 

Given,  for  example,  the  equation 

zydx  —  zxdy  —  y*dz  =  o, ( i ) 

in  which  P  =  zy,  Q  =  —  zx,  R  =  —y2,  and  the  condition  of  in- 
tegrability is  found  to  be  satisfied.  Treating  z  as  a  constant, 

the  equation  becomes 

ydx  —  xdy  =  o,  .     . (2) 

of  which  the  complete  integral  is 

x  -  Cy  =  o (3) 

This  is,  therefore,  the  integral  of  equation  (i),  C  being  inde- 
pendent of  x  and  y  but  involving  z.  Differentiating,  we  have 

dx  -  Cdy  -  ydC  =  o. 

Multiplying  by  zy  to  make  the  term  containing  dx  identical 
with  that  in  equation  (i),  the  coefficients  of  dy  are  identical  by 
virtue  of  equation  (3),  and  the  equations  agree  if  —  zy*dC=—y*dx, 
or 
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Hence  C=  c  -h  logs,  and  the  integral  (3)  becomes 


which  is  the  integral  of  equation  (i). 

247.  It  is  to  be  noticed  that  the  possibility  of  obtaining  a 
differential  relation  between  C  and  zy  independent  of  x  and  ^, 
sufficiently  indicates  the  integrability  of  the  equation.  But  in 
some  cases  it  is  necessary,  in  order  to  obtain  such  an  equation, 
to  eliminate  the  other  variables  from  the  equation  containing 
dC  by  means  of  the  integral  itself.  Thus,  let  the  given  equa- 
tion be 

xdx  +  zdz  —  \](h*  —  x*  —  &)dy  ......  (i) 


If  y  be  regarded  as  constant,  the  integral  is 

x*  +&=C.      ........  (2) 

This  is  therefore  the  integral  of  equation  (i),  if  it  be  possible 
to  determine  C  as  a  function  of  y.  Differentiating  and  com- 
paring with  the  given  equation,  we  find 


an  equation  containing  x  and  z\  but,  eliminating  x  by  means  of 
equation  (2),  2  also  disappears,  and  we  have 


Hence 

-C)  =  -y  +  c, 


and,  substituting  the  value  of  C  thus  determined  in  equation  (2), 
we  have,  for  the  integral  of  equation  (i), 

x*  +  &  -f  (y  —  cy  =  h*. 


274       EQUATIONS  INVOLVING   THREE   VARIABLES.       [Art.  2, 


Separation  of  the  Variables. 

248.  When  it  is  possible  to  put  the  equation  in  such  a  form 
that  one  of  the  variables  occurs  only  in  an  exact  differential, 
the  equation  will,  if  integrable,  be  thus  rendered  exact.     Sup- 
pose, for  example,  that  it  can  be  written  in  the  form 

dw  4-  Sdx  +  Tdy  =  o, (i) 

in  which  S  and  T  are  independent  of  z.  Now,  if  there  be  an 
integral,  it  may  be  put  in  the  form  z  =f(x>y)  \  hence,  also,  by 
substituting  this  value  of  z  in  the  expression  for  w  as  a  func- 
tion of  x,  y  and  #,  it  may  be  put  in  the  form 

w  +  $(x,y)  =  o (2) 

The  differential  of  this  equation  must  be  identical  with  equa- 
tion (i),  because  the  terms  containing  dz  are  identical ;  there- 
fore, if  equation  (i)  be  integrable,  it  is  already  exact,  and  its 

integral  is 

w  +  j>(x,y)  =  c. 

In  fact,  the  condition  of  integrability,  Art.  245,  reduces  in 
this  case  to 

^?_^T=o 
dy       dx 

which  is  the  same  as  the  condition  of  exactness  for  the  differ- 
ential expression  Sdx  -f  Tdy.  See  Art.  25. 

249.  The  most  obvious  application  of  this  principle  is  to  the 
case  in  which  one  variable  can  be  entirely  separated  from  the 
other  two.      Thus  the  example  in  Art.  246  might  have  been 
solved  in  this  way ;   for,  dividing  by  zy*,  which  separates  the 
variable  z,  it  becomes 

y  dx  —  ocdy       dz  _ 

r        "V " 
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an  exact  equation  of  which  the  integral  is 


Homogeneous  Equations. 

250.  In  the  case  of  a  homogeneous  equation  between  x, 
y  and  z,  one  variable  can  be  separated  from  the  other  two  by 
means  of  a  transformation  of  the  same  form  as  that  employed 
in  the  corresponding  case  with  two  variables,  Art.  20.  For, 

putting 

x  =  zu,  y  =  zv, 

the  homogeneous  equation  may  be  written  in  the  form 

zn^(u,  v)dx  +  znifj(u,  v}dy  +  zn\(u,  v}dz  =  o  ; 
and,  substituting 

dx  =  zdu  -f-  udz,  dy  =  zdv  +  vdz, 

we  have 

u,  v)du  -f  z\l/  («,  z;)^  -f  [x(»,  Z')  -f  «^(»,  ^)  +  z^(»,  v)~\dz  =  o. 


If  the  coefficient  of  dz  vanishes,  we  have  an  equation  between 
the  two  variables  u  and  v.     If  not,  the  equation  takes  the  form 

dz_   ,          $  (u,v}du-\- 


and,  in  accordance  with  Art.  248,  the  second  term  will  be  an 
exact  differential  if  the  given  equation  is  integrable. 
251.    As  an  example,  let  us  take  the  equation 

(y  +yz  +  &)dx  +  (z*  +zx  +  x*)dy  +(*•  +  *?  +?*)<&  =  o,  .  (i) 
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which  will  be  found  to   satisfy  the  condition  of  integrability. 
Making  the  substitutions,  and  reducing,  we  have 

dz       (7>2  +  v  +  i)dfo_Hh  (u~  +  u  +  i}dv  _ 
~z~  (u  4-  7-  -f  iTT^-f  u  -h  z>) 

Knowing  the  second  term  to  be  an  exact  differential,  we  in- 
tegrate it  at  once  with  respect  to  «,  and  obtain 


The  symmetry  of  this  equation  shows  that  C  is  a  constant  and 
not  a  function  of  v  :  thus  the  integral  of  equation  (i)  is 

xy  -f-  yz  +  zx  =  c(x  +  y  +  z). 


Equations  containing  more  than  Three  Variables. 
252.    In  order  that  an  equation  of  the  form 
Pdx  +  Qdy  -f-  Rdz  +  Tdt  =  o 

involving  four  variables  may  be  integrable,  it  must  obviously  be 
integrable  when  any  one  of  the  four  variables  is  made  constant. 
Thus,  regarding  z,  x  and  y  successively  as  constants,  equation 
(2),  Art.  245,  gives  the  three  conditions  of  integrability, 


-(f-fMf-fMf-f)-* 
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Again  regarding  /  as  constant,  we  have  the  condition 


but  this  is  not  an  independent  condition,  for  it  may  be  deduced 
by  multiplying  the  preceding  equations  by  A',  /'  and  Q  respec- 
tively, and  adding  the  results. 

253.  In   general,   if   the   equation  contains  ;/  variables,  the 
number  of  conditions  of  the  above  form  which  we  can  write  is 

,   which  is  the  number  of   ways  we  can  select 
1.2.3 

three  out  of  the  ;/  variables.  But,  in  writing  the  independent 
conditions,  we  may  confine  our  attention  to  those  in  which  a 
selected  variable  occurs,  for  any  condition  not  containing  this 
variable  may  be  obtained  exactly  as  in  the  preceding  article 
from  three  of  those  which  do  contain  it.  Thus  the  number 

of  independent  conditions  is  —  L±  -  _z,  which  is  the  num- 

1.2 

her  of  ways  we  can  .select  two  out  of  the  ;/  —  I  remaining 
variables. 

254.  When  the  conditions  of  integrability  are  satisfied,  the 
integral   is   found,   as   in   the  case  of  three  variables,   by  first 
integrating  as   if  all   the  variables   except  two  were  constant, 
the  quantity  C  introduced  by  this  integration  being  a  function 
of  those  variables  which  were  taken  as  constants.     To  determine 
this  function  the  total  differential  of  the  result  is  compared  with 
the  given  equation.     The  result  either  determines  the  value  of 
dC  in  terms  of  these  last  variables  (in  which  case  dC  should  be 
an  exact  differential),  or  else  is  such  that  the  first  two  variables 
may  be  eliminated  simultaneously,  as  in  the  example  of  Art. 
247,  giving  an  integrable  equation  between  C  and  the  remaining 
variables. 
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The  Non-Integrable  Equation. 

255.  In  an  equation  of  the  form 

Pdx  +  Qdy  -f  Rdz  —  o 

the  variables  x,  y  and  z  may  have  any  simultaneous  values 
whatever ;  but,  for  each  set  of  values,  the  equation  imposes  a 
restriction  upon  the  relative  rates  of  variation  of  the  variables, 
that  is,  upon  the  ratios  of  dx,  dy  and  dz.  When  the  condition 
expressed  by  equation  (2),  Art.  245,  is  satisfied,  there  exists  an 
integral  equation  which,  for  each  of  the  sets  of  values  of  .x,  y 
and  z  which  satisfy  it,  imposes  the  same  restriction  upon  their 
relative  rates  of  variation.  At  the  same  time  the  presence  of 
an  arbitrary  constant  makes  the  integral  sufficiently  general  to 
be  satisfied  by  any  simultaneous  values  of  x,  y  and  z. 

But,  when  the  condition  of  integrability  is  not  satisfied,  there 
is  no  such  integral  equation.  Two  integral  equations  will,  how- 
ever, constitute  a  particular  solution,  when,  for  each  set  of 
simultaneous  values  of  x,  y  and  z  which  satisfy  them,  the  ratios 
which  they  determine  for  dxt  dy  and  afe  satisfy,  in  connection 
with  these  values,  the  given  differential  equation. 

256.  If  one  of  the  two  integral   equations  is  assumed  in 
advance,  the  determination  of  the  particular  solutions  consistent 
with   the  assumed  equation  is   effected  by  solving  a   pair   of 
simultaneous  differential  equations,  namely,  the  given  equation 
and  the  result  of  differentiating  the  assumed  relation.      Geo- 
metrically the  problem  is  that  of  determining  the  lines  upon  a 
certain  surface  which  satisfy  the  given  differential  equation. 

For  example,  given  the  equation 

(i  -f-  2a)xdx  -\- y(i  —  x)dy  -f-  zdz  =  o     ....  (i) 
('which  it  will  be  found  does  not  satisfy  the  condition  of  inte- 
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grability)  ;  let  it  be  required  to  find  the  lines  on  the  surface  of 
the  sphere 

&=ib*    ........    (2) 


such  that  a  point  moving  along  any  one  of  them  satisfies  equa- 
tion (i).  Differentiating  equation  (2),  we  have 

xdx  +  ydy  +  zt/z  =  o,    .......   (3) 

which  with  equation  (i)  forms  a  system  of  which  equation  (2) 
is  one  integral  and  a  second  integral  is  required.  Subtracting, 
we  have  an  equation  free  from  z,  namely, 

*axdx  —  xydy  =  o, 
the  integral  of  which  is 

C.          .......  (4) 


Hence  the  required  lines  are  those  whose  projections  upon  the 
plane  of  xy  are  the  parabolas  represented  by  equation  (4). 

257.  In  order  to  form  a  general  solution  of  a  non-integrable 
equation,  the  assumed  equation  must  contain  an  arbitrary  func- 
tion. We  might,  for  example,  assume 


(0 


where  f  is  arbitrary,  because  any  particular  solution  consisting 
of  two  relations  between  x,  y  and  z  might  be  put  in  the  form 
y  =/(*),  z  =  4>(x).  If,  therefore,  we  determine  all  the  particu- 
lar solutions  consistent  with  equation  (i),  the  result  will,  when 
f  is  regarded  as  arbitrary,  include  all  the  particular  solutions. 
The  equation  which  completes  the  solution  will,  as  in  the  pre- 
ceding example,  be  found  by  integration,  and  will  therefore 
contain  an  arbitrary  constant  C,  to  whith  a  special  value  must 
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be  given  (as  well  as  a  special  form  to  the  function  /)  in  order  to 
produce  a  given  particular  solution. 

258.   The  general  solution  of  the  equation 

Pdx  +  Qdy  +  Rdz  =  o       ......  (i) 

may  be  presented  in  quite  a  different  form,  which  is  due  to 
Monge,  depending  upon  a  special  mode  of  assuming  the  equa- 
tion containing  the  arbitrary  function. 

Let  /x  be  an  integrating  factor  of  the  equation 

Pdx  +  Qdy  =  o 

when  z  is  regarded  as  a  constant,  and  let  F=  C  be  the  corre- 
sponding integral,  so  that 


Then,  in  the  first  place,  the  pair  of  equations 

z  =  c,  and  V=C,     .....  (2) 

where  c  and  C  are  arbitrary  constants,  constitutes  a  class  of 
particular  solutions  of  (i).  Now,  for  the  general  solution,  let  us 
assume 

^=*00  ..........  (3) 

Differentiating,  we  have 

==o,  .    .    .    .  (4) 


which,  combined  with  equation  (i),  gives 

-*'(i)-**V-o  ......    .(5) 


XX.  I  MOtfGPS  so/.rr/ON. 


Hence,  \i  I'  =  <£(-)  be  taken  as  one  of  the  relations  between  the 
variables,  we  must  have,  in  order  to  satisfy  equation  (i),  either 
dz  —  o,  or  else 

^  -  f  (s)  -  M*  =  o  ........   (6) 

I/Z 

The  first  supposition  gives  z  =  c  and  F=<£(r),  a  system  of 
solutions  of  the  form  (2)  ;  the  second  constitutes,  in  connection 
with  equation  (3),  Monge  s  solution. 

It  is  to  be  noticed  that  when  it  is  possible  to  determine  4>  so 
that  equation  (6)  is  identically  satisfied,  the  given  equation  is 
integrable,  and  V=  $(s)  is  its  integral.  But,  in  the  non-inte- 
grable  case,  <j>  is  to  be  regarded  as  arbitrary. 

Monge's  solution  includes  all  solutions  excepting  those  of 
the  form  (2).  To  show  this,  it  is  only  necessary  to  notice  that, 
with  this  exception,  any  particular  solution  can  be  expressed  in 
the  form  x  =fl(z),  y=f^)\  and,  substituting  these  values  in 
the  expression  for  V  as  a  function  of  x,  y  and  ^,  we  have  an 
equation  of  the  form  V  =  <f>(z)  determining  the  form  of  <j>  for 
the  particular  solution  in  question.  The  particular  solution  is 
therefore  among  those  determined  by  one  of  the  two  methods 
of  satisfying  equation  (5)  ;  and,  as  it  is  not  of  the  form  (2),  it 
must  be  that  determined  by  equations  (3)  and  (6). 

The  distinction  between  this  solution  and  that  given  in  Art. 
257  is  further  explained  in  Art.  262  from  the  geometrical  point 
of  view. 

Geometrical  Meaning  of  a  Single  Differential  Equation  between 
Three  Variables. 

259.  Regarding  .r,  y  and  s  as  the  rectangular  coordinates  of 
a  variable  point,  as  in  Art.  234,  the  single  equation 

1  V.v  +  Qtiy  +  R<h  =  O  .......    (l) 
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expresses  that  the  point  (x,  y,  z)  is  moving  in  some  direction,  of 
which  the  direction-cosines  /,  m,  n,  which  are  proportional  to 
dx,  dy  and  dz,  satisfy  the  condition 

Pl+  Qm  -f  Rn  —  o .  (2) 

Consider  also  a  point  satisfying  the  simultaneous  equations 

dx_^dy_^dz_ 
P        Q       R' 

and  therefore  moving  in  the  direction  whose  direction-cosines 
satisfy 


Suppose  the  moving  points  which  satisfy  equations  (i)  and  (3) 
respectively  to  be  passing  through  the  same  fixed  point  A  ;  then 
P,  Q  and  R  have  the  same  values  for  each,  and  equations  (2) 
and  (4)  give 

/A  -f-  mp.  -f-  nv  =  o, 

which  is  the  condition  expressing  that  the  directions  in  question 
are  at  right  angles.  We  have  seen,  in  Art.  234,  that  equations 
(3)  represent  a  system  of  lines,  there  being  one  line  of  the 
system  passing  through  any  given  point.  Hence  equation  (i) 
simply  restricts  a  point  to  move  in  such  a  manner  that  it  every- 
where cuts  orthogonally  the  system  of  lines  represented  by 
equations  (3),  which  we  may  call  the  auxiliary  system. 

260.  Now,  suppose  in  the  first  place  that  equation  (i)  is 
integrable.  The  integral  represents  a  system  of  surfaces  one 
of  which  passes  through  the  given  point  A.  This  surface  con- 
tains all  the  possible  paths  of  the  moving  point  which  pass 
through  A,  and  every  line  in  space  representing  a  particular 
solution  lies  in  some  one  of  the  surfaces  belonging  to  the  system. 
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The  restriction  imposed  by  equation  (i)  is  in  this  case  completely 
expressed  by  a  single  equation. 

Kvery  member  of  the  system  of  surfaces  represented  by  the 
integral  cuts  the  auxiliary  system  of  lines  orthogonally,  so  that 
equation  (2),  Art.  245,  considered  with  reference  to  the  system 
of  lines  represented  by  equations  (3),  expresses  the  condition 
that  the  system  shall  admit  of  a  system  of  orthogonally  cutting 
surfaces. 

261.  On  the  other  hand,  when  the  condition  of  integrability 
is  not  satisfied,  the  possible  paths  of  the  moving  point  which 
pass  through  A  do  not  lie  in  any  one  surface,  the  auxiliary 
system  of  lines,  in  this  case,  not  admitting  of  orthogonally  cut- 
ting surfaces.* 

When,  as  in  the  example  of  Art.  256,  the  point  subject  to 
equation  (i)  is  in  addition  restricted  to  a  given  surface,  the 
auxiliary  lines  not  piercing  this  surface  orthogonally,  there  is  in 
general  at  each  point  but  one  direction  on  the  surface  in  which 


*  The  distinction  between  the  two  cases  may  be  further  elucidated  thus :  Select 
from  the  doubly  infinite  system  of  auxiliary  lines  those  which  pierce  a  given  plane  in 
any  closed  curve,  thus  forming  a  tubular  surface  of  which  the  lines  may  be  called  the 
elements.  Then,  in  the  first  case,  points  moving  on  the  tubular  surface  and  cutting 
the  elements  orthogonally  will  describe  closed  curves  ;  but,  in  the  second  case,  they 
will  describe  spirals. 

The  forces  of  a  conservative  system  afford  an  example  of  the  first  or  integrable 
case.  For,  if  X,  Y  and  Z  are  the  components,  in  the  directions  of  the  axes,  of  a 
force  whose  direction  and  magnitude  are  functions  of  x,  y  and  z,  the  lines  of  force 
are  those  whose  differential  equations  are 

dx  _  dy  _  dz 
X  ~  Y~  Z' 
The  equation 

Xdx  +  Ydy  +  Zdz  -  o 

>\ill  be  satisfied  by  a  particle  moving  perpendicularly  to  the  lines  of  force,  so  that  no 
work  is  done  upon  it  by  the  force  ;  and  this  equation  is  integrable,  the  integral 
V=  C  being  the  equation  of  a  system  of  level  surfaces  to  which  the  lines  of  force  are 
everywhere  normal. 
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the  point  can  move  perpendicularly  to  the  auxiliary  lines.  We 
thus  have  a  singly  infinite  system  of  lines  on  the  given  surface, 
for  the  solution  of  the  restricted  problem. 

262.  In  a  general  solution  the  assumed  surface,  as,  for 
example,  the  cylindrical  surface  represented  by  equation  (i), 
Art.  257,  must  be  capable  of  passing  through  the  line  in  space 
representing  any  particular  solution  ;  and,  the  surface  being  thus 
properly  determined,  the  line  in  question  will  be  a  member  of 
the  singly  infinite  system  determined  upon  the  surface  by  the 
additional  integral  equation  found. 

The  peculiarity  of  the  general  solution  of  Art.  258  is  that 
the  assumed  surface  F=  <£(#)  is  made  up  of  elements  which  are 
themselves  particular  solutions  of  a  certain  class.  We  still  have 
a  singly  infinite  system  of  particular  solutions  upon  the  assumed 
surface,  namely,  the  elements  just  mentioned.  But  upon  each 
surface  there  is  in  addition  the  unique  solution  determined  by 
equation  (6).  The  poiitfs  on  the  line  thus  determined  are  excep- 
tions to  the  generalJjule,  mentioned  in  the  preceding  article, 
that  at  each  point  /^J"e  is  but  one  direction  on  the  surface  in 
which  a  point  can  rri6ve  perpendicularly  to  the  auxiliary  lines. 
The  line  is,  in  fact,  the  locus  of  the  points  at  which  the  auxiliary 
lines  pierce  the  surface  orthogonally. 

EXAMPLES  XX. 

Solve  the  following  integrable  equations  :  — 
ti.    2(7  +  z)dx+(x-\-  3j-f  2Z)dy+  (x+y)dz  =  o, 


(x+yY(y  +  *)=*.   ' 
=  o, 


%3»    (a  —  z)  {ydx  -f-  xdy)  -f-  xydz  —  o,  xy=-c(z  —  a). 
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*  «4     (  v-f  <*)»</*  +  z<fy-  (y  +  a)ttz  =  o,  z  =  (x  -f 

*  ^  5.    (ay  —  fiz)t/x  4-  (rz  —  ax)tty  4  (Ar  —  n')</s  =  o, 

(##  —  cz) 

•6. 


7.  (_v2  +  jc)//r  -h  (xz  -f-  z2)</y  4-  (j2  —  xy)dz  —  o, 

^(jr 

8.  jr2  H- 


tan-1-  =  r. 


2zz  —  o,  • 

x2(y  +  z)  (  2y  —  z]  =  c. 
.    (x*y  —y*  —y*z)dx  -f  (xy*  —  x*  —  x*z)dy  -f  (xy»  +  x*y)dz  =  o, 


• 

•¥      x 

ii.    (2^  -f  2jfy  H-  2ATS2  -f  i)</r  +  ^/v  -|-  2zdz  =  o,        •  % 


12.  (2^:  +  j'2  -j-  2jc/  —  2)^  +  2^cy^'  —  xdz  -f-  .*2<//  =  o, 

X*  +  ^>'2  -h  X*t  —  XZ—  C. 

13.  /(^  +  z)dx  +  t(y  +  2  +  i)4;  +  *&  -  CX  +  «)<*  =  o, 


14.  z(y  -f  s)flJr  -f  z(u  —  jc)^/v  -(-^(^  —  u}dz  +  y(y  4-  2)//»  =  o, 

(j  4-  a)  (u  4-  r)  4-  a(jr  -  «)  =  a 

15.  Find  the  equation  which  expresses  the  solution  of 

dz  =  oy//.r  +  bdy 
when  we  assume  j  =/(AT). 
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^     1  6.    Find  the  equation  which  determines  upon  the  ellipsoid 


the  lines  which  satisfy 

(.%"'*        y\  i 
1  ~  i"a  ~"  in  dz  =  °" 


1  7.   Find  the  equations  which  determine  upon  the  sphere 

xz  +y*  +  z*  =  k2 
the  lines  which  satisfy 

\x(x  -  a)  +y(y  -b)\dz=(z-  c}  (xdx  +ydy). 

z  =  C,     and     ax  -\-  by  +  cz  —  &. 

1  8.  Show  that,  for  the  differential  equation  of  Ex.  17,  the  auxiliary 
system  of  lines  consists  of  vertical  circles,  and  verify  geometrically  the 
results. 

*  •*<).   Give  the  general  solution  in  Monge's  form  of  the  equation 

zdx  +  xdy  +  ydz  =  o.  • 


20.   Find  a  general  solution  of 

ydx  =  (x  —  z)  (dy  —  dz)  . 
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CHAPTER   XI. 

PARTIAL    DIFFERENTIAL    EQUATIONS    OF   THE   FIRST    ORDER. 

XXI. 

Equations  involving  a  Single  Partial  Derivative. 
263.    AN  equation  of  the  form 

Pdx  4-  Qdy  -h  Rdz  =  o       ......  (i) 

which  satisfies  the  condition  of  integrability  is  sometimes  called 
a  total  differential  equation,  because  it  gives  the  total  differ- 
ential of  one  of  the  variables  regarded  as  a  function  of  the 
other  two.  Thus,  if  x  and  y  be  the  independent  variables,  the 
equation  gives 

*—  j*-j* 

or,  in  the  notation  of  partial  derivatives, 

dz          P 


and 

dz  Q 


that  is  to  say,  we  have  each  of  the  partial  derivatives  of  2  given 
in  the  form  of  a  function  of  x,  y  and  z. 
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An  equation  of  the  form  (2)  or  (3),  giving  the  value  of  a 
single  partial  derivative,  or  more  generally  an  equation  giving 
a  relation  between  the  several  partial  derivatives  of  a  function 
of  two  or  more  independent  variables,  is  called  a  partial  differ- 
ential .equation. 

264.  To  solve  a  partial  differential  equation  of  the  simple 
form  (2),  it  is  only  necessary  to  treat  it  as  an  ordinary  differential 
equation  between  x  and  z,  y  being  regarded  as  constant,  and 
an  unknown  function  of  y  taking  the  place  of  the  constant  of 
integration.     The  process  is  the  same  as  that  of  solving  the 
total  differential  equation,  see  Art.  246,  except  that  we  have  no 
means  of   determining   the   function   of  yt    which  accordingly 
remains  arbitrary.     Thus  the  general  solution  of  the  equation 
contains  an  arbitrary  function. 

Equations  of  the  First  Order  and  Degree. 

265.  Denoting  the  partial  derivatives  of  z  by/  and  q,  thus 

dz  dz 


a  partial  differential  equation  of  the  first  order,  in  which  z  is 
rhe  dependent  and  x  and  y  the  independent  variables,  is  a  rela- 
tion between  /,  q,  x,  y  and  z.  A  relation  between  x,  y  and  z  is 
a  particular  integral,  when  the  values  which  it  and  its  derived 
equations  determine  for  z,  p  and  q  in  terms  of  x  and  y  satisfy 
the  given  equation  identically.  We  shall  find  that,  as  in  the 
case  of  the  simple  class  of  equations  considered  in  the  preced- 
ing article,  the  most  general  solution  or  general  integral  con- 
tains an  arbitrary  function. 

266.    The  equation  of  the  first  order  and  degree  may  be 
written  in  the  form 

Pp  +  Qg  =  R,    ........  (i) 
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where  /*,  Q  and  A*  are  functions  of  .r,  y  and  z.  This  is  some- 
times called  the  linear  equation,  the  term  linear,  in  this  case, 
referring  only  to/  and  q. 

Let  *  -  f,       .........    (2) 

in  which  7*  is  a  function  of  .r,  j  and  s,  and  a  is  a  constant,  be  an 
integral  of  equation  (i).  Taking  derivatives  with  respect  to 
x  and  yt  we  have 

£  +  *>-*        and        ^  +  ^?  =  °; 

dJr      </s  //F       <& 

and  substituting  the  values  of  /  and  q,  hence  derived  in  equa- 
tion (i),  we  obtain 


dz 


Therefore,  if  u  —  a  is  an  integral  of  equation  (i),  u  is  a  function 
satisfying  equation  (3),*  and  conversely. 

But  we  have  seen  in  Art.  231  that  this  equation  is  satisfied 
by  the  function  u  when  n  —  a  is  an  integral  of  the  system  of 
ordinary  differential  equations, 


Hence  every  integral  of  the  system  (4)  is  also  an  integral  of 
equation  (i). 

Now,  it  was  shown  in  Art.  232,  that  if 


and 


'  It  follows  from  the  definition  of  an  integral  that  this  equation  is  either  an 
Mentity,  or  becomes  such  when  s  is  eliminated  from  it  by  means  of  equation  (2); 
but.  Miice  it  does  not  contain  the  constant  a  which  occurs  in  equation  (2),  the  former 
alternative  must  be  the  correct  one. 
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are  two  independent  integrals  of  the  system  (4),  the  equation 

/(«,  v)  =  C 

includes  all  possible  integrals  of  the  system.  Hence  this  equa- 
tion, in  which  f  is  an  arbitrary  function,  is  the  general  integral 
of  equation  (i).  It  is  unnecessary  to  retain  an  arbitrary  con- 
stant since/  is  arbitrary;  in  fact,  solving  for  u,  the  equation  may 
be  written  in  the  form 

u  =  <l>(v), 

which  expresses  the  relation  between  xt  y  and  z  with  equal 
generality. 

Thus,  to  solve  the  linear  equation  (i),  we  find  two  inde- 
pendent integrals  of  the  system  (4)  in  the  forms  u  =  a,  v  =  b, 
and  then  put  //  =  $(v),  where  <£  is  an  arbitrary  function.  This 
is  known  as  Lagmnge  s  solution. 

267.  It  is  readily  seen  that  we  can  derive  in  like  manner 
the  general  integral  of  the  linear  partial  differential  equation 
containing  more  than  two  independent  variables.  Thus,  the 
equation  being 

r,    d%  D    ih  .      D     dz  „  (     N 

"i—  --  h  /a—  +  .  .  .  +  P*T~  ~  ^>     •     •     •     •  (l> 

axi  ax2  axn 

the  auxiliary  system  is 

dx-j  _  dxz  _  _  dxn  _dz_  ,  ^ 

~~~  ~~~~' 


and,  it  z/j  =  clt  u2  =  c2,  .  .  .,  un  —  cn  are  independent  integrals 
this  system,  the  general  integral  of  equation  (i)  may  be  writt 


of 
be  written 


/(>,,  w2,  ...«„)  =  o, 


where  /  is  an  arbitrary  function.  If  an  insufficient  number  of 
integrals  of  the  system  (2)  is  known,  any  one  of  them,  or  an 
equation  involving  an  arbitrary  function  of  two  or  more  of  the 
quantities  «„  n^  .  .  .,  «„  constitutes  a  particular  integral  oi 
equation  (i). 
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Geometrical  Illustration  of  Lagrange's  Solution. 

268.  The  system  of  ordinary  differential  equations  emp/oyed 
in  Lagrange's  process  are  sometimes  called  Lagrange  s  conations. 
In  the  case  of  two  independent  variables  they  represent  a  doubly 
infinite  system  of  lines,  which  may  be  called  the  Lagrangcan 
lutes.  We  have  seen  in  Art.  235  that  every  integral  of  the 
differential  system  represents  a  surface  passing  through  lines 
of  the  system,  and  not  intersecting  any  of  them.  It  follows, 
therefore,  that  the  partial  differential  equation 

pp  +  Qq  =  R 

is  satisfied  by  the  equation  of  every  surface  that  passes  through 
lines  of  the  system  represented  by  Lagrange's  equations 

dx  _  dy  _  dz  e 
P       Q      R* 

and  the  general  integral  is  the  general  equation  of  the  surfaces 
passing  through  lines  of  the  system. 
Given,  for  example,  the  equation 

(niz  —  ny)p  -h  (nx  —  lz)q  =  ly  —  mx,     ....  (i) 
for  which  Lagrange's  equations  are 

dx  d  dz 


mz  —  ny      nx  —  Iz       ly  —  mx 
The  integrals  of  this  system  were  found,  in  Art.  230,  to  be 

lx  -f  my  +  "-  =  a, 
and 

4-  2a  =  ^; 


, 


and,  as  stated  in  Art.  236,  the  lines  represented  being  circles 
having  a   fixed  line   as   axis,   every   integral   of  the  system  (2) 
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represents  a  surface  of  revolution  having  the  same  line  as  axis. 
Thus  the  general  integral  of  equation  (i),  which  is 

lx  +  my  +  nz=  <£(>2  +j2  -M2),   .....   (3) 
represents  all  the  surfaces  of  revolution  of  which  the  line 


I       m       n 
is  the  axis. 

269.    It  was  shown  in  Art.  260  that,  when 


(i) 


is  the  differential  equation  of  a  system  of  surfaces,  the  system 
of  lines  represented  by 

dx_dj__dz  } 

P~  Q~  R 

cuts  these  surfaces  orthogonally.  It  follows  that  the  surfaces 
represented  by  the  general  integral  of 

J3H-  Qq  =  R, 

which  pass  through  the  lines  of  the  system  (2),  cut  the  surfaces 
of  the  system  (i)  orthogonally.  Hence,  as  first  shown  by 
Lagrange,*  if  the  equation  of  a  system  of  surfaces  containing 
one  parameter  c  be  put  in  the  form 

V=c, 

the  surfaces  which  cut  the  system  orthogonally  are  all  included 

;n 

u  = 


*  CEuvres  de  Lagrange,  vol.  iv.  p.  628;   vol.  v.  p.  560. 
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where  H  =  a  and  v  =  b  are  two  independent  integrals  of 

//.x         dy  _  dz 

<L\         dy        dz 

TTit  Complete  and  General  Primitives. 

270.  If,  in  an  equation  containing  x>y  and  z,  z  be  regarded 
as  a'function  of  x  and  y,  we  may,  by  differentiation  with  respect 
to  x  and  y,  obtain  equations  involving/  and  q  respectively  ;  and 
by  the  combination  of  the  given  and  the  two  derived  equations 
we  can  derive  a  variety  of  partial  differential  equations  satisfied 
by  the  given  equation.  If  the  given  equation  contains  two 
arbitrary  constants,  their  elimination  leads  to  a  definite  differ- 
ential equation  of  the  first  order  independent  of  these  constants, 
and  of  this  equation  the  given  equation  is  called  a  complete 
primitive.. 

Given,  for  example,  the  equation 

z=  a(x+y)  +b (i) 

By  differentiation  we  have  /  =  a,  and  q  =  a,  hence 


is  the  only  equation  of  the  first  order  independent  of  a  and  b, 
which  can  be  derived  from  equation  (i).  Hence  equation  (i) 
is  a  complete  primitive  of  equation  (2).  We  do  not  say  the 
complete  primitive,  because  the  general  solution  of  /  =  q  is 


(3) 


and  therefore  any  equation  of  this  form  containing  two  arbitrary 
constants  is  a  complete  primitive  of  p  =  q.  In  fact,  equation  (3) 
gives/  =/V  +  j),  q  =/'(*  +y}>  whence  /  =  q.  The  equation 


294 
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from  which  a  given  partial  differential  equation  can  be  obtained 
by  the  elimination  of  an  arbitrary  function  is  called  its  general 
primitive ;  thus  equation  (3)  is  the  general  primitive  of  p  —  q. 

271.    The  most  general  equation  between  x>  y  and  z,  contain- 
ing one  arbitrary  function,  may  be  written  in  the  form 

/(»,  v)  =  o, (i) 

where  it  and  v  are  given  functions  of  x,  y  and  z.  Regarding  z 
as  a  function  of  x  and  yt  the  derived  equations  are 


=  o, 


and 


du\_dx   '   dz  *  J   '    dv  \_dx       dz 

rdu   .   du        .   df  \dv    ,   dv 
i  — i —  ^  H"      — ' —  ?  i  =  °- 


The  result  of  eliminating  the  ratio  '  J-  :  -J-  may  be  written  in 

x/»/  xY/r  r 

the  form 


du     dv 


du  ,    ^du 

—-  +  p  — 
dx          dz 


du_   .      du_ 
dv          dz 


—  o. 


dv    .      dv         dv    .      dv 

(-  p —          \-  q  — - 

dx          dz          dy          dz 


Of  the  four  determinants  formed  by  the  partial  columns,  that 
containing /^  as  a  factor  vanishes,  and  we  have 


du       du 

du       du 

du       du 

dx       dy 

dz       dy 

dx       dz 

dv       dv 

+  P 

dv       dv 

+  q 

dv       dv 

dx       dy 

dz       dy 

dx       dz 

an  equation  of  the  form 
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in  which 


du_  du_ 

dy  dz 

dv  dv_ 

dy  dz 


du_ 
dz 

dv_ 

dz 


du_ 
dx 

dv_ 
dx 


du_  du 

dx  dy 

dv_  dv 

~dx  dy 


It  thus  appears  that  the  equation  of  which  the  general  primitive 
contains  a  single  arbitrary  function  is  linear  with  respect  to 
p  and  q. 

272.  The  values  of  P,  Q  and  R  above  are  called  the  Jacob- 
tans  of  //  and  v  with  respect  to  y  and  zt  z  and  xy  x  and  y 
respectively,  and  are  denoted  thus, 


d(u,  v) 


u,  v) 


The  Jacobian  vanishes  when  //  and  v  are  not  independent  func- 
tions of  the  variables  expressed  in  the  denominator,  thus  R 
vanishes  if  either  u  or  v  is  a  function  of  z  only.  Again,  P,  Q 
and  R  all  vanish  if  //  is  expressible  as  a  function  of  v.  In  this 
last  case  equation  (i)  is,  in  fact,  reducible  to  v  •=•  c,  which  con- 
tains no  arbitrary  function. 

When  P,  Q  and  R  are  given,  the  functions  u  and  v  must  be 
such  that  their  Jacobians  are  proportional  to  P,  Q  and  R. 
Now,  if  we  put 


and 


b, 


we  shall  have 


dx 


dy 


dz 


dv   ,     ,   dr   ,    ,   dv   , 

—  ffx  +  —  dy  +  —  </s  =  o; 

dx  dy  dz 
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whence,  solving  for  the  ratios  dx\dy\  dz,  we  have 

dx  dy  dz 

d(u,  v)       d(u,  v)       d(u,  v) 
d(y,  z)       d(z,  x)       d(x,y) 

Hence  we  shall  have  found  proper  values  of  u  and  v  if  u  =  a 
and  v  =  b  are  integrals  of 

dx  __  dy  __  dz 
T~~Q~  R' 

We  have  thus  another  proof  of  Lagrange's  solution  of  the  linear 
equation. 

..  273.  In  like  manner,  if  there  be  n  independent  variables 
^D  ^2>  •  •  •>  Xm  and  one  dependent  variable  z,  we  can  eliminate 
the  arbitrary  f  unction  /  from  the  equation 


in  which  «„  «2,  ...,//„  are  n  independent  given  functions  of  the 
variables.  In  the  result  of  elimination  the  coefficient  of  the 
products  of  any  two  or  more  of  the  partial  derivatives  will 
vanish,  and  we  shall  have  an  equation  linear  in  these  deriva- 
tives, that  is  an  equation  of  the  form 

P&  +  ^A  +  •  .  .  -f  Pnpn  =  A 

Moreover,  each  of  the  coefficients  Ply  P9,  .  .  .,  Pn  and  R  will 
be  the  Jacobians  of  ult  tt2,  .  .  .,  un  with  respect  tc  &  Ot  ^.l.t 
variables,  and  the  simultaneous  ordinary  equations  dentrtu?  tn>ir 
«i  =  clt  ut  =  cm  .  .  .,  un  =  cn  will  be 


where  Px,  P»  .  .  .y  Pn  and  ^?  are  the  same 
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EXAMPLES 


Solve  the  following  partial  differential  equations  :  — 

? 
I.   y-  --  2x-2z-y=ot 


2. 


-  mx}. 


*  —  y*).  */ 


8.   xzp  +  yzq  =  xy,  z*  =  xy  +  <t>(-\  ^ 

- 


9.    jc2/  -  xyq  -I-  72  =  o,  ^  =    - 

o** 

10.  5/  +  yq  =  x,  x  +  z  =y$(x*  —  s2). 

11.  x    +  z+     =  o  tan-l     =  lo^      <--s2.          - 


14.    x(y-z)p+y(z  —  x)q  =  z(x—  y),  xyz  =  0  (x  +  y  +  z). 
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17. 


1  8.  jy 

19.  xyzp  —  y*q  -f-  axz  —  o,  log  5=  --  -  +  <^(^). 

«5y 

20.  (5-^,)/x+(5-^a)/a+   ...   +   (5-JCJ,)/<f  =  5-^ 

where  S  =  xt  +  x2  +  ...  +  JP»  4-  ^, 

^|5«(^i  -  *),  5S(*a  -«),..  .,  S*(xH  -  z)  \  =  o. 

ds    .      dz    ,    ^dz  xy 

i-**        '-"+ 


22.   Find  a  common  integral  of  the  equations 
py  =  qx     and    px  -\-  qy  —  z. 


2  = 


23.  Show  that  #3  -f  ^3  +  33  —  3^^  =  ^3  is  a  surface  of  revolution, 
and  find  its  axis. 

24.  If  «  =  o  and  v  —  o  are  particular  integrals  of  a  linear  partial 
differential  equation,  show  that  every  other  integral  </>  =  o  satisfies  the 
equation 


d(x,  y,  z) 

25.  Determine  the  surfaces  which  cut  orthogonally  the  system  of 
similar  ellipsoids  2  m, 

m2      n2  \  z 

26.  Determine  the  surfaces  of  the  second  order  which  cut  orthogo- 
nally the  spheres  ^  ^  v2  +  02  =  2ax 

x2  +  y2  4-  z2  =  2by  -{-  T.CZ. 
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XXII. 
The  Non-Linear  Equation  of  the  First  Order. 

274.  We  have  seen  in  Art.  270  that  a  partial  differential 
equation  of  the  first  order  may  be  derived  from  a  given  primi- 
tive by  the  elimination  of   two  arbitrary  constants.      Such  a 
primitive    constitutes   a   complete   integral   of   the    differential 
equation  ;  but,  when  the  resulting  equation  is  linear,  the  general 
solution  contains  an  arbitrary  function  which  imparts  a  gen- 
erality infinitely  transcending  that  produced  by  the  presence  of 
arbitrary  constants  or  parameters.     The  surfaces    represented 
by  a  complete  integral  constitute  a  doubly  infinite  system  of 
surfaces  of  the  same  kind,  while  the  more  general  class  of  sur- 
faces represented    by  the  general  integral  is   said  to  form  a 
family  of  surfaces.     Thus,  in  the  example  given  in  Art.   270, 
the  complete  integral  (i)  represents  the  doubly  infinite  system 
of  planes  parallel  to  a  fixed  line  ;  and  the  general  integral  (3) 
represents  the  family  of  cylindrical  surfaces  whose  elements  are 
parallel  to  the  same  fixed  line. 

275.  The  differential  equation  derived  from  a  complete  prim- 
itive may  be  non-linear.     For  example,  if,  in  the  primitive, 


(x-hy  +  0>  - 


h  and  k  are  regarded   as  arbitrary  parameters,  the  resulting 
differential  equation  is 


which  is  not  linear  with  respect  to  /  and  q.  Equation  (i)  is 
therefore  a  complete  integral  of  equation  (2).  Geometrically  it 
represents  a  doubly  infinite  system  of  equal  spheres  having 
their  centres  in  the  plane  of  xy.  It  will  be  shown,  however,  in 
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the  following  articles,  that  the  geometrical  representation  of  the 
general  integral  of  a  non-linear  equation  is  a  family  of  surfaces 
equally  general  with  that  representing  the  general  integral  of  a 
linear  equation.  But,  since  it  has  been  shown  in  Art.  2*71  that  a 
primitive  containing  an  arbitrary  function  gives  rise  in  all  cases 
to  a  linear  equation,  it  is  obvious  that  the  general  integral  of  a 
non-linear  differential  equation  cannot  be  expressed  by  a  single 
equation.* 

The  System  of  Characteristics. 

276.    A  partial  differential  equation  of  the  first  order,  con- 
taining  two  independent  variables,  is  of  the  form 

F(x,ytz,p,  q)  =  o  ........    (i) 

Let 

«>**(*,>),;     ........   (2) 

whence 


(3) 


be  an  integral  ;  then  these  values  of  z,  p  and  q  satisfy  equation 
(i)  identically.  If  x,  y  and  z  be  regarded  as  the  coordinates  of 
•a  point,  equation  (2)  represents  a  surface.  A  set  of  correspond- 
ing values  of  x,  y,  z,  p  and  q  determine  not  only  a  point  upon 
the  surface,  but  the  direction  of  the  tangent  plane  at  that  point, 
and  are  said  to  determine  an  element  of  the  surface.  If  we  per 
mit  x  and  y  to  vary  simultaneously  in  any  manner,  the  corre- 
sponding consecutive  elements  of  surface  determine  a  linear 


*  The  surfaces  of  the  -»ame  family  are  generated  by  the  motion  of  a  curve  in 
space,  when  arbitrary  relations  exist  between  its  parameters.  The  simplest  case  is 
that  in  which  there  are  but  two  parameters  ;  the  two  equations  of  the  curve  can  then 
be  put  in  the  form  u  —  clt  "  —  c?  ;  and,  if  /(ft,  c^)  —  o  is  the  relation  between  the 
parameters,  f(u,  v)  —  o  is  the  general  equation  of  the  family.  This  case,  therefore, 
corresponds  to  the  linear  differential  equation.  See  Salmon's  "  Geometry  of  Three 
Dimensions,"  Dublin,  1874,  pp  372  et  seq. 
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clement  of  surface  ;  that  is,  a  line  upon  the  surface  together 
with  the  direction  of  the  tangent  plane  at  each  point  of  the 
line, 

The  linear  clement  thus  determined  upon  the  surface  (2)  will 
in  general  depend  upon  the  form  of  the  function  <£  ;  but  it  will 
now  be  shown  that,  starting  from  any  initial  point  upon  the 
surface,  there  exists  one  linear  element  which  is  independent  of 
the  form  of  </>,  provided  only  that  equation  (i)  is  satisfied,  so 
that  every  integral  surface  which  passes  through  the  initial  ele- 
ment must  contain  the  entire  linear  element. 

277.    Let  the  partial  derivatives  of  Fbe  denoted  as  follows  : 

dF  _  y       dF  _  v       dF  _    y        (IF  _    p        dF  _   n 
IK''  ~dy*  lh'~  ~ty~~  ^=~~^' 

Since  j,  p  and  q  are  functions  of  x  and  y,  the  derivatives  of 
equation  (i)  with  respect  to  x  and  y  give 


Now  let  x  and  y  vary  simultaneously  in  such  a  way  that 


then,  because  for  every  point  moving  in  the  surface 

dz  =  pdx  -f-  qdy'i 
we  have  also 

~  =  fP+gQ (7) 

dt 
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Equations  (6)  and  (7)  give 

dx  _  dy  _         dz 
~~~~ 


The  values  of  /  and  q  in  these  equations  being  given  in  terms 
of  x  andj,  by  equations  (3),  they  form  a  differential  system  for 
the  variables  ;tr,  y  and  z.  Starting  from  any  initial  point  (xQ,yQ,  £0), 
this  system  determines  a  line  in  space  ;  and,  supposing  the 
initial  point  to  be  taken  on  the  surface  (2),  this  line  lies  upon 
that  surface. 

Now,  substituting  from  equation  (6),  and  remembering  that 


dx   .  dxdy       dy 
equation  (4)  becomes 

dx  dt       dy  tit 
whence 


=-X-Zf  .........  (8) 


In  like  manner,  equation  (5)  gives 


Equations  (6),  (7),  (8)  and  (9)  now  give 

dx  _  dy  _         dz  dp  dg  , 

'~~~  ~   "  ~  ~    ' 


a  complete  differential  system  for  the  rive  variables  x,  y, 
z,  p  and  q.  Starting  from  any  initial  element  of  surface 
(*<»y<»  smpm  <7o),  this  system  determines  a  linear  element  of 
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surface,  and  supposing  the  initial   clement  to  be  taken  on  the 
surface  (2),  the  entire  linear  element  lies  upon  that  surface. 

Now  the  system  (10)  is  independent  of  the  form  of  the  func- 
tion <f>,  and  the  only  restriction  upon  the  initial  element  is  that 
it  must  satisfy  equation  (i)  ;  it  follows  that  every  integral  sur- 
face which  contains  the  initial  element  contains  the  entire  linear 
clement.  This  linear  element,  depending  only  upon  the  form  of 
equation  (i),  is  called  a  characteristic  of  the  partial  differential 
equation.  Through  every  element  which  satisfies  equation  (i). 
trrere  passes  a  characteristic.* 

278.  A  complete  solution  of  the  system  (10)  consists  of  four 
integrals  in  the  form  of  relations  between  x,  y,  zt  p  and  q.  Mul- 
tiplying the  terms  of  the  several  fractions  by  X,  Y,  Z,  —P  and 
—  Q,  respectively,  we  obtain  the  exact  equation  dF=o,  of  which 
F=  C  is  the  integral.  But  it  is  obvious  that,  in  order  to  confine 
our  attention  to  the  characteristics  of  the  given  equation,  we 
must  take  C=o.  Thus  the  original  equation  is  to  be  taken  as 
one  of  the  integrals  of  the  characteristic  system.  The  other 
three  integrals  introduce  three  arbitrary  constants.  Hence  the 
characteristics  form  a  triply  infinite  system. 

For  example,  in  the  case  of  the  equation  given  in  Art.  275, 
which  may  be  written 


-+  i  =o, 


X  =  o,    >'=  o,  Z  =  — ,  P  —2p,   Q  =  2q,  and  the  equations  of 
the  characteristic  are 


*  In  like  manner,  when  there  are  n  independent  variables,  a  set  of  values  of 
jri,  -ra,  .  .  .,  JCM,  s,  /i,/2,  .  •  •,/«,  which  satisfies  the  differential  equation,  is  called  an 
element  of  its  integral,  and  the  consecutive  series  of  elements  determined  as  above 
are  said  to  form  a  characteristic.  See  Jordan's  "Cours  d'Analyse,"  Paris,  1887,  vol 
iii.,  pp.  318  ft  sfy. 
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dx       dy  dz  z*dp  zzda 

—  =  —  =  -        -=  --  -  =  --  *•  .....   (2) 

p         q 


Of  this  system,  equation  (i)  is  an  integral;    the  relation  be- 
tween dp  and  dq  gives  a  second  integral  which  may  be  written 

in  the  form 

......     ...  (3) 


The  values  of/  and  q  derived  from  equations  (i)  and  (3)  are 


z 

=Q  -.  (5) 


and  these  equations  may  be  taken  as  two  of  the  integrals,  in 
place  of  equations  (i)  and  (3).  Substituting  these  values  in  the 
relations  between  dx  and  dy,  dx  and  dz  respectively,  we  obtain, 
for  the  other  two  integrals, 

y  —  x  tana  4-  a, (6) 

arid 

(x  sec  a  -f  £)2  =  <r2  —  z* (7) 

These  last  equations  determine,  for  given  values  of  a,  a  and 
b,  the  characteristic  considered  merely  as  a  line,  and  then  equa- 
tions (4)  and  (5)  determine  at  each  point  the  direction  of  the 
element,  that  is  to  say,  the  direction  of  a  plane  tangent  to  every 
integral  surface  which  passes  through  the  characteristic. 


The   General  Integral. 

279.  It  follows  from  Art.  277  that  every  integral  surface 
contains  a  singly  infinite  system  of  characteristics,  so  that  if 
we  make  the  initial  element  of  a  characteristic  describe  an 
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arbitrary  line  upon  the  surface  (the  linear  element  of  surface 
along  the  line  determining  at  each  point  the  values  of  /0  and  q0), 
the  locus  of  the  variable  characteristic  will  be  the  integral  sur- 
face. Moreover,  if  we  take  an  arbitrary  line  in  space  for  the 
path  of  the  initial  point,  it  is  possible  so  to  determine  pQ  and  qQ 
at  each  point  that  the  characteristic  shall  generate  an  integral 
surface.  For  this  purpose,  we  must  have  in  the  first  place, 


(i) 


Again,  since  the  path  of  the  initial  point  is  to  lie  in  the  surface, 

so  that 

dzQ  = 


taking  the  differential  equations  of  the  arbitrary  curve  to  be 

dxQ  _  dyQ  __  dzQ  , 

L       M       N" 
we  must  have 

N  =  p0L  +  qjf,       .......  (3) 


where  L,  M  and  N  are  functions  of  ;r0,  y0  and  ^0.  Geometrically, 
this  last  equation  expresses  the  condition  that  the  initial  ele 
ment  must  be  so  taken  that  the  plane  tangent  to  the  surface 
shall  contain  the  line  tangent  to  the  arbitrary  curve. 

The  general  integral  may  now  be  defined  as  representing 
the  family  of  surfaces  generated  by  a  variable  characteristic 
having  its  motion  thus  directed  by  an  arbitrary  curve.* 


*  That  the  surface  thus  generated  is  necessarily  an  integral  will  be  seen  in  thr 
following  articles  to  result  from  the  existence  of  a  complete  integral.  The  analytical 
proof  requires  that  it  be  shown  that,  for  a  point  moving  in  the  surface,  we  have  alway 

dz  =  pdx  4-  qdy, 

where  p  and  q  are  given  by  the  equations  of  the  characteristic.     If  the  common 
value  of  each  member  of  the  equations  (2)  be  denoted  by  dr,  the  variation  of  r  moves 
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In  the  case  of  the  linear  equation,  when  the  characteristics 
become  the  Lagrangean  lines,  the  values  of  /0  and  q0  are  still 
those  which  satisfy  equations  (i)  and  (3)  ;  but  they  need  not  be 
considered,  because  there  is  but  one  Lagrangean  line  through 
each  point. 

Derivation  of  a   Complete  Integral  from  the  Equations  of  the 
Characteristic. 

280.  The  four  integrals  of  the  characteristic  system  contain 
#">  y>  z*  P>  <J>  and  three  constants.  We  may  therefore  obtain,  by 
elimination  if  necessary,  a  relation  between  x,  y,  z  and  two  of  the 
constants.  Every  such  equation  represents,  for  any  fixed  values 
of  the  constants,  a  surface  passing  through  a  singly  infinite  sys- 
tem of  characteristics,  but  not  in  general  a  system  of  the  kind 
considered  in  Art.  279,  so  that  the  equation  is  not  in  general  an 
integral  of  the  partial  differential  equation.  It  will  now  be 

the  characteristic,  and  that  of  /  \_dt  being,  as  in  Art.  277,  the  common  value  of  each 
member  of  equations  (10)]  moves  a  point  along  the  characteristic.  The  motion  of  9 
point  along  the  surface  then  depends  upon  the  two  independent  variables  /  and  T 
Then,  since 


dt  dr  dt  dr  dt  dr 

and  the  equations  of  the  characteristic  give 

dt  ~     dt         dt 
it  remains  only  to  prove  that 

dz ctx  .      dy 


or  that 


_p_     _^u= 
dr         dr          dr 


Letting  /=o  correspond  to  the  initial  point,  the  condition  dzQ  =  pQdxQ  +  qc>dy0  show. 
that  the  corresponding  value  of  U  is  zero,  that  is  UQ  =  o.     Consider  now  the  valu 

of  ^.    This  is 

dt  d_u__  (Pz__d£  ^_y)_^;_^  ^_    d*y 

dt  ~  dtd-r      ~dt~dr         dtdr      dt  dr      9  dtdr 
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shown  how  we  may  find  such  an  integral,  that  is  to  say,  since 
two  arbitrary  constants  occur,  a  complete  integral  of  the  given 
equation.  • 

Suppose  one  integral  of  the  characteristic  system,  in  addition 
to  the  original  equation  F=  o,  to  have  been  found.  Let  a  denote 
the  constant  of  integration  introduced,  and  consider  the  values 
of  /  and  (/  in  terms  of  x,  yy  z  and  a  determined  by  these  equa- 
tions. Now,  in  a  complete  solution  of  the  characteristic  system, 
each  characteristic  is  particularized  by  a  special  value  for  each 
of  the  three  constants  of  integration.  We  may  distinguish  those 
in  which  a  has  the  special  value  an  as  the  (^-characteristics  ; 
these  constitute  a  doubly  infinite  system  of  linear  elements  of 
surface,  which  together  include  all  the  point  elements  deter- 
mined by  the  above-mentioned  values  of  p  and  q,  when  the  par- 
ticular value  aj  is  assigned  to  a. 

Now  these  ax-charactenstics  lie  upon  a  system  of  integral 
surfaces.  To  show  this,  consider  a  transverse  plane  of  refer- 


But 


_    _^__  , 

dtdr  ~  dr  dt~  dr  dt      P  drdt      dr  dt          drdt  ' 


hence 

dt  ~  dr  dt    '  dr  dt      dt  dr      dt  dr 
Substituting  from  the  equations  of  the  characteristic,  this  becomes 


dr          dr  dr          dr  dr 

or,  since  Zdz  +  Xdx  +  Ydy  +  Pdp  -f  Qdq  =  o, 


The  integration  of  this  gives 

u=ct-J-Zdt, 

and,  putting  /=o,  we  have  C=  6r0  =  o;  hence,  so  long  as  the  exponential  remains 
finite,  U—o,  which  was  to  be  proved.  See  Jordan's  " Course  d'Analyse,"  vol.  iii, 
P.  323- 
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ence.  This  is  pierced  at  each  point  by  one  of  the  (^-characteris- 
tics, and  at  the  point  the  element,  which  we  may  take  as  the 
initial  element  of  the  characteristic,  determines  in  the  plane  of 
reference  a  direction.  If,  starting  from  any  position  in  the 
plane  of  reference,  the  initial  point  moves  in  the  direction  thus 
defined,  it  describes  a  determinate  curve  in  that  plane,  and 
the  corresponding  characteristic  generates  an  integral  surface. 
Varying  the  initial  position  in  the  plane  of  reference,  we  have  a 
singly  infinite  system  of  curves  in  that  plane,  and  a  singly  infi- 
nite system  of  integral  surfaces. 

We  have  thus  a  system  of  surfaces  at  every  point  of  which 
the  values  of  /  and  q  are  the  values  above  mentioned  which 
involve  04.  Hence,  if  these  values  be  substituted  in  the  equa- 
tion 

dz  =pdx  -f-  qdy 

(which,  it  will  be  noticed,  is,  by  Art.  277,  one  of  the  differential 
equations  of  the  characteristic  system),  we  shall  have  an  equa- 
tion true  at  every  point  of  this  system  of  surfaces  ;  in  other 
words,  we  shall  have  the  differential  equation  of  the  system.* 

The  integral  of  this  equation  will  contain  a  second  constant 
of  integration /?;  when  both  constants  are  regarded  as  arbitrary, 
•t  represents  a  doubly  infinite  system  of  surfaces  containing  the 
entire  system  of  characteristics,  and  is  a  complete  integral. 

281.  As  an  illustration,  let  us  resume  the  example  of  Art. 
278.  Substitution  of  the  values  of  p  and  q,  equations  (4)  and 
(5),  in  dz  =pdx  +  qdy,  gives 

—  =  dx  cos  a  -J-  dy  sin  a. 


*  It  follows  that  the  equation  thus  found  is  always  integrable.  This  would,  of 
course,  not  be  generally  true  if  the  values  of  p  and  q  simply  satisfied  the  equation 
F—o.  The  early  researches  in  partial  differential  equations  were  directed  to  the 
discovery  of  values  of  p  and  q  which  satisfied  F—  o  and  at  the  same  time  rendered 
lz=pdx+  qdy  integrable.  See  Art.  294. 
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whence,  integrating,  we  have 

za  -f  (  x  cos  a  +  v  sin  a  -f-  /?)2  =  S*, 

which  is  therefore  a  complete  integral  of  the  given  equation 

'/2  4-  i)  =  ^2. 


This  complete  integral  represents  a  right  circular  cylinder  of 
radius  c,  having  its  axis  in  the  plane  of  xy  ;  and  since  equation 
(6).  Art.  278,  represents  a  plane  perpendicular  to  the  axis,  we 
see  that  the  characteristics  in  this  example  are  equal  vertical 
circles,  with  their  centres  in  the  plane  of  xy,  regarded  as  elements 
of  right  cylinders. 

It  follows  that  the  general  integral  represents  the  family  of 
surfaces  generated  by  a  circle  of  radius  c,  moving  with  its  centre 
in,  and  its  plane  normal  to,  an  arbitrary  curve  in  the  plane  of 
.IT.  The  surfaces  included  in  the  complete  integral  just  found  are 
those  described  when  the  arbitrary  path  of  the  centre  is  taken 
«s  a  straight  line. 

Relation  of  the  General  to  the  Complete  Integral. 

282.  Since  all  the  integral  surfaces  which  pass  through  a 
given  characteristic  touch  one  another  along  the  characteristic, 
and  the  surfaces  included  in  a  complete  integral  contain  all  the 
characteristics,  it  follows  that  every  integral  surface  touches  at 
each  of  its  points  the  surface  corresponding  to  a  particular  pair 
of  values  of  a  and  ft  in  the  equation  of  the  complete  integral. 
The  series  of  surfaces  which  touch  a  given  integral  surface  cor- 
responds to  a  definite  relation  between  ft  and  a,  say  ft  =  <i>  («)  ; 
thus  the  given  integral  is  the  envelope  of  the  system  of  surfaces 
selected  from  the  complete  integral  by  putting  /?=<£(a)  and  so 
obtaining  an  equation  containing  a  single  arbitrary  parameter. 
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The  equation  of  the  envelope  of  a  system  of  surfaces  repre- 
sented by  such  an  equation  is  found  in  the  same  manner  as  that 
of  a  system  of  curves.  See  Diff.  Calc.,  Art.  365.  That  is  to 
say,  we  eliminate  the  arbitrary  parameter  from  the  given  equa- 
tion by  means  of  its  derivative  with  respect  to  this  parameter. 

283.  For  example,  in  the  complete  integral  found  in  Art 
281,  if  a  and  ft  are  connected  by  the  relation 


-f-£sina  4-  /?  =  o,     ......  (i> 

the  equation  becomes 

z2  +  [(*  —  h)  cos  a  +  (y  —  k)  sin  a]2  =  c*.      .     .    -.  (2; 
Taking  the  derivative  with  respect  to  a,  we  obtain 

[_(x  —  K)  cos  a  -f  (  y  —  k)  sin  a]  [(y  —  k)  cos  a  —  (x  —  Ji)  sin  a]  =  o, 
whence  we  must  have  either 

(x  —  h)  cos  a  H-  (y  —  K)  sin  a  =  o,      .     .    .     .  (3) 
or  else 

(>»  —  £)  cosa  —  (#  —  ^)  sina=o  .....  (4) 

The  elimination  of  a  from  equation  (2)  by  means  of  equation  (3) 
^ives 

&  =  *,     .....    ....  (5) 

and,  in  like  manner,  from  equations  (2)  and  (4)  we  obtain 

^+(jc_^2+    (y  -&?=£*  ......     (6) 

Equation  (i)  expresses  the  condition  that  the  axis  of  the  cylin- 
der represented  by  the  complete  integral  shall  pass  through  the 
fixed  point  (h,  k,  o)  ;  accordingly  the  envelope  of  the  system  (2) 
consists  of  the  planes  z—  ±  c,  and  the  sphere  (6)  whose  centre  is 
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(//,  /-,  o).  Regarding  //  and  /•  as  arbitrary,  equation  (6)  is  the 
complete  integral  from  which  as  a  primitive  the  differential 
equation  was  derived  in  Art.  275. 

284.  To  express  the  general  integral,  the  relation  between 
the  constants  in  the  complete  integral  must  be  arbitrary.    Thus, 
the  complete  integral  being  in  the  form 

/(x,y,  z,a,6)=o, (i) 

we  may  put  b  =  <f>  (a),  where  <£  denotes  an  arbitrary  function,  and 
then  the  general  integral  is  the  result  of  eliminating  a  between 
the  equations, 

/!>,.>',  z,  a,  <K<0]  =  o» (a) 

and 

j-/lx,y,s,  a,  <!>(<*)]  =  o (3) 

The  elimination  cannot  be  performed  until  the  form  of  </>  is  spe- 
cified ;  for,  as  remarked  in  Art.  275,  the  general  integral  cannot 
be  expressed  by  a  single  equation  unless  the  given  partial  differ- 
ential equation  is  linear. 

Since  the  general  integral  can  thus  be  expressed  by  the  aid 
of  any  complete  integral,  we  shall  hereafter  regard  a  non-linear 
partial  differential  equation  as  solved  when  a  complete  integral 
is  found. 

Singular  Solutions. 

285.  There  may  exist  a  surface  which  at  each  of  its  points 
touches  one   of   the    surfaces   included   in  the   complete    inte- 
gral without  passing  through  the  corresponding  characteristic. 
Kvery  element  of  such  a  surface  obviously  satisfies  the  differen- 
tial equation,  and  its  equation,  not  being  included  in  the  general 
integral,  is  a  singular  solution  analogous  to  those  which  occur 
in  the  case  of  ordinary  differential  equations 
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An  integral  surface  generated,  as  in  Art.  279,  by  a  moving 
characteristic  will  in  general  touch  the  surface  representing  the 
singular  solution  along  a  line.  If  the  surfaces  of  the  complete 
integral  have  this  character,  the  singular  solution  will  be  a  part 
of  the  envelope  found  by  the  process  given  in  the  preceding 
article,  no  matter  what  the  form  of  <£  may  be.  In  this  case,  equa- 
tions (2)  and  (3),  Art.  284,  which  together  determine  the  ultimate 
intersection  of  consecutive  surfaces  of  the  system  (2),  represent 
a  characteristic  and  also  the  line  of  tangency  with  the  singular 
solution.  The  former,  as  a  varies,  generates  a  surface  belong- 
ing to  the  general  integral,  and  the  latter  generates  the  singular 
solution.  Thus,  in  the  example  of  Art.  283,  equation  (3)  deter 
mines  upon  the  cylinder  (2)  its  lines  of  contact  with  the  planes 
z  =  ±  c,  and  equation  (4)  determines  a  characteristic. 

286.  There  is,  however,  when  a  singular  solution  exists,  a 
special  class  of  integrals  which  touch  the  singular  solution  in 
single  points,  each  of  these  being  in  fact  the  envelope  of  those 
members  of  the  complete  integral  which  pass  through  a  given 
point  on  the  singular  solution.  This  class  of  integrals  obviously 
constitutes  a  doubly  infinite  system,  and  thus  forms  a  complete 
integral  of  a  special  kind.  The  complete  integral  (6),  Art.  283, 
is  an  example. 

When  /(*,**,«,*)  =o 

is  the  complete  integral  of  this  special  kind,  the  characteristics 
represented  by  equations  (2)  and  (3),  Art.  284,  will,  for  given 
values  of  a  and  b,  all  pass  through  a  common  point,  indepen- 
dently of  the  form  of  <£,  and  this  point  will  be  upon  the  singu- 
lar solution.  In  particular,  the  characteristic  denned  by  /=  o 

and    -/-  =  o   will   intersect  that    defined  by  /=o  and    '      =  o, 
da  do 

in  a  point  on  the  singular  solution.  Hence,  in  this  case,  the 
singular  solution  will  be  the  result  of  eliminating  a  and  b  from 
the  three  equations, 
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It  is  to  ho  noticed,  however,  that  the  eliminant  of  these 
equations  may,  as  in  the  case  of  ordinary  differential  equations, 
include  certain  loci  which  are  not  solutions  of  the  differential 
equation. 

287.  Since  the  characteristics  which  lie  upon  a  surface  of  the 
kind  considered  above,  all  pass  through  the  point  of  contact  with 
the  .singular  solution,  it  follows  that  the  singular  solution  is  the 
locus  of  a  point  such  that  all  the  characteristics  which  pass 
through  it  have  a  common  element.  At  such  a  point,  therefore, 
the  initial  element  fails  to  determine  the  direction  of  the  charac- 
teristic. Now,  in  the  equations  (10),  Art.  277,  the  ratio  dx\dy 
is  indeterminate  only  when  P  =  o  and  Q  =  o,  or  when  /^=co 
and  Q  =  oo  ;  hence  one  of  these  conditions  must  hold  at  every 
point  of  a  singular  solution.  The  former  is  the  more  usual  case,, 
so  that  a  singular  solution  generally  results  from  the  elimination 
of />  and  q  from 

F(x,y,z,p,  ?)  =  o 

by  means  of  the  equations 

'-^  =  0  and  ^  =  o. 

dp  dq 

It  is  necessary,  however,  to  ascertain  whether  the  locus  thus 
found  is  a  solution  of  the  differential  equation,  for  the  conditions 
P  =  ot  Q  =  o,  and  7^=00,  Q=^>  arc  satisfied  at  certain  other 
points  besides  those  situated  upon  a  singular  solution  ;  for  ex- 
ample, those  at  which  all  the  characteristics  which  pass  through 
them  touch  one  another.  In  the  example  of  Art.  278,  P  =  O, 
(7  =  o  gives  the  singular  solution  z  =  ±  c,  and  P=oo,  Q  =  oo 
gives  z*  =  o,  which  is  the  locus  of  the  last-mentioned  points, 
and  not  a  solution. 
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Equations  Involving  p  and  q  only. 

288.  We  proceed  to  consider  certain  cases  in  which  a  com 
plete  integral  is  readily  obtained.     In  the  first  place,  let  the 
equation  be  of  the  form 

F(P,  ?)  =  o (i) 

In  this  case,  since  ^=o,  F=o,  Z=o,  two  of  the  equations 
[(10),  Art.  277]  of  the  characteristic  become  dp  —  Q  and  dq  =  o  ; 
whence 

p  =  a  and  q  =  b (2) 

The  constants  a  and  b  are  not  independent,  for,  substituting- in 
equation  (i),  we  have 

F(a,V)  =o. (3) 

Substituting  in  dz  =pdx  -f  qdy,  we  obtain 

dz  =  adx  -f-  bdy ; 
whence,  integrating,  we  have  the  complete  integral 

z  =  ax  +  &y  +  c, (4) 

where  a  and  b  are  connected  by  equation  (3),  and  c  is  a  second 
arbitrary  constant. 

289.  The  characteristics  in  this  case  are  straight  lines,  and 
the  complete  integral  (4)  represents  a  system  of  planes.     The 
general  integral  is  a  developable  surface.     There  is  no  singular 
solution. 

A  special  class  of  integrals  which  may  be  noticed  are  the 
envelopes  of  those  planes  belonging  to  the  system  (4)  which 
pass  through  a  fixed  point.*  These  are  obviously  cones,  whose 

*  The  characteristics  which  pass  through  a  common  point  in  all  cases  determine 
an  integral  surface.  The  integrals  of  this  special  kind  constitute  a  triply  infinite 
system :  we  may  limit  the  common  point  or  vertex  to  a  fixed  surface  (as,  rbr  example, 
in  Art.  286,  to  the  singular  solution),  and  still  have  a  complete  integral. 
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elements  are  the  characteristics  which  pass  through  the  fixed 
point.     For  example,  if  the  equation  is 

p*  +  ^  =  ,//*, 

these  cones  are  right  circular  cones  with  vertical  axes,  and  their 
equations  are 

(z  —  y)*  =  m*(x  —  a)*  +  m*(y  —  J3)2. 

Equation  Analogous  to  Clairaufs. 

290.    There  is  another  case  in  which  the  characteristics  are 
straight  lines  ;  namely,  when  the  equation  is  of  the  form 


Ji) 


In  this  case,  X  =/,  Y=q,  Z  =—  i,  and  we  have  again,  for  two 
$f  the  equations  of  the  characteristic,  dp  —  o  and  dq  =  o  ;  whence 


=  a,  q  =  b 


Substituting  in  dz  =pdx  -f-  qdy,  and  integrating,  we  have  the 
complete  integral 

z  =  ax  +  6y  +  c,  ........   (3) 

in  which  the  constant  c  is  not  independent  of  a  and  b  ;  for,  sub- 
stituting the  values  of  /  and  q,  equation  (i)  becomes 

b),  .......   (4) 


which,  since  it  is  also  one  of  the  integrals  of  the  characteristic 

tern,  must  be  identical  with  equation  (3). 

291.  The  complete  integral  in  this  case  also  represents  a 
system  of  phmcs,  and  the  general  integral  is  a  developable  sur- 
A  singular  solution  also  exists. 
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For  example,  let  the  equation  be 

z  =  px  +  qy  +  k<J(i  +P  +  V2);   .....  (i) 
rfie  complete  integral  is 

z  =  ax  4-  by  +  k^(\  +  a2  +  b*)  ......   (2) 


For  the  singular  solution,  taking  the  derivatives  with  respect  to 
a  and  b}  we  have 


and 


ak  _ 

V/(i  +  <*»  +  £»)  " 


bk 
v  -4 =  O. 


These  equations  give 


and,  substituting  in  equation  (2),  we  have 

*2-}-_}'2  +  s2  =  /^2. (3) 

Thus  the  singular  solution  represents  a  sphere,  the  complete 
integral  (2)  its  tangent  planes,  and  the  general  integral  the 
developable  surface  which  touches  the  sphere  along  any  arbi- 
trary curve. 

Equations  not  Containing  x  or  y. 

292.    When  the  independent  variables  do  not  explicitly  occur, 
the  equation  is  of  the  form 

F(z,p,q)  =  o .  (i) 
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Here  A'=o  and  K=o,  and  the  final  equation  of  the  character- 

istic system  reduces  to 

dp  _  dq 

7~==7' 

whence 

q  =  <*p  .......  .  (2) 

Substituting  in  equation  (i),  we  have  F(z,ptap)=o,  the  solu- 
tion of  which  gives  for/  a  value  of  the  form 


Thus,  dz  —pdx  +  qdy  becomes 

dz  =  <f>(z)  (dx  -|-  ady)  ; 
whence,  integrating,  we  have  the  complete  integral, 


The  illustrative  example  of  Arts.  278  and  281  is  an  instance 
of  this  form.  It  will  be  noticed  that  the  mode  of  solution  leads 
to  a  complete  integral  representing  cylindrical  surfaces  whose 
elements  are  parallel  to  the  plane  of  xy.  The  equation 

F(z,  o,  o)  =  o, 

representing  certain  planes  parallel  to  the  plane  of  xy,  will  obvi- 
ously be  the  singular  solution. 

Equations  of  the  Form  /i(x,p)=/2(y,  q). 

293.  When  the  equation  does  not  explicitly  contain  z,  it  may 
be  possible  to  separate  the  variables  x  and  /  from  y  and  q,  thus 
putting  the  equation  in  the  form 

f*(*,P)=My,i)-'  .......  (U 
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In  this  case,  we  have  Z  —  o,  X=  -£?t  P—  J-Ly  and  the  equations 

dx  dp 

of  the  characteristic  give  for  the  relation  between  dx  and  dp, 


. 
dx  dp 

Integrating,  we  have/i^,/)  =  a,  and  from  equation  (i), 

Mx,p)=My,g}  =  a  .......  (2) 

Solving  these  equations  for/  and  q,  we  have  values  of  the  form 

p  =  4>i(x,a),  g  =  <l>*(y,a), 

and  dz  =.pdx  -f  qdy  becomes 

dz  =  <kO,  a)dx  4-  ^»0',  a)dy, 
whence  we  derive  the  complete  integral, 

z  =  U»(#,  «)^f  4-  [020',  «)^  +  ^. 
For  example,  let  the  given  equation  be 


Putting 
we  have 


P  =  ~T^  4  = 


and,  integrating  dz  =pdx  -f  ^,  we  obtain  the  complete  integral, 
z  —  2\asx  4-  2^(X  ~~ 
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Change  of  Form  in  the  Equations  of  the  Characteristic. 

294.    If  we  make  any  algebraic  change  in  the  form  of  the 
equation 

F(x,y,  z,  A  ?)  =  o, 

the  equations  of  the  characteristic  (10),  Art.  277,  will  be  altered. 
The  changes,  however,  will  be  merely  such  modifications  as 
might  be  produced  by  means  of  the  equation  F=o  itself.*  In 
particular,  the  form  assumed  when  the  equation  is  first  solved 
for  q  may  be  noticed.  Suppose  the  equation  to  be 

q  =  <t>(*,y,z,p)  .......    (0 

Then  F=q-+(?,y,  *,/),  whence  X=  -^,  F=  -  ^,  Z=  -  ^, 

ox  ay  az 

P  =  --  -,  and  <2=  I.     Putting  q  in  the  place  of  <£  in  the  partial 
dp 

derivatives,  and  omitting  the  member  containing  dq,  the  equa- 
tions of  the  characteristic  become 


a  complete  system  for  the  four  variables  x,  y,  z  and  /,  q  being 
the  function  of  these  variables,  given  by  equation  (i).  These 
equations  may  be  deduced  from  the  consideration  that  the  val- 
ues of  p  and  q  derived  from  one  of  their  integrals  combined  with 
equation  (i)  should  render  d-=pdx  +qdy  integrable.f 


*  The  complete  solution  of  the  characteristic  system  involving  four  arbitrary 
constants  (see  Art.  278)  would  indeed  be  changed,  but  not  the  special  solution  in 
which  F—  o  is  taken  as  one  of  the  integrals. 

t  See  Boole's  "  Differential  Equations,"  London,  1865,  p.  336. 
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295.    As  an  illustration,  let  us  take  the  equation 

z=pq,  or  q  =  -  ......   (i) 

/ 

Equations  (2)  of  the  preceding  article  become 

p*dx  pdz 

,-"*"«"*  ........  (2) 

Of  these  the  most  obvious  integral  is 

/  =  y  +  0; 

whence  dz  =pdx  -f  qdy  becomes 


y  +  a 
from  which  we  derive  the  complete  integral 


(3) 


The  equations  of  the  characteristic  derived  from  the  more 
symmetrical  form  of  the  equation 


F  =  pg  —  Z  =  O 

are 

dx  _dy  _  dz   _  dp  _  dq 


,  . 


which  are  readily  seen  to  be  equivalent  to  equations  (2).  If  the 
final  equation  of  the  system  (4)  be  used,  as  in  the  process  of 
Art.  292,  to  determine/  and  q,  we  shall  have 

£  . 

f  ~  ~  a  >  y       v  ' 

giving 

(5) 


a 


another  complete  integral  of  the  equation  z  =pq. 
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Transformation  of  the  Variables. 

296.  A  partial  differential  equation  may  sometimes  be  re- 
duced by  transformation  of  the  variables  to  one  of  the  forms  for 
which  complete  integrals  have  been  given  in  Arts.  288,  290,  292 
and  293.  The  simplest  transformation  is  that  in  which  each 
variable  is  replaced  by  an  assumed  function  of  itself.  The 
choice  of  the  new  variable  will  be  suggested  by  the  form  of 
the  given  equation. 

Let 

*  =  *(*),  * 

then 


z 


Hence,  denoting   the  partial  derivatives  of  £  with  respect  to 
£  and  17  by  /'  and  g',  their  expressions  in  terms  of  x,  y  and  z  are 
the  same  as  if  they  were  ordinary  derivatives. 
For  example,  the  equation 


may  be  written 


Putting  --  =  d^y  -'?-  =  dy,  --  =  d£,t  whence  £  =  log,r,   rj 
and  £  =  log  z,  the  equation  becomes 

/'  +  ?"=  i  .........  (2) 

The  complete  integral  of  this  equation  is,  by  Art.  288, 
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where  a?  -f  b2  —  I  ;  hence,  putting  a  =  cos  «,  b  —  sin  a,  the  com- 
plete integral  of  equation  (i)  is 

log  z  =  cos  a  log  jf  -f-  sin  a  log  _r  -f  c, 
or 

£  —    £  '%  cos  a  ysin  a_ 

297.    In  the  following  example  the  new  independent  variables 
are  functions  of  both  of  the  old  ones.     Given 


(i) 


Using  the  formulae  connecting  rectangular  with  polar  coordi- 

nates, 

x  =  r  cos  0,  y  =  r  sin  0, 

whence 


we  have 


y 

r2  =  x2  +  y2,  0  =  tan-1  -, 

oc 


dz       dz         r.      dz  sin  0 
p  =  —  =  —  cos  6  ----  . 
dx      dr  JO      r 

dz       dz    .    n    ,   dz  cos  6 


Substituting,  equation  (i)  becomes 


or,  putting  dp  =  —  , 


Hence  the  integral  is 

z  =  p  cos  a  +  ^  sin  a  -|-  /8 

y 

=  |-  cos  a  log  (:v2  +  y2)  -+•  sin  a  tan~x 

^ 

The  same  complete  integral  may  be  found  directly  by  the  method 
of  characteristics  (see  Ex.  20). 


§  XXII.] 


EXAMPI  i  s  xxii. 

Find  complete  integrals  for  the  following  partial  diffeu  nt  :; 
equations  :  — 


,    a.   \V  -f-  v/'/  =  2.v,  z  =  J  (2.v  —  ay  +  a\v  4  /'.       * 

,  3-  P*  —  f  =  '  •  z  =  JT  sec  a  4-.T  tan  a  +  //.      *     ' 


s  =  tf.v  -|-  /M  -f-  ah  ;     •* 
singular  solution,  z  =  —  .XT. 

5.    </  =  .x/  -f  />',  .7  =  ^r^^  +  i  <*V2'  4-  ^. 

o.   y*p*  —  .v2«/j  =  .v2v2,  z  =  |  rt.v2  -h  f  (rf2  —  i  )M  -f  /^.         •  ^ 

^   7-  /2  +  '/2  =  -v  -f  ^i  ^  =  }  GV  4-  rt  )*  -f-  J-  (/  f-  «)*  4  /*.         ^ 
/&.</  =  2i/-'.  «  =  «jc  4-  tf*r2  +  /;. 

9.    5  =  /.v  4  '/i'  —  ///"'^/w,  5  =  «A-  4  4y  —  ;*d«^  ; 

s 

singular  solution,  z  —  (2  —  ;/ 


.c» 

11.  p  —  (,/r  -f-  c)2,  rs  =  ax  4  2^(a\)  4  b. 

12.  /2  4  </2  —  2/\v  —  2gr  4  i  =  o, 

2 

+  logi= —      /7   ,     ^-=U^=  +  ^. 


>/  13.    Denoting  .v  4  ".i1  l>y  A  find  a  complete  integral  of  Kx,  12  in 
the  form 

t  (  i  -r  **,  z  =  i*  4  /  v/(^2-  i  -  "2)  -  (  i  4  a2)  log  [/  4  y'C/2  -  i  ~  a-)]  4  ft. 

T 

14-    (/4'/)(/.v  +  r/r)  =  i,  (i  4«)s=  2(a-  f  drr)  4  fi.    ^ 
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15.    & 


-  y2?  =  y*  -  **, 


a2    .        x    ,   .*v/(tf2  —  J^2)        02 

—  sin-1-  +  —  ^  -  i  ---  y  +  b. 

2  a  2  y 


1  8.    Find  three  complete  integrals  of 


ft. 

—  a2)   +  b. 


i/  19.  Show  directly,  by  comparison  of  the  values  of  2,  p  and  ^,  that  a 
Surface  included  :n  the  integral  2°  can  be  found  touching  at  any  given 
point  a  given  surface  included  in  the  integral  i°  ;  and  that  the  relation 

t-+-£ 

will  then  exist  between  the  constants.  Hence  derive  one  integral  from 
the  other,  as  in  Art.  283.  Also  show  that  the  similar  relations  for  the 
other  pairs  of  integrals  are 

ft  =  2^'  +  #'2a2,  and  b  —  V  —  aa1. 

20.   Show  that  xq  —  yp  —  a  is  an  integral  of  the  characteristic  system 
for  the  equation 


ftnd  thence  derive  the  complete  integral  given  in  Art.  297. 

21.    Solve,  by  means  of  the  transformations  xy  =  £,  x  -\-  y  =  ^.,  the 
equation 


z  =  axy  +  &(x  -f  y)  4- 
22.    (x*  -  y^pq  -  xy  (p*  -f)  =  i. 


I 


=  £0  logO2-f-.y2)  +- 
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23.    Show  that  the  equations  of  the  characteristic  passing  through 
(a,  0,  y)  in  the  case  of  the  equation 

/*  +  ?>  =  m; 
Art.  289,  are 

*-«  =  y-P  _  z-y 

a  b  m* 

where  a"1  -f-  ^9  =  "**  '>   a°d  thence  derive  the  special  integral  given  in 
that  article. 

*         24.    Deduce,  in  like  manner,  the  integral  formed  by  characteristics 
passing  through  (/*,  /£,  /)  for  the  equation 


^x    25.   Show  that  when  the  complete  integral  is  of  the  form 

au  +  bv  +  w  =  o,       .......  (i) 

where  u,  v  and  w  are  rational  functions  of  x,  y  and  z,  the  elimination 
can  be  performed,  giving  the  general  integral 


(2) 


a  homogeneous  equation  in  u,  v,  w.  Accordingly,  show  that  the  equa- 
tion arising  from  equation  (i)  as  a  primitive  is  the  linear  equation 
Pp  +  Qg  =  ^,  where 


d(y,z) 
with  similar  expressions  for  Q  and  R,  and  that  putting  «x  =  —  ,    vl  =—  , 

these  values  of  P,  Q  and  R  agree  with  those  derived  from  the  general 
primitive  in  Art.  271. 
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CHAPTER   XII. 

PARTIAL    DIFFERENTIAL    EQUATIONS    OF    HIGHER   ORDER. 

XXIII. 

Equations  of  the  Second  Order. 

298.  WE  have  seen  that  the  general  solution  of  a  partial 
differential  equation  of  the  first  order,  containing  two  independ- 
ent variables,  involves  an  arbitrary  function,  although  it  is  not 
possible  to  express  the  solution   by  a  single    equation    except 
when  the  differential  equation  is  linear  with  respect  to  /  and  q. 
We  might  thus  be  led  to  expect  that  the  general  solution  of  an 
equation  of  the  second  order  could  be  made  to  depend  upon  two 
arbitrary  functions.      But  this  is  not  generally  the    case.     No 
complete  theory  of  the  nature  of  a  solution  has  yet  been  devel- 
oped, although  in  certain  cases  the  general  solution  is  expressi- 
ble by  an  equation  containing  two  arbitrary  functions.    We  shall 
consider  these  cases  in  the  present  section,  and  in  the  next,  the 
important   class  of  linear  equations  with  constant  coefficients, 
for  which  in  some  cases  a  solution  of  the  equation  of  the  ;/th 
order  containing  n  arbitrary  functions  can  be  obtained. 

The  Primitive  containing  Two  Arbitrary  Functions. 

299.  If  we  consider  on  the  other  hand  the  question  of  the 
differential  equation  arising  from  a  given  primitive  by  the  elimi- 
nation of  two  arbitrary  functions,  we  shall  find  that  it  is  onTy  in 
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certain    cases  that   the  elimination  can  be   performed  without 
introducing  derivatives  of  an  order  higher  than  the  second. 

The  general  equation  containing  two  arbitrary  functions  may 
be  written  in  the  form 


in  which  u  and  v  are  given  functions  of  x,  y  and  #.     The  two 
derived  equations 


will  contain  4>'(n)  and  t'(v),  two  new  unknown  quantities  to  be 
eliminated.  There  will  be  three  derived  equations  of  the  second 
order 


dx*  dxdy  dy 

containing  two  new  unknown  quantities,  #"(?/)  and  ty"(v).  We 
have  thus  in  all  six  equations  containing  six  unknown  quantities. 
The  elimination,  therefore,  cannot  in  general  be  effected.* 

300.    Suppose,  however,  that  the  original  equation  can  be  put 
in  the  form 

t(v)-,    .......  (0 


then  the  two  derived  equations  of  the  first  order, 


are  independent  of  4>  and  ^.     These,  with    the   three  derived 


*  If  we  proceed  to  the  third  derivatives,  we  shall  have  ten  equations  and  erght 
quantities  to  be  eliminated,  so  that  two  equations  of  the  third  order  could  be  found 
which  would  be  satisfied  by  the  given  primitive 
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equations  of  the  second  order,  will  constitute  five  equations 
containing  the  four  quantities  <j>',  ^',  <t>",  ^".  These  quantities 
may  therefore  be  eliminated,  the  result  being  an  equation  of  the 
second  order. 

There  is  another  way  in  which  the  elimination  may  be 
effected.  Let  one  of  the  unknown  quantities,  say  «//,  be  elimi- 
nated between  equations  (2)  and  (3)  ;  we  shall  then  have  a  single 
equation  containing  <£'.  From  this  equation  and  its  two  derived 
equations  we  can  eliminate  <£'  and  <£".  It  is  to  be  noticed  that 
in  this  last  process  we  meet  with  an  intermediate  equation  of  the 
first  order,  containing  one  arbitrary  function. 

301.  Another  case  in  which  the  elimination  can  be  per- 
formed occurs  when  the  primitive  is  of  the  form 


(i) 


in  which  we  have  two  arbitrary  functions  of  the  same  given 
function  of  x,  y  and  s.  In  this  case  the  derived  equations  take 
the  form 


(dw\        .,,   x  fdu\    .      ,,,   \  fdu\    .    . ,    x  fdv 

~T~  H^WTT  )  +  ^  (*)  \-T  )  +  ^*M:r 

\dy)  \dy)  \dy)  \dy 

in  which  (— Y  etc.,  are  written   in  place  of  -^  +  —  /,  etc. 
\dx)  dx       dz 

Multiplving  equations  (2)  and  (3)  by  (  —  )  and  f-p]  respectively, 

\dy)         \dxj 

and  subtracting  the  results,  <t>'(u)  and  \fr\u)  are  eliminated  to- 
gether, and  we  have  again  an  intermediate  equation  of  the  first 
order  containing  one  arbitrary  function.* 

*  The  cases  considered  in  this  and  the  preceding  article  are  not  the  only  ones 
in  which  an  intermediate  equation  of  the  first  order  can  arise.  See,  for  instance,  the 
example  given  in  Art.  311. 
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The  Intermediate  Equation  o*  the  Firs/  Order. 

302.  The  preceding  articles  indicate  two  cases  in  which  an 
intermediate  equation  of  the  first  order  may  arise  from  a  primi- 
tive. We  have  now  to  consider,  on  the  other  hand,  the  form  of 
the  differential  equations  arising  from  an  intermediate  equation 
of  the  form 


where  u  and  v  now  denote  given  functions  of  x,  y,  st  p  and  q* 
and  <t>  is  an  arbitrary  function.  Denoting  the  second  derivatives 
of  z  by  r,  s  and  /,  thus 


dx*  dxdy  dy* 

the  two  derived  equations  are 

du      du         du         du    _   ,\/  \  (dv    ,   dv      ,  dv      \dv\ 
dx      dz          dp         dq  \dx       dz          dp         dq  ) 

<*?.  +  '-^4-  ^Ls  4-  -  /  =  V(v)  ('^+^4  +  ^*  +  ^ 
dy       dz          dp         dq  \dy       dz          dp         dq 

and  the  result  of  eliminating  <$>(u]  may  be  written  in  the  form 

du    .      du   .      du         du         du         du         du         du 

dx         dz          dp         dq         dy         dz          dp         dq 

=  o. 

dv   .    ^dv   .      dv   ,      dv         dv    .      dr   .      dv    .    .dv 
h/ h  ^ h-f  — h  q h  J h  t  — 

Of   the  sixteen  determinants  formed    by  the  partial    columns, 

*  In  the  cases  considered  in  Arts.  300  and  301,  the  function  v  in  the  intermediate 
equation  does  not  contain  /  and  qt  but  we  here  include  all  cases  in  which  an  intec- 
mediate  equation  of  the  first  order  can  exist. 
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those  containing  rs  and  st  vanish,  and  the  remaining  terms  of 
the  second  degree  in  r,  s,  t  may  be  written 


(rt-f) 


du_  du 

dp  dq 

dv  dv 

dp  dq 


or         (rt  — 


<*(P, 


The  equation  will  therefore  be  of  the  form 

Rr  +  Ss  +  Tt  +  U(rt  -  s*)  =  V. (3) 

303.  When  a  given  equation  of  the  second  order  admits  of  a 
primitive  containing  two  arbitrary  functions,  the  intermediate 
equation  of  the  first  order  is  an  intermediate  integral  analogous 
to  the  first  integrals  of  ordinary  differential  equations  of  the 
second  order.     It  follows  from  the  preceding  article   that  an 
intermediate  integral  will  exist  only  when  the  given  equation  is 
of  the  form  (3),  and  when  u  and  v  can  be  so  determined  as  to 
make  the  functions  R,  S,  71,  U  and  V  defined  by  the  develop- 
ment of  equation  (2)  proportional  to  the  given  coefficients.    This 
imposes  four  conditions  upon  the  two  quantities  u  and  v ;  hence 
two  identical  relations  must  exist  between  the  coefficients,  in 
order  that  an  intermediate  integral  may  be  possible, 

Successive  Integration. 

304.  Wher>  an  intermediate  integral  can  be  found,  the  final 
integral  is  derived  from  it  by  the  methods  given  in  the  preceding 
chapter  for  equations  of  the  first  order ;  the  second  integration 
introducing  a  second  arbitrary  function. 

In  some  simple  cases  it  is  obvious  that  an  intermediate 
equation  can  be  obtained  by  direct  integration.  Thus,  when  the 
equation  contains  derivatives  with  respect  to  one  only  of  the 
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independent  variables,  we  may  treat  it  as  an  ordinary  different  ral 
equation  of  the  second  order ;  taking  care  only  to  introduce  arbi- 
trary functions  of  the  other  variable  in  the  place  of  constants  of 
integration.  Given,  for  example,  the  equation 


which  may  be  written 

xdp-pdx  _  ydx        ^  it<    ^^ 

Integrating, 

/ 
x 

or 


and,  integrating  again, 

z  =  y($x*  log*  -  i*>)  -f 
or,  putting  <^(y)  in  place  of  the  function 
z  =  byx*  log*  +  x*$(y)  + 


305.  Again,  an  equation  which  does  not  contain  t  may  be 
exact  *  with  reference  to  x,  y  being  regarded  as  constant.  Given, 
for  example,  the  equation 


integrating,  we  have 


*  The  equation  might  also  be  such  as  to  become  exact  with  respect  to  the  four 
variables  /,  y,  z  and  x,  by  means  of  a  factor.  For  this  purpose  three  conditions  of 
integrabiiity  would  have  to  be  satisfied;  see  Art.  252.  This  is  the  number  of  con- 
ditions we  should  expect,  since  by  Art.  303  two  must  be  fulfilled  to  render  an  inter- 
mediate integral  possible,  and  one  more  is  necessary  to  express  that  in  that  integral 
v=y. 
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For  this  linear  equation  of  the  first  order,  Lagrange's  equations 
are 


dx  =  dy  = 

of  which  the  first  gives 

x  -y  =  a, 

and  this  converts  the  second  into 

£+**-•+/+ +09* 

of  which  the  integral  is 

e?z  =  ae?  • 

Hence,  making  b  =  $(a),  we  have  for  the  final  integral 

'  /• 
or,  with  a  change  in  the  meaning  of  <£, 

s  =  * 

Mongers  Method. 

306.  The  general  method  of  deriving  an  intermediate  equa- 
tion where  one  exists  is  based  upon  a  mode  of  reasoning  similar 
to  the  following  method  for  Lagrange's  solution  of  equations  of 
the  first  order,  which  is  that  by  which  it  was  originally  estab- 
lished. 

Given  the  equation 

Pp  -f  Qq  =  Rt (i) 

and  the  differential  relation 

dz  =  pdx  -j-  qdy, (2) 
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which  must  exist  when  z  is  a  function  of  x  and/.     Let  one  of 
the  variables/  and  q  be  eliminated,  thus 


or 

p(Pdy  -  Qtfx)  +  Qdz  -Rdy=o  ......  (3) 

Hence,  the  relation  between  x,  y  and  z  which  satisfies  equation 
(i)  must  be  such  that,  when  one  of  the  two  differential  expres- 
sions occurring  in  equation  (3)  vanishes,  the  other  will  in  general 
also  vanish.  Let  us  now  write  the  equations 


Qdz  -  Rdy 


—  i,  ......  .(4) 

=  o  J 


and  suppose  u  =  a,  v  =  b,  to  be  two  integrals  of  these  simulta- 
neous equations.  Then  du  =  o  and  dv  =  o  constitute  an  equiva- 
lent differential  system,  and  the  relation  between  x,  y  and  z  is 
such  that,  if  du  =  o,  then  dv  =  o  ;  that  is,  if  u  is  constant,,  v  is  also 
constant.  This  condition  is  satisfied  by  putting 


u  = 


which  is  therefore  the  solution  of  equation  (i). 

Geometrically  the  reasoning  may  be  stated  thus  :  If  upon  a 
surface  satisfying  equation  (i)  a  point  moves  in  such  a  way  that 
Pdy  —  Qdx  —  o,  then  also  will  Qdz  —  Rdy  =  o  ;  that  is,  the  point 
will  move  in  one  of  the  lines  determined  by  equations  (4).  No 
restriction  is  imposed  upon  the  surface,  except  that  it  shall  pass 
through  these  lines,  namely,  Lagrange's  lines  defined  by  u  =  a, 
i/  =  b.  The  general  equation  of  the  surface  so  restricted  is 
u  =  <fr(v). 

307.    Monge  applied  the  same  reasoning  to  the  equation 

Rr  +  Ss  +  Tt  =  T,     .......   (i) 
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where  R,  S,  T  and  Fare  functions  of  x,  y,  z,  p  and  q,  in  connec- 
tion with  which  we  have,  for  the  total  differentials  of/  and  q, 

dp  =  rdx  +  sdy,   ........   (2) 

dq  =  sdx  +  tdy  .........  (3) 

Eliminating  two  of  the  three  variables  r,  s,  t,  we  have 

RdP-sd?  +  Ss  +  T^-SI/X  =  V, 
dx  dy 

or 

Rdpdy  +  Tdqdx  —  Vdxdy  —  s(Rdy*  —  Sdxdy  +  Tdx*).    .    .  (4) 

If,  then,  we  can  find  a  relation  between  ,r,  y,  z,  p  and  q,  such 
that,  when  one  of  the  two  differential  expressions  contained  in 
equation  (4)  vanishes,  the  other  will  vanish  also,  this  relation 
will  satisfy  equation  (i). 

Let  us  now  write  the  equations 

Rdy*  —  Sdydx  +  Tdx*  =  o^ 
Rdpdy  +  Tdqdx  =  Vdxdy   \ 

If  u  =  a  and  v  =  b  are  two  integrals  of  this  system,  so  that  du  =  o, 
and  dv  —  Q  form  an  equivalent  differential  system,  the  required 
relation  will  be  such  that  if  du  =  o,  then  dv  =  o  ;  that  is,  if  u  is 
constant,  v  is  also  constant.  As  in  the  preceding  article  this 
condition  is  fulfilled  by 


which  is  now  a  differential  equation  of  the  first  order.     The 
integral  of  this  equation  is  therefore  a  solution  of  equation  (i).* 


*  The  same  method  applies  to  the  more  general  form  (3),  Art.  302,  when  an 
intermediate  integral  exists,  but  the  auxiliary  equations  are  more  complex.  See 
Torsyth's  Differential  Equations,  p.  359  et  seq. 
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308.  The  auxiliary  equations  (5)  are  known  as  Monges  eqna 
tions.     The  first  is  a  quadratic  for  the  ratio  dy.d.v,  and  is  there- 
fore decomposable    into   two   equations  of  the  form  dy=>n<i.\. 
Kmploying  either  of  these  the  second  equation  becomes  a  rela- 
tion between  dp,  dq  and  dx  or  </r.     These  two  equations,  taken 
in  connection  with 

dz  =  pt/x  +  qdy, 

form  a  system  of  three  ordinary  differential  equations  between 
the  five  variables  x,  y>  z,  p  and  q.  Since  four  equation^  are 
needed  to  form  a  determinate  system  for  five  variables,  it  is 
only  when  a  certain  condition  is  fulfilled  that  it  is  possible  to 
obtain  by  the  combination  of  these  three  equations  an  exact 
equation  giving  an  integral  //  =  a.  Again,  a  second  condition  of 
integrability  *  must  be  fulfilled  in  order  that  the  second  integral 
7'  =  b  shall  be  possible.  These  two  conditions  are  in  fact  the 
same  as  those  mentioned  in  Art.  303,  as  necessary  to  the  exist- 
ence of  an  intermediate  integral  containing  an  arbitrary  function. 

309.  If  R,  S  and  7'  in  the  given  equation  contain  x  and  y 
only,  the  first  of  Monge's  equations  is  integrable  of  itself.    Given, 
for  example,  the  equation 


Monge's  equations  are 


xdy*  -f-  (x+y)dydx  +  iv/.v2  =  o 
x  -f-  v 


*  When  there  is  a  deficiency  of  one  equation  in  a  system,  a  single  condition 
must  be  satisfied  to  make  an  integral  possible,  just  as  a  single  condition  is  necessary 
when  one  equation  is  given  between  three  variables.  Supposing  one  integral  found, 
one  of  the  variables  can  be  completely  eliminated;  there  is  still  a  deficiency  of  one 
equation  in  the  reduced  system,  and  again  a  condition  must  be  fulfilled  to  make  a 
second  integral  possible. 
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Equation  (2)  may  be  written 

(dy  -\-  dx)  (xdy  +  ydx)  =  o. 
Taking  the  second  factor,  we  have 

xdy  -f-  ydx  =  o, 

which  gives  the  integral 

xy=a, (4) 

and  converts  equation  (3)  into 

dp  —  dq  _  dx  —  dy 
p - q         x-y ' 


This  gives  for  the  second  integral 

p-q 


x-y 
Hence  we  have  for  the  intermediate  integral 


*•      •    • (5) 


........  (6) 

To  solve  this  equation  of  the  first  order,  Lagrange's  equations 
are 


of  which  the  first  gives 

a  ..........  (8) 


For  the  second  integral  we  readily  obtain  from  equations  (7) 

xdx  -\-ydy  =  —^-r<> 
<t>(xy) 

whence 
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Since  <f>  is  arbitrary,  the  integral  of  the  first  member  is  an  arbi- 
trary function  of  xy>  hence  we  may  write 


;  ........  (9) 

and  finally  nutting  ft  =  \J/(a),  we  have 

0°) 


which  is  therefore  the  general  integral  of  equation  (i). 

Another  intermediate  integral  might  have  been  found,  but 
less  readily,  by  employing  the  other  factor  of  equation  (2). 

310.  When  either  of  the  variables  z,  p  or  q  is  contained  in 
R,  S  or  7",  the  first  of  Monge's  equations  is  integrable  only  in 
connection  with  dz  =  pdx  +  qdy.  For  example,  given  the  equation 


q*r  —  2pqs  +  /2/  =  o. 
Monge's  equations  are 

2pqdydx  +  p*dx*  =  o, 


and 

q*dpdy  -f-  p*dqdx  =  o. 

The  first  is  a  perfect  square  and  gives  only 

qdy  +  pdx  =  o, 
which  converts  the  second  into 

qdp  —  pdq  =  o. 
Hence  the  integrals 

z  =  a,  and  /  = 

and  the  intermediate  integral 

/-**(«)• 

For  this  Lagrange's  equations  are 
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—  dy       dz 

/Jy     —  —     _     ' 

(I**      —  —     —  ) 

<j>(z)        o 
whence  the  integrals 

z  =  a,  and  x<t>(a 

and,  putting  /3  =  ^(a),  the  final  integral 


In  this  example  but  one  intermediate  integral  can  be  found  ; 
the  form  of  the  final  equation  is  that  considered  in  Art.  301. 

311.  In  the  following  example,  the  second  of  Monge's  equa- 
tions must  be  combined  with  dz  =  pdx  -\-  qdy.  Given 


for  which  Monge's  equations  are 

dy*  —  dx*  =  o,     ........  (2) 

4/ 

dpdy  -  dqdx  +  ^-ydydx  =  Q  ......  (3) 

Taking  from  equation  (2) 

dy  —  -  dx  =  o, 
whence  the  integral 

y  =  x  +  a,  .........  (4) 

equation  (3)  becomes 


or 

(2X  +  a)(dp-  dq)  +  $pdx  =  o  ......   (5) 

To  ascertain  whether  this  is  an  exact  equation,  subtract  from 
the  first  member  the  differential  of  (2x  +  a)  (p  —  q\  which  is 

(2X  -f-  a)  (d£  —  dq}  4-  2pdx  —  2qdx. 
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Tlu-  remainder  is 


which,  since  dx  =  dy,  is  equivalent  to  2dz.     Hence,  equation  (5) 
is  exact,  and  gives  the  integral 


g)  +  2z  =  b  .......  (6) 

From  equations  (4)  and  (6)  we  have  the  intermediate  integral 

(x+y)(p-ti  +  **  =  +(y-x)  ......  (7) 

Lagrange's  equations  now  are 

dx  dy  dz 

x+y~      x+y~ 


whence  we  have  the  integral 

x+y  =  a,  .........  (8) 

which  converts  the  relation  between  dy  and  dz  into 

dz          2Z  _  <f>(2}>  —  a) 

dy        a.  a 

The  integral  of  this  last  equation  is 


(9) 
Finally  using  equation  (8)  and  putting  ft  =  -^(a),  we  have 

,    •    (10) 

where  x  -f  y  is  to  be  put  for  a  after  the  indicated  integration. 

312.  In  this  example  it  was  not  possible  to  obtain  the  second 
integral  required  in  Lagrange's  process  in  a  form  containing  a 
simple  arbitrary  function  of  the  form  <£(w),  as  was  done  in  finding 
equation  (9),  Art.  309.  Thus  the  final  integral  in  the  present 
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case  is  not  of  the  form  considered  in  Art.  300.  In  the  case  of 
a  primitive  of  the  present  kind,  there  is  but  one  intermediate 
integral.  Accordingly,  it  will  be  found  that,  had  we  employed 
the  other  factor  of  equation  (2),  the  resulting  system  of  Monge's 
equations  would  not  have  been  integrable. 

EXAMPLES    XXIII. 
Solve  the  following  partial  differential  equations  :  — 

+^bO+l'O')-    •* 

+  axy 

/        3-    /-?  =  **  +  '*,  z=y(ey  -e*) 

4.   p  +  r  =  xy,  z  =  %x*y  -  xy 

S     ,5-    xr  +  p  =  xy,  z  =  ±x*y  -f  <j>(y)  log* 

6. 

7. 

8.    «-f/=^f 

xy 

\  9.    s-t  =  —2, 

IG.  ps  —  qr—  o,  ^  =  <#>(*)  4- 

ii. 


/i  2.    r  —  a*t  =  o,  z  =  <]>(}'  +  ax)  +  if/(v  —  ax).  *£ 

/y\ 

13.  x*r  -  y*t  =  qy  -  px,  z  =  ^  f  --  j  -f  ^(^v)«     ^ 

W 

14.  f(i*f)r-l(/4-Yf2/f)jr+/(i  +/)/=o, 


(«  +  <-/)"/  =o, 
by  +  cz)  =  »^(^jf  +  AF  4-  £&)• 
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XXIV. 
Linear  Equations. 

313.  A  partial  differential  equation  which  is  linear  with  re- 
spect to  the  independent  variable  z  and  its  derivatives  may  be 
written  in  the  symbolic  form 


')z=Y,  .......     .  (i) 

where 

/>='        />'  =  .£ 

ax  ay 

and  V  is  a  function  of  x  and  y.     We  have  occasion  to  consider 
solutions  only  in  the  form 


and  shall  therefore  speak  of  a  value  of  z  which  satisfies  equa- 
tion (i)  as  an  integral.  Since  the  result  of  operating  with 
F(D,  D1}  upon  the  sum  of  several  functions  of  x  and  y  is  obvi- 
ously the  sum  of  the  results  of  operating  upon  the  functions 
separately,  the  sum  of  a  particular  integral  of  equation  (i)  and 
the  most  general  integral  of 

F(D,  D')z  =  o    ........   (2) 

will  constitute  the  general  integral  of  equation  (i).  Hence,  as 
in  the  case  of  ordinary  differential  equations,  the  general  in- 
tegral of  equation  (2)  is  called  the  complementary  function  for 
equation  (i). 

So  also,  as  in  the  case  of  ordinary  differential  equations,  when 
the  second  member  is  zero,  the  product  of  an  integral  and  an 
arbitrary  constant  is  also  an  integral  ;  but  this  does  not,  as  in 
the  former  case,  lead  to  a  term  of  the  general  integral,  since 
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such  a  term  should  contain  an  arbitrary  function.  It  is,  in  fact, 
only  in  special  cases  that  the  general  integral  consists  of  sepa- 
rate terms  involving  arbitrary  functions. 

Homogeneous  Equations  with  Constant  Coefficients. 

314.    The  simplest  case  is  that  in  which  the  equation  is  of 
the  form 

A  dnz  ,    A       d"z  A   dnz  _  f  . 

0  TT  *       l  ~j       T3     r  •  •  •  T  AH  —      —  °j    •     •     •   v1  / 

dxn  dxn  —  ldy  dyn 

the  derivatives  contained  being  all  of  the  same  order,  and  their 
coefficients  being  constants.  Let  us  assume 

z  =  <f>  (  y  +  mx}  . 

Now  -—  $(y  -f-  mx)  =  m^(y  +  mx)  and  —  -  $(y  +  mx}  —  ^(y  +  mx), 
ax  ay 

whatever  be  the  form  of  the  function  ^,  therefore  the  result 
of  substitution,  after  rejecting  the  common  factor  <}>W(y+mx}, 
will  be 

A0mn  +  A^m"-*  +  .  .  .  +  AH  =  o  ......   (2) 

Hence,  if  m  be  a  root  of  this  equation,  z  —  <$>(y  +  mx)  satisfies 
equation  (i),  <f>  being  an  arbitrary  function.  If  ;;/„  ;;/2,  .  .  .,  MH 
are  distinct  roots  of  equation  (2),  we  have  the  general  integral 


4-  <£20'  +  W2*)  4-  .  .  •  -f  <}>„(}'  4-  mnx},  .  (3) 


where  <£x,  <#>2,  ...,<#>«  are  arbitrary  functions. 
Given,  for  example,  the  equation 


dx*  dxdy  dy* 

The  equation  for  m  is 

m*  —  $am  -f-  2ci2  =  o, 


§  XXIV.]  WITH  CONSTANT  COEtin  u..\  /.v.  343 

whence  ;;/  =  a  or  ;;/  =  2d.     Hence  the  general  integral  is 


315.    Equation   (i)  of    the  preceding  article,  when  written 
symbolically,  is 


AiD*~*D*  +  .  .  .  +  AnD'")z  =  o, 
or,  resolving  into  symbolic  factors, 

(D  -  m.D1)  (D  -  mtD')  .  .  .  (D  -  mnD')z  =  o.     .     .  (4) 

Since  the  factors  are  commutative,  this  equation  is  evidently 
satisfied  by  the  integrals  of  the  several  equations, 

(D  -  m.D^z  =  o,    (D  -  M3D')z  =  o,    ...    (D  -  mnD')z  =  o. 

Accordingly  the  several  terms  of  the  general  integral  (3)  are 
the  integrals  of  these  separate  equations. 
Again,  the  equation  may  be  written 


where/  is  an  algebraic  function  of  the  «th  degree,  and  equation 
(2)  is  equivalent  to 

/(»*)  =  o. 

We  may  now  regard  the  symbol  —  ,  when  operating  upon  a  func- 


tion of  the  form  <^(y  +  mx]  as  equivalent  to  the  multiplier  m, 
thus 


—  <}>(y  -f  mx}  =  m<j>(y  +  mx). 


It  follows  that 
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so  that  equation  (5)  is  satisfied  by  $(y  4-  mx)  when  f(m)  =  o, 
whatever  be  the  form  of  the  function  <#>. 

316.    The  solution  of  the  component  equations,  of  which  the 
form  is 

(D  -  mD'}z  =  o  ........   (i) 

may  be  symbolically  derived  from  that  of  the  corresponding 
case  of  ordinary  differential  equations.  For,  if  we  regard  I)'  in 
equation  (i)  as  constant,  its  integral  is 

z  =  CemD'x, 

where  C  is  a  constant  of  integration.  Replacing  C  by  $(y),  as 
usual  in  integrating  with  respect  to  one  variable  only,  we  have 
for  the  symbolic  solution 

*  =  ****>'  +(y),    .....    ....  (2) 

where  <f>(y)  is  written  after  the  symbol  because  D'  operates 
upon  it,  though  it  does  not  operate  upon  x.  The  symbol  em*D* 
is  to  be  interpreted  exactly  as  if  D'  were  an  algebraic  quantity. 
Thus 


mX+'(y)  +  (y) 

or 


by  Taylor's  theorem,  of  which  this  is  in  fact  the  symbolic  state- 
ment (Diff.  Calc.  Art.  176). 

It  should  be  noticed  that  the  process  of  verifying  the  identity 


(D  —  mD')etnxD'^(y}  =  o, 
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with  the  expanded  form  of  the  symbol  cm*D\  is  precisely  the 

.same  as  that  <>t  verifying 

(D  —  m)f"'*  =  o, 
with  the  expanded  form  of  the  exponential  em*. 

Case  of  Equal  Roots. 

317.  The  general  solution,  equation  (3),  Art.  314,  contains 
n  arbitrary  functions  ;  but  when  two  of  the  roots  oif(m)  =  o  are 
equal,  say  ;;/,  =  ;;/2,  the  corresponding  terms, 


are  equivalent  to  a  single  arbitrary  function.  There  is,  how- 
ever, in  this  case  also,  a  general  integral  containing  n  arbitrary 
functions.  To  obtain  it  we  need  an  integral  of 

(D-m,D'Yz=o  ........  (,) 

in  addition  to  that  which  also  satisfies  (D  —  mlD')z  =  o.  This 
required  integral  will  be  the  solution  of 


(D-  m*D')z  =  4(y  +  m*x)  ;      .....   (2) 


for,  if  we  operate  with  D  —  m^D*  on  both  members  of  this  equa- 
tion, we  obtain  equation  (i),  so  that  its  integral  is  also  an  in- 
tegral of  equation  (i). 

Writing  equation  (2)  in  the  form 

/  —  mvq  =  <^(y  +  wx*), 

Lagrange's  equations  are 
* 

,    _   _  dy  _  dz 

fnl       <p  (  v  -f-  //|!^T) 
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of  which  the  first  gives  the  integral 

y  4-  m^x  —  a, 
and  then  the  relation  between  dx  and  dz  gives 

z  =  x(f>(a)  4-  b. 
Thus  the  integral  of  equation  (2)  is 

z  =  x<f»(y  4-  m,x)  4-  «A(j  4-  m^x)  ; 

and,  regarding  <£  and  ^  as  both  arbitrary,  this  is  the  general  inte- 
gral of  equation  (i). 

318.    The  solution  may  also  be  derived  symbolically  ;  for, 
since  the  solution  of 

(D  —  m)2z  =  o 
is 

z  —  emx(Ax 


we  have,  for  the  solution  of 

(D  —  mD')*z  =  o, 


that  is, 

mx)  +^0'  +  mx\  ......  (1) 


The  solution  might  also  have  been  found  in  the  form 

*=yfa(y  +  mx)+$i(y  +  mx),  .....  (2) 

but  this  is  equivalent  to  the  preceding  result  ;  for  we  may  write 
it  in  the  form 

z  =  (y  -f  mx  —  mx)<f>l(y  -f-  mx)  +  ^(y  +  mx)  ; 

X 

and,  since  (y  +  mx)  </>t  (y  -f  mx)  +  ^  (y  4-  mx)  and  —  m$>*(y  4-  mx) 

^  ^ 
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are  two  independent  arbitrary  functions  of  ^/  +  w.r,  they  may 
be  represented  by  ^  and  <f>,  the  equation  thus  becoming  identical 
with  equation  (i). 

In  like  manner,  if  the  equation  /(  —  \  =  o  has  r  equal  roots, 
the  terms  corresponding  to  (D  —  mD')r  are 

xr~l<l>i(y  +  mx}  +  x"-*<l>*(y  +  mx)  +  .  .  .  +  4>r(y  +  mx). 

Case  of  Imaginary  Roots. 

319.    When  the  equation  has  a  pair  of  imaginary  roots,  /A  ±  iv9 
the  corresponding  terms  in  the  general  integral  are 


2  =  <t>(y  +  P*  -f  ivx) 
or,  putting  w  =/  -(-  pxt  v  =  i/^r, 

«#>(«  +  iv)  +  i^O  —  i»). 
To  reduce  this  expression  to  a  real  form,  assume 

<£t  =  <£  4-  ^r,  and  /^,  =  </> 

so  that 

«»         and 


Making  the  substitutions,  the  expression  becomes 
«  +  «0  -f  *«(«  -  «')]  +[^.(«  +  «0  - 


In  this  expression  <#>!  and  \l/i  are  arbitrary  functions,  since  <f>  and 
^  were  arbitrary  ;  but  giving  any  real  forms  to  <#>i  and  iAi,the  two 
terms  are  real  functions  of  u  and  v,  that  is  to  say,  real  functions 
of  x  and  y. 
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Given,  for  example,  the  equation 

d*z^      dzz  _ 
fa*      ~dy*  ~ 

of  which  the  solution  in  the  general  form  is 


In  the  form  given  above  the  solution  is 


If,  for  instance,  we  assume  <£,(/)  =  /3  and  ^,  (/)  =  **,  we  have  the 
particular  solution  in  real  form 

s  =  x3  —  $xy2  +  e*  sin  j, 
which  is  readily  verified. 

The  Particular  Integral. 

320.  The  methods  explained  in  the  preceding  articles  enable 
us  to  find  the  complementary  function  for  an  equation  of  the 
form 


when  F(D,  D')  is  a  homogeneous  function  of  D  and  D\  and  Fa 
function  of  x  and  y.     The  particular  integral,  which  is  denoted 

by 


can  also  in  this  case  be  readily  found. 

Resolving  the  homogeneous  symbol  F(D,  D1)  into  factors,  we 
may  write 

F(D,  £>')  =  (D  -  m^D')  (D  -  m2D')  .  .  .  (D  -  mHD')} 


§  XXIV.]  THE  PARTICULAR   INTEGRAL.  349 

and  the   inverse  symbol         !     •  may  be  separated,  as  in  Art. 
105,  into  partial  fractions  of  the  form 


where  the  numerators  are  numerical  quantities,  and  r  is  unity 
except  when  multiple  roots  occur.  It  is  therefore  only  neces- 
sary to  interpret  the  symbol 


321.    For  this  purpose  we  employ  the  formula 


proved  in  Art.  116.     Putting  mD'  in  place  of  a,*  this  formula 
gives 


=  e>»xD'  j-$>(x,  y  -  mx)  .....  (i) 

Hence  the  result  is  found  by  subtracting  mx  from  y  in  the  oper- 
and, integrating  with  respect  to  x,  and  adding  mx  to  y  after  the 
integration.  Since 


*  In  explanation  of  this  application  of  the  symbolic  method,  let  it  be  noticed 
that,  just  as  the  formula  of  Art.  116  is  founded  upon  the  equation 


so  the  present  application  of  it  depends  upon 


or 

/>*(*,  y  +  mx)  =  result  of  putting  y  +  mx  for  y  in  (D  +  r*D')  +( 

which  expresses  an  obvious  truth. 
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U(x,  y  -  mx)dx  =  [**(£,  y  - 
this  may  be  expressed  by  the  equation 

•     •    •    •  (2) 


D  - 

In  like  manner,  for  the  terms  corresponding  to  multiple  roots 
off(m)  =  o,  we  have 


*'y)  =1T 


322.  There  are  certain  methods  by  which,  in  the  case  of 
special  forms  of  the  operand,  the  result  may  be  obtained  more 
expeditiously  than  by  the  general  method  just  given.  Some  of 
these,  which  apply  as  well  when  the  equation  is  not  homogene- 
ous, will  be  found  in  Arts.  328-334.  The  following  applies  only 
when  the  equation  is  homogeneous. 

Suppose  the  second  member  to  be  of  the  form  Q(ax  -f-  by).  The 
equation  may  be  written  in  the  form 


F(D,  £>')z 
It  is  readily  seen  that 

«*  +  W)  =/g)  *(«*  +  *)• 

We  have,  therefore,  for  the  particular  integral 

,    •  (O 


or,  denoting  ax  +  ^  by  tt  since  «*/(-]  =^1 

W 
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Given,  for  example,  the  equation 


the  particular  integral  is 


I    +2-8 

Adding  the  complementary  function, 

• 

5 

323.  When  F(a,  b)  =  o,  the  operand  is  of  the  form  of  one  of 
the  terms  of  the  complementary  function.  The  method  then 
fails,  the  expression  given  in  the  preceding  article  representing 
a  term  included  in  the  complementary  function,  with  an  infin- 
ite coefficient.  In  this  case,  after  applying  the  method  to  all 
the  factors  of  the  operative  symbol,  except  that  which  vanishes 
when  we  put  D  —  a  and  D'=  b,  the  solution  may  be  completed 
by  means  of  the  formula 

-l-—f(y  +  mx)  =  xf(y  +  mx), 

D  —  mD' 

which  results  immediately  from  equation  (i),  Art.  321. 


*  This  integral  involves  an  expression  of  the  form  At* —  1  +  Btn~*  +  .  .  .  -f  Z. 
in  which  A,  Bt  .  .  .,  L  are  arbitrary  constants,  but  such  an  expression  is  included  in 
the  complementary  function.  It  must  be  remembered  that  the  multiple  integral  in 
tquation  (i)  is  not  to  be  regarded  as  involving  an  arbitrary  function  of^. 
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Thus,  if  in  the  example  given  in  the  preceding  article  the 
second  member  had  been/(;r+j),  we  should  have  had 


D(D  -  D')  D  + 


s/(*+j>0 


Non-  Homogeneous  Equation. 

324.   When  the  equation 

o  ........  (i) 


is  not  homogeneous  with  respect  to  D  and  D',  the  solution  can- 
not generally  be  expressed  in  a  form  involving  arbitrary  func- 
tions. Let  us,  however,  assume 


(2) 


where  c,  h  and  k  are  constants.     Substituting  in  equation  (i), 
we  have,  since  Dehx  +  ky  =  kek*+*y  and  D'ehx+ky  = 


Thus  we  have  a  solution  of  the  assumed  form,  if  h  and  k  satisfy 
the  relation 

)  =  o,      ........  (3) 


c  being  arbitrary.  Let  equation  (3)  be  solved  for  h  in  terms  of 
k.  Now  if  F(h,  k\  is  homogeneous,  we  shall  have  roots  of  the 
form 

h  =  tn\k       h  =  m2k       .  .  .        h  =  #tM£ 
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and,  since  the  sum  of  any  number  of  terms  of  the  form  (2)  which 
satisfy  the  condition  (3)  is  also  a  solution,  the  equation  will  be 
satisfied  by  any  expression  of  the  form 


z  = 

where  m  has  any  one  of  the  values  mlt  m3,  .  .  .,  mn.  But,  since 
for  a  given  value  of  m  this  expression  is  a  series  of  powers  of 
ey+m*  with  arbitrary  coefficients  and  exponents,  it  is  equivalent 
to  an  arbitrary  function  of  **+'*•*,  that  is  to  say,  it  denotes  an 
arbitrary  function  of  y  +  mx.  This  agrees  with  the  result  other- 
wise found  in  Art.  314. 

325.   Again,  if  F(D,  D1)  can  be  resolved   into  factors,  and 
one  of  these  is  of  the  form  D  —  mD1  —  b,  so  that  F(h,  k)  =  o  is 

satisfied  by 

h  =  mk  +  b, 

equation  (i)  will  be  satisfied  by  an  expression  of  the  form 


z  = 

where  m  and  b  are  fixed  and  c  and  k  are  arbitrary.  But  this  ex- 
pression is  equivalent  to  the  product  of  et*  into  an  arbitrary 
function  of  y  -h  mx.  Thus,  corresponding  to  every  factor  of  the 
form  D  —  mD1  —  b  we  have  a  solution  of  the  form 

z  =  ebx$  (y  -|-  mx)  . 
Given,  for  example,  the  equation 

4-*.  —  —  4-  —      —  —  o 
dx*       dy*       dx       dy 

or 

(D  +  D')(D-D'  +  1)2  =  0; 

the  general  integral  is 
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We  might  also  have  found  the  solution  in  the  fon 


but,  writing  the  last   term  in  the  form  ey+*~*\l/l(y  +  ;r),  this 
agrees  with  the  previous  result  if  \j/(t)  is  put  for  ety^i). 

326.    In  the  general  case,  however,  we  can  only  express  the 
solution  of 

F(D,D')z  =  o   .    .    •  ......  (i) 

in  the  form 


where 

}  =  <>,      ........  (3) 


so  that  c  and  one  of  the  two  quantities  h  and  k  admit  of  an 
infinite  variety  of  arbitrary  values. 
Given,  for  example,  the  equation 

^_^  =  o 
dx*       dy 

Here  F(D,  Z>')  =  Z>2  —  Z>',  whence  /;2-£  =  o,  thus  the  general 
integral  is 


Putting  h  =  i,  h  =  2,  h  —  |,  etc.,  we  have  the  particular  integrals 
e*+y,  e*x  +  w,  e&+l*y,  etc. 

Special  Forms  of  the  Integral. 

327.  There  are  certain  forms  of  the  integral  of  F(D,  D*}z  =  o 
which  can  only  be  regarded  as  included  in  the  general  expres- 
sion (2),  by  supposing  two  or  more  of  the  exponentials  to  become 
identical.  Let  the  value  of  k  derived  from  F(k,  k]  =  o  be 


.........  (4) 

then 
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is  an  integral  of  F(D,  D^z  =  o.    When  //a  =  //,  =  //,  this  takes  the 
indeterminate  form,  and  its  value  is 


dh 

which  is  accordingly  an  integral.  In  like  manner  we  can  show 

that  —  e**+AHyt  and  in  general,  4Li**+JW9  satisfies  equation 

*  r 


dfc 
(i) ;  thus  we  have  the  series  of  integrals 

O  +/V'b'] 

-(5) 


For  example,  in  the  case  of  the  equation  (D*  —  D')z=o,  the 
integral  ehx^k"'y  gives  rise  to  the  integrals 

(x+2hy), 


In  particular,  putting  //  =  o,  we  have  the  algebraic  integral 


4-  ^4(^4  -I- 

Special  Methods  for  the  Particular  Integral. 
328.   The  particular  integral  of  the  equation 
F(D,  D')z  =  V 


356  LINEAR   EQUATIONS.  [Art.  328. 

is  readily  found  in  the  case  of  certain  special  forms  of  the  func- 
tion V. 

In  the  first  place,  suppose  V  to  be  of  the  form  e*****.  Since 
Dgax+h^ae"**^  and  D'^x+^  =  beax  +  byy  and  F(D,  £>')  consists 
of  terms  of  the  form  DrDls,  we  have 

F(D,  D')c"  + 
or 

I—  F(a, 


F(D, 

where  F(a,  b)  is  a  constant.     Hence,  except  when  F(a,  b)  =  o, 
we  have 


+  by  —  .  _ 


F(D,  Z>')  F(a,'d) 

Thus,  when  the  operand  is  of  the  form  e*****,  we  may  put  a  for 
D  and  b  for  D\  except  when  the  result  introduces  an  infinite  co- 
efficient. Given,  for  example,  the  equation 


^ 
the  particular  integral  is  L  &5  ,  tf^ 


329.  In  the  exceptional  case  when  F(a,  b)  =  o,  we  may  pro- 
ceed as  in  Art.  no.  Thus,  first  changing  a  in  the  operand  to 
a  4-  h,  we  have 


z  — 


The  first  term  of  this  development  is  included  in  the  comple- 
mentary function.  Omitting  it,  we  may  therefore  write  for  the 
particular  integral 
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F(a 

in  which  the  coefficient  takes  the  indeterminate  form  when  h  =  o, 

because   F(a,b)=o,    and   its  value  is  — ^ — -,  where  Fm'(a,  b) 

A, '(a,  b) 

denotes  the  derivative  of  F(a,  b)   with   respect  to  a.      Hence, 
except  when  Fa'(a,  b)  =  o,  we  have 


+  by 


In  like  manner,  if  Fa  (a,  b)  =  o,  the  second  term  of  the  de- 
velopment is  in  the  complementary  function,  and  we  proceed  to 
the  third  term.  It  is  evident  that  we  might  also  have  obtained 
the  particular  integral  when  F(a,  b)  =  o  in  the  form 


but  the  two  results  agree,  for  their  difference, 


Fa'(a,  b}       F6'(a,  b) 

is  readily  seen  to  be  included  in  the  first  of  the  special  forms 
(5)  of  Art.  327,  since  a  and  b  are  admissible  values  of  the  //  and 
k  of  that  article. 

330.  In  the  next  place,  let  V  be  of  the  form  sin  (ax+  by)  or 
cos  (ax  +  by).  We  may  proceed  as  in  Arts,  in  and  112,  and  it 
is  to  be  noticed  that  we  have,  for  these  forms  of  the  operand,  not 
only  £>*  =  -a*  and  Z?'2  =  -  b3,  but  also  £>D'  =  -  a  b.  Given,  for 
example,  the  equation 

d*z   ,     d*z     ,   dz  .    /  v 

-  z  =  sin  *  -H  a 


dx*      dxdy      dy 


358  LINEAR   EQUATIONS.  [Art.  330. 

the  particular  integral  is 

—  sin  (x  4-  2y)  =  — sin  (x  +  2y) 


,        *  sin  (x  +  2}')  =  -  ^  [cos  (*  +  27)  +  2  sin  (x 


Adding  the  complementary  function,  we  have 

-  TV  cos  (x  +  27)  -  -j.  sin 


The  anomalous  case  in  which  an  infinite  coefficient  arises 
may  be  treated  like  the  corresponding  case  in  ordinary  differen- 
tial equations. 

331.  Again  let  V  be  of  the  form  xrys,  where  r  and  s  are 
positive  integers.  In  this  case,  we  develop  the  inverse  symbol 
in  ascending  powers  of  D  and  D'.  Thus,  if  the  second  member 
in  the  example  of  the  preceding  article  had  contained  the  term 
xy,  the  corresponding  part  of  the  particular  integral  would  have 
been  found  as  follows  : 


(D*  + 


=  —  JC2^  —  2y  —  2X  —  X2  —  4. 


It  will  be  noticed  that,  on  account  of  the  form  of  the  operand,  it 
is  unnecessary  to  retain  in  the  development  any  terms  containing 
higher  powers  than  D3  and  D'.  Again,  had  the  operand  been 
xy,  we  might  have  rejected  D*  in  the  denominator  thus  : 


D*  +  £>D'  -h  jy  -  i* 


=  -[i  +/T(i  +D)~\xy=-xy-x-i. 
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332.  When  the  symbol  F(D,  D1)  contains  no  absolute  term, 
we  expand  the  inverse  symbol  in  ascending  powers  of  either 
D  or  D\  first  dividing  the  denominator  by  the  term  containing 
the  lowest  power  of  the  selected  symbol.  For  example,  given 

the  equation 

*  *      _ 

~ 


for  the  particular  integral  we  have  to  evaluate 


In  this  case,  it  is  best  to  develop  in  ascending  powers  of  /?', 
because,  with  the  given  operand,  a  higher  power  of  D  than  of 
D'  would  have  to  be  retained.  Thus 


_  .  . 

D*  D^  1220 

Adding  the  complementary  function, 

$(y  -h  3*) 


If  we  develop  the  symbol  in  ascending  powers  of  D,  the  par- 
ticular integral  found  will  be 

ilp_f£-i£^3! 

18         54       324* 

The  difference  between  the  two  particular   integrals  will   be 
found  to  be 


which  is  included  in  the  complementary  function. 
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333.    Finally,  when  the  operand  is  of  the  form  e**+byVy  we 
may  employ  the  formula  of  reduction 


F(D,  £>')e**  +  *yy  =  e«*  +  hF(D  +  a,  £>'  +  £)  V, 

which  is  simply  a  double  application  of  the  formula  of  Art.  116. 
For  example, 


xe«x  +  "*y  =  e** 


*  +  2aD  - 


x 


gax  +  azy 

2a 
If  we  develop  in  powers  of  D\  we  shall  find 


The  difference  between  the  two  results  is  accounted  for  by  the 
special  forms  given  in  Art.  327  for  the  complementary  function 
in  this  example. 

334.   As  another  application  of  the  formula,  let  us  solve  the 
equation 


dx*      dxdy          dy* 
The  particular  integral  is 


z  =  the  coefficient  of  i  in  —  -  —  -  —  T^T  ********* 

—  6D'* 


Now 


(-P-H')M 

D-  +  3/Z>  +  4  *  ' 
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and  by  development  we  find 

_  !  _  *.  =  £!_2f£_U; 

/>  +  3iX>  +  4  4  32' 

therefore 


Taking   the   coefficient  of  *,  and   adding  the   complementary 
function, 

-  H  cos(*  +  y)  4-  <^(^  +  2*)  -f  ^(^  -  3*). 

Linear  Equations  with  Variable  Coefficients. 

335.  In  some  cases  a  linear  equation  with  variable  coeffi- 
cients can  be  reduced,  by  a  change  of  the  independent  variables, 
to  a  form  in  which  the  coefficients  are  constant.  As  an  illus- 
tration, let  us  take  the  equation 

i  d*z  _  i  dz  __  i  d*z       i  dz  ,  » 

x*  dx*      x*  dx~  y*  dy*      y*  dy 

The  first  member  may  be  written  in  the  form 

i  |~i  d*z  ^  \  dz~\  _\  d      i  dz 
x  \jc  dx*      x3  a*x_j      x  dx     x  dx 

Hence,  if  we  put  xdx  =  d£,  whence  £  =  \x*%  and  in  like  manner 
9  =  l^2,  the  equation  becomes 


(2) 


The  integral  of  this  equation  is  z  =  <j>(£+  -q)  -f  ^(£—  i;)  ;   hence 
that  of  equation  (i)  is 
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336.    In  particular,  it  is  to  be  noticed  that  an  equation  all  of 
whose  terms  are  of  the  form 


rdys 

is  reducible  to  the  form  with  constant  coefficients,  like  the  cor- 
responding case  in  ordinary  equations,  Art.  123,  by  the  trans- 
formations £  =  log.r,  rf  =  log  y,  which  give 


- 
dx      d£  *  dy       d-^ 

But,  if  we  put  #  =  x  —  and  #'  =  y  —  ,  we  may  still  regard  x  and  y 

as  the  independent  variables  ;  the  transformation  is  then  effected 
by  the  formula 


and  the  equation  reduced  to  the  form 

F(&,  #)z  =  V. 

The  solution  of  this  equation  may  therefore  be  derived  from 
that  of  the  equation  F(Dy  D')z  =  V,  by  replacing  x  and  y  by 
log;r  and  logj  ;  or  it  may,  as  in  the  following  articles,  be  ob- 
tained directly  by  processes  similar  to  those  employed  in  deriv- 
ing the  solution  of  F(D,  D'}z  =  V. 
337.  Since 


it  is  obvious  that 

(i) 
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Hence,  if  in 

F(*,  *')z  =  o,      ........  (2) 

we  assume 


the  result  is 

^(r,  s)x'y  =  o, 

and  we  have  a  solution  of   the   proposed  form  if  F(rt  s)  ==  o. 
Hence  the  general  solution  of  equation  (2)  is 


,  .........  (3) 

where 

F(r,  s)  =  o,  .........  (4) 

that  is,  s  is  a  series  in  which  the  coefficients  are  arbitrary, 
and  the  exponents  of  x  and  y  are  connected  by  the  single 
relation  (4). 

Now  let  equation  (4)  be  solved  for  r  in  terms  of  s  ;  if  the 
function  F(#,  #')  be  homogeneous  in  #  and  #',  the  equation  will 
have  roots  of  the  form 

r  =  mts,  r=  mzs,  etc., 

*nd  to  each  root  will  correspond  a  solution  of  the  form 


But  this  represents  an  arbitrary  function  of  yxm.     Thus  to  each 
factor  of  F($,  #')  of  the  form 

•v  —  /////', 
there  corresponds  an  independent  term  of  the  form 


in  the  solution  of  equation  (2). 
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Again,  corresponding  to  a  factor  of  the  form 


we  have  the  root  r  =  ms  -f  b,  for  .F(r,  s)  =  o  ;  and  hence  the  solu- 
tion 2  =  2tc(yx'")sx*y  or 


338.    For  the  particular  integral  of  the  equation 
F(»,  *')  =  F, 

we  may  suppose  F  to  be  expanded  in  products  of  powers  of  x 
andy.     By  equation  (i)  of  the  preceding  article,  we  have 


which  gives  the  particular  integral,  except  when  F(a,b)  =  o. 
When  this  is  the  case,  we  have,  first  putting  a  +  h  in  place  of  a, 


I 

X 


or,  rejecting  the  first  term  of  the  expansion,  which  is  included  in 
the  complementary  function,  and  then  putting  h  =  o, 


339.   As  an  illustration,  let  us  take  the  equation 

-£-*£-» 

which,  when  reduced  to  the  #-form,  is 

i)2  —  #'(#'  -  i)z  =  xy, 


§  XXIV.]  THE  EQUATION 


or 


The  complementary  function  is 


for  the  particular  integral, 


or,  rejecting  the  term     xy  included  in  ^(xy\  and  putting  h  =0, 


340.  The  symbol  •'>  +  *'  may  be  particularly  mentioned  on 
account  of  its  relation  to  the  homogeneous  function  of  x  and  y. 
Putting 

7T    =    //    +   *', 

\vc  have  irxry*  =  (r  +  s)xrys ;  hence,  if  nH  denotes  a  homogeneous 
function  of  x  and  y  of  the  wth  degree,  we  have 

TTWW  =  nun, 
where  //„  is  not  necessarily  an  algebraic  function,  but  may  be  any 

function  of  the  form  xnf(-L\.     This  is,  in  fact,  the  first  of  Euler's 

\-i  / 
theorem  concerning  homogeneous  functions.      See  Diff.  Calc., 

Art.  412. 

As  an  example  of  an  equation  expressible  by  means  of  the 
single  symbol  ?r,  let  us  take 
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d*z    ,  dnz       .   n(n  —  i)  dnz  T7 

X* \-tlX*~*  V—  —  H * J.Xn-2y2 |-...  =  F.      (l) 

dxn  '  dxn~^dy  2  dxn~'2dy't 

The  first  member  can  be  shown  to  be  equivalent  to 

TT(TT  —  l)  .  .  .  (TT  —  n  -j-  l)z. 

Denoting  this  by  F(ir)z,  we  have 

F(Tr)um  —  m(m  —  -L)...(m  —  n  +  i}um,     .     .     .   (2) 

which,  when  F(K)  is  expressed  as  in  equation  (i),  is  the  general 
case  of  Euler's  theorem.  Thus  the  complementary  function  for 
equation  (i)  is 

Let  F  contain  the  given  homogeneous  function  Hm,  equation  (2) 
gives  for  the  corresponding  term  in  the  particular  integral 


m(m  —  i)  .  .  .  (m  —  n  +  i) 


Hm, 


except  when  m  is  an  integer  less  than  «.  In  this  case  F(n)  will 
contain  the  factor  TT  —  m,  and  putting  ^(TT)  =  (TT  —  m)<l>(ir)  we 
readily  obtain  as  in  Art.  338 


EXAMPLE*  XXIV. 
Solve  the  following  partial  differential  equations  :  — 


dx*          dxdy          dy* 
d*z  d*z     i  d*z  _  i 

*  ~ 


.v 
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d*z       ^   d*z         ,  d*z  _        I 
3'   7^       ^  dxdy         <fy*~~  y-  2x' 

z  =  <£(  i  -  2.v)  -f  $(y  —  3.r)  +  >r  log  (y  —  2*). 
d*z  d*z  d*z   .   t/z        (/z 

A.     —   1 4-   2 h =  O, 

dx*       6  dxdy          dy*       dx      dy 

2-0- 


[*)+<- 


7-        - 


.  —  xc*. 

8.          - 


dxdy      dx      dy 

x  [sin(*  -f  JK)  -  cos 


o.    --  «  —  =  enx  cos  »y, 
<£r          dy 


coswy  — 


d*z   .  dz    .      dz 

T^"h^~  +  37--2;S  =  <*~y  -  ^IV> 
//v2      ax         ay 

x)+  e~^  (y  -h  x) 
-  \e»-9  -h  J  JT»V  -h  J-r9  -f  i^ry  +  f* 
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„ 


dx*  dxdy  dy2  dx  dy 

—  cos  (kx  -f  ly)  4-  cos  (mx  +  ny), 

z  =  <£  (ny  -f-  w.#)  -f-  f~nx\l/(my  +  «#) 

in(^  +  fy}  —  (ink  —  nl)  cos(&c  +  fy) 


(nk  —  ml}  [m*n*  +  (mk  —  «/)2] 


mnx  cos(mx  +  ny)-\-(m2  —  n2)xsm(mx  +  ny) 


dxdy         dy 


14-   ( 

•s-  TI  +  T;"'''*^*-^)' 

^3      dy* 

z  =  s^-**  +  <>-*(&&  +  1^  -  ij1  +  1  >>) 

1  6.    Derive  the  particular  integral  of 


in  the  form  z  =  xye*  *. 
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